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AIMS AND SCOPE OF THE JOURNAL 


To provide a central vehicle for exchange of basic ideas in heat and mass transfer between research workers and engin- 
eers located throughout the world. 

The emphasis will be placed on original research, both analytical and experimental, of permanent interest to researchers 
and engineers in the field of heat and mass transfer. The highest priority will be given to those contributions which in- 
crease our basic understanding of transfer processes and of their application to engineering problems. The Journal 
will not consider for publication any paper which has been published elsewhere. 

When outstanding new advances are made in existing areas of heat and mass transfer or when new areas have been 
developed to a definitive stage, special review articles will be considered by the editors. 

To encourage exchange of ideas, a section of the Journal will be devoted to discussions of previously published papers. 
Brief notes are also invited and should not exceed 750 words. 

As a service to our readers an international bibliography of recent papers in heat and mass transfer listed by title, 
author and source will appear in each issue of the Journal. Reviews of new books on heat and mass transfer will also 
be contained in the Journal. 

The Journal will appear every two months. 


GENERAL INFORMATION FOR AUTHORS 


There is no length limitation on submitted manu- 
scripts. All manuscripts will be referred to acknow- 
ledged experts in the subject. Only those receiving 
favourable recommendations from the referees will be 
accepted for publication. 


To insure rapid publication and to minimize editorial 
costs, the preferred language will be English. When- 
ever possible, authors are requested to submit their 
manuscripts in that language. However, the editors 
recognize that some manuscripts will be submitted in 
other languages, and the Journal is prepared to pub- 
lish such papers. 


A short abstract (100-300 words) should immediately 
precede the introduction. Abstracts should be most in- 
formative, giving a clear indication of the nature and 
range of the results contained in the paper. 


. The introduction should define clearly the nature of 
the problem being considered. Reference should be 
made to previously published pertinent papers, ac- 
centing the major original contributions. Wherever 
possible, the practical application of the results should 
be cited. 


. In order to render their papers understandable to the 
widest possible circle of readers, authors of analytical 
papers are asked to relegate the algebraic details to 
separate sections, highlighting the main ideas in the 
body of the text. Specialized mathematical techniques 
should either be explained in the paper or made acces- 
sible by suitable references. 


. Because there is considerable variation in nomencla- 
ture and unit systems from country to country, 
authors are required to include a complete list of 
symbols which they have used in their manuscripts, 
and of the units in which the corresponding quantities 
are measured. Wherever possible, equations should 
be written in dimensionless form. 


Communications should be in the form of typescript, 
with the lines double spaced on one side of good grade 
paper, allowing a reasonable left-hand margin. Three 
ty pescripts (an original and 2 carbon copies) should 
be submitted to facilitate refereeing. 


All necessary illustrations should accompany the 
typescript but should not be inserted in the text. All 
photographs, charts and diagrams are to be referred 
to as “Figures”, and should be numbered consecu- 
tively in the order in which they are referred to in 
the text. Brief captions should be provided to make 
the figures as informative as possible. 


(a) Photographs should be glossy prints. Each should 
have, lightly written on the back, the author's 
name, the figure number, and an indication of 
which is the top of the picture. 

Where lines or lettering are to appear on the 
photograph, two prints should be supplied, one 
appropriately marked and the other unmarked. 


(b) Charts and diagrams should be boldly drawn in 
India ink on opaque paper or thin card. All 
relevant measurements must be included. The 
following standard symbols should be used on 
line drawings as they are readily available to the 
printers: 


AADOD@BOADDSO®S 
(c) Captions to figures should be typed consecutively 


on a separate page or pages at the end of the paper. 
Each caption should give the Figure number. 


. References in the text should be indicated by using 


arabic numerals in square brackets. They should 
appear in numerical order through the text. The 
references should be quoted in order at the end of the 
paper. References to journal articles should take the 
following form: 


1. E. RUCKENSTEIN, Chem. Engng Sci. 10, 22 (1959). 


In the full reference the following should be included: 
the names and initial of all authors, the abbreviated 
title of the journal as in the World List of Scientific 
Periodicals (Butterworths, London, Third Edition, 
1952), the volume number, the first page number of 
the article, and the year of publication. References to 
books should be in the following form: 


2. Max JAKos, Heat Transfer Vol. 1, p. 63. John 
Wiley, New York (1959). 


The reference should include the following: the names 
and initials of all authors, the title, edition, volume 
number and chapter or page number (if relevant), 
the publisher’s name, place of publication and the 
date. In the case of a contribution to a multi-author 
work, the editor’s name should be quoted after the 
title. 


. Galley proofs will be sent to the author (or the first 
mentioned author in papers of multiple authorship) 
for correction. Fifty reprints of the paper will be 
supplied free; an order form for additional reprints 
will accompany the proofs. There will be no page 
charge for publication. 
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AN INTERNATIONAL JOURNAL IN THE FIELD OF HEAT 
AND MASS TRANSFER 


E. R. G. ECKERT and O. A. SAUNDERS 
Co-chairmen, Editorial Advisory Board 


IT is appropriate for a new journal to introduce 
itself in its first issue to the reader and to the 
interested public, to explain the reasons for its 
origination, and to outline the width of the 
segment of physical sciences that it hopes to 
cover. 

Looking back in time one finds that it took 
fairly long before heat transfer had established 
itself as a coherent body of knowledge. That was 
undoubtedly due to the complexity of the physical 
processes involved in heat transfer. These 
processes are relatively simplest in heat con- 
duction and, correspondingly, the basic laws, 
their mathematical formulation, and the methods 
for obtaining solutions were achieved at first in 


this field [1]. A similar process in the field of 


heat convection had to await the establishment 
of a basic understanding of viscous flow phe- 
nomena which was started by O. Reynolds’ 
studies on turbulence (1883) and by L. Prandtl’s 
paper on boundary layer theory (1904). A 
systematic approach to radiative heat transfer 
finally could be developed only after the laws 
for black body radiation had been conclusively 
formulated by M. Planck in 1900. Engineering 
needs, on the other hand, made the establishment 
of relations from which heat transfer couid be 
predicted imperative. Such relations were very 
restricted in their applicability, and the cor- 
responding investigations were reported in the 
journals which dealt with the respective engin- 
eering activity. This situation, that heat transfer 
papers are dispersed in a large number of 
magazines, still exists today and makes it 
extremely difficult for anybody to keep informed, 
especially since the number of papers has grown 
in recent years almost at an exponential rate. 
This fact alone makes it very desirable to have a 
journal in which essential progress in our under- 


A 


standing of heat transfer processes is continu- 
ously recorded. 

There is, however, a still more important 
reason that suggests a heat transfer journal. 
Through the developments which have been 
sketched above, a well-grounded and _ fairly 
complete basic understanding of the various 
heat transfer processes has been obtained in 
recent years. In this situation, a magazine 
covering the complete field of heat transfer can 
do much to stimulate progress by demonstrating 
the basic unity and interrelation of the various 
heat transfer processes. This interrelation is very 
clear between heat conduction and convection, 
since many processes which we term “heat 
convection” consist essentially in the super- 
position of heat conduction on the transport of 
energy by a moving fluid. The similarity is less 
obvious, but nevertheless existent, between radia- 
tive heat exchange and conduction or flow 
processes. According to modern physics, the 
following model can be accepted for a radiative 
process: Photons are released from atoms by 
thermal agitation. They travel on straight paths 
until they are intercepted by other atoms. Those 
again may release new photons and in this way 
energy is transported from higher to lower 
energy levels. Such a process has a strong simi- 
larity with the model of conductive energy 
transport in a gas that kinetic theory provides. 
Here the molecules move on straight paths until 
they come sufficiently close to other molecules 
for interactions to take place. Energy transport is 
here provided by the molecules. In particular, the 
character of such an energy transport process, 
either by photons or by molecules, depends on 
the “‘mean free path length” of the carriers of 
energy. In radiation heat transfer processes 
that have been studied in connection with 
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engineering applications, the mean free path 
length is by several orders of magnitude greater 
than in normal heat conduction. Recent develop- 
ments—like space flight—have, however, ad- 
vanced interest in heat transfer at very low 
densities where mean molecular path lengths are 
of the same order as those encountered in 
radiation. Counterparts of the free molecular 
regime, where mean path lengths are large 
compared to any other dimension involved, and 
of the mixed regime, where both dimensions are 
of the same order of magnitude, exist in radiative 
exchange among solids with a non-absorbing 
medium in between and in radiative exchange 
between solids and absorbing gases. As a con- 
sequence of this analogy, analytic methods as 
well as experimental procedures are very similar 
for radiative heat exchange and for investigations 
under rarefied gas conditions. Fig. | demonstrates 


DETECTION GAUGE 


DEFINING 
ORIFICE 


SHUTTER 


‘ , 


TEST 
SURFACE 


Fic. 1. Apparatus to measure the space distribution 


of the scattering for molecules impinging on a solid 
surface (from Hurlbut [3]). 


this. The illustrated device might easily be taken 
as an apparatus to measure the angular distribu- 
tion of the reflectivity of surfaces for impinging 
radiation, whereas actually it measures angular 
distribution of the scattering of molecules im- 
pinging on a solid surface.* 

Considerable attention has recently been 
directed toward combined processes inwhich con- 
duction, convection and radiation are jointly 
and relatedly active in transferring heat, as well 
as processes in which heat transfer is connected 
with some other physical phenomena like mass 
transfer, reaction kinetics, electric or magnetic 
interactions, and a heat transfer journal should 





* The similarity between radiation and conduction 
processes has been pointed out very clearly in the book 
by R. C. L. Bosworth [2]. 


be a good place to publish the results of such 
studies. 

There is also a very real economic reason 
suggesting a basic approach to engineering heat 
exchange problems, an approach as it can be 
undertaken when a coherent science of heat 
transfer has been established. Experimental 
investigations under conditions as they are 
actually expected become more and more in- 
volved and expensive in many new engineering 
developments. One can mention in this con- 
nection cooling problems in nuclear power 
plants and in rockets, where elaborate safety 
precautions are required, or in missiles and 
satellites, where conditions with temperatures 
of several hundred thousand degrees or close to 
absolute zero occur on objects with considerable 
dimensions. It is fortunate, indeed, when 
analytic procedures are available to predict heat 
transfer under such conditions and when 
experiments can be restricted to selected check 
runs. An example which indicates how well 
heat transfer coefficients under new conditions 
can today be predicted from the available basic 
stock of knowledge is demonstrated in Fig. 2. 
Local Nusselt numbers as a dimensionless 
presentation of heat transfer coefficients, 
measured in gas flow through a tube at 
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Fic. 2. Heat transfer coefficients for helium flowing 
in a tube with surface temperatures up to 5900°R 
(from a paper by Taylor and Kirchgessner [4]). 
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temperatures up to 5900°R, are presented as 
experimental points and compared with the line 
which is the result of low temperature measure- 
ments and theory. Experiments under such high 
temperatures have to be considered as a real 
achievement and it is satisfying to observe how 
well they confirm the prediction. 

The title of the journal includes also mass 
transfer. The close similarity between Fick’s 
diffusion law and Fourier’s heat conduction 
equation, as well as the fact that turbulent mass 
and heat exchange are caused, according to our 
present understanding, by the same mechanism, 
suggests a common consideration of both 
processes very strongly. Differences in the 
boundary conditions and in the dependence of 
properties on the state parameters have, of 
course, to be considered. 

It is hoped that the papers in the new magazine 
will also be of direct value to engineers engaged 
in the design of heat transfer appliances. 


Engineers in all parts of the wide field of applied 
heat transfer are finding more and more in 
common in their problems and each can help 
his colleagues toward a better understanding of 
them. To give only a few examples, the industrial 


furnace designer and the rocket engineer are 
concerned with the same basic problem of 
radiant gas heat exchange: the electrical 


S 


engineer depends very largely on improved con- 
vection or conduction for increasing the output 
of electric equipment; the use of liquid metals 
for heat exchange, pioneered by nuclear power 
engineers, is not without interest in more 
conventional engineering; developments of the 
regenerator, at present of particular interest to 
the gas turbine engineer, might find many new 
applications elsewhere. 

The international character of the journal, 
finally, should be very helpful in furthering the 
science under consideration, because science 
by its very nature has an international character 
and thrives best when the exchange of ideas is 
furthered on a world-wide basis. It is our wish 
that beyond this goal the journal, in its way, 
contributes also to a general improvement of 
understanding between the nations. 
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VAPORIZATION PROCESSES IN THE HYPERSONIC 
LAMINAR BOUNDARY LAYER* 


S. M. SCALA* and G. L. VIDALE? 
Space Sciences Laboratory, Missile and Space Vehicle Department, 
General Electric Company, Philadelphia 24, Pa., U.S.A. 


(Received 31 October 1959) 


Abstract—The net aerodynamic heat transfer into the surface of a vaporizing material depends critically 
on the blocking action due to the thickening of the boundary layer and on the heat absorbing capacity 
of the chemical species injected into the boundary layer during the vaporization process. 

An analysis of the phenomenon of vaporization is presented for hypersonic flight conditions, and 
numerical solutions are presented for mass transfer at the stagnation point of an axially-symmetric 
vehicle. These results were obtained by solving the pertinent boundary layer equations for diffusion, 
convection and thermal exchange, subject to the appropriate physicochemical constraints arising from 
the kinetics of vaporization. 

In addition, a universal solution is given, in terms of the most significant independent parameters, 
which defines the flight regimes where the vaporization process is diffusion controlled, kinetically 
limited, or both. 

Utilizing the general correlation formula derived herein, one may estimate the rate of vaporization 
of an arbitrary material, subject to hypersonic flight conditions, provided only that one has an indepen- 

dent knowledge of certain minimum physicochemical data. 


Résumé—Le transfert de chaleur aérodynamique a la surface d’un matériau qui se vaporize dépend 
principalement de l’action de blocage consécutive a l’épaississement de la couche limite et de la 
capacité thermique des composés chimiques injectés dans la couche limite pendant la vaporisation. 

Une analyse du phénoméne de vaporisation dans les conditions du vol hypersonique est présentée et 
des solutions numériques sont données pour le transport de masse au point d’arrét d’un obstacle de 
révolution. Ces résultats ont été obtenus en résolvant les équations de la couche limite pour la diffu- 
sion, la convection et l’échange thermique, en tenant compte des conditions physico-chimiques particu- 
lieres imposées par la cinétique de la vaporisation. 

De plus, une solution universelle est donnée en fonction des paramétres indépendants le plus signifi- 
catifs qui définissent les régimes de vol dans lesquels le processus de vaporisation est commande par la 
diffusion, limité par la cinétique, ou les deux ensemble. 

En se servant de la formule générale établie ici, on peut calculer la fraction vaporisée d°un mateériau 
arbitraire, soumis aux conditions du vol hypersonique, a condition de disposer seulement de la con- 

naissance d°un minimum de données physico-chimiques. 


Zusammenfassung—Die aerodynamische Warmeiibertragung auf die Oberfliche eines verdampfenden 
Stoffes hangt empfindlich von dem Widerstand der anwachsenden Grenzschicht und der Warmekapazi- 
tat des Stoffes ab, der wahrend der Verdampfung in die Grenzschicht gelangt. Fir Uberschallflug wurde 
der Verdampfungsvorgang untersucht und fiir die Stoffiibertragung am Staupunkt eines axialsym- 
metrischen KOrpers Losungen mitgeteilt. Die Ergebnisse wurden erhalten durch die Lésung entsprech- 
ender Grenzschichtgleichungen fiir Diffusion, Konvektion und Warmeaustausch unter Beriicksich- 
tigung des physikochemischen Vorgangs, der von der Kinetik der Verdampfung herrihrt. Zusatzlich 
wurde eine allgemeine L6sung angegeben in Ausdriicken der wichtigsten Parameter, welche die Be- 
reiche definiert, in denen der Verdampfungsvorgang durch die Diffusion oder Kinetik oder durch 
beides begrenzt ist. Die hier abgeleiteten allgemeinen Beziehungen ermdglichen die Abschatzung der 
Verdampfungsgeschwindigkeit fiir einen beliebigen Stoff bei Uberschallflug, sofern man eine Min- 
destkenntnis gewisser physikochemischer Daten besitzt. 








* This analysis is based on work performed under the auspices of the U.S. Air Force Ballistic Missiles Division, 
Contract No. AF 04(647)-269. 
+ Manager, High Altitude Aerodynamics. + Physical chemist. 
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VAPORIZATION IN THE HYPERSONIC LAMINAR BOUNDARY LAYER 


Abstract—HKounektusubiii nepenoc Tela kK NOBepXHOCTH MCHapAwuleroca MaTepHasa 
XapakTepi3yeTcA KpUTH4YeCKOH B8aBHCHMOCTbIO MHTeHCMBHOCTH TepeHoca OT TOpMOSsHOrO 
elicTBHA, CBH3aHHOrO C YTOJMNeHHeM MOrpaHM4HOrO COA, a TakKe Tem1onorsoulawlllell 
CHOCOOHOCTLWO XUMM4YECKHX BeMeCTB, BBOAMMBIX B NOTpaHW4Hbit Cao BO BpeMA Mpotecca 
ncnapennA. 

Anaim3 mpolecca UcnapeHHA TMpOBOAMTCA IA YCuOBMit CBepxsByKOBOrO OOTeKAaHHA. 
Jlanbt YnCneHHbIe pelleHusA MacconepeHoca B KpHTH4eCKOlt TOUKeE OCeCHMMeTpH4HOrO Tema. 
OTH pesYIbTATH NOAV4eHbI Np pelleHHM COOTBETCTBYIMMX VpaBHeHHit MOrpanM4noro Cao 


A MpPysuun, KOHBeEKWNH 


TenwooOmMeHa, 


KOTOpble MOTYHHAHIOTCH COOTBETCTBYIOUIMM 


XHMHUKO-QH3H4eCKUM Wpoweccam, OOYCAOBICHHBIM KHHeTHKOM Mcnapenusn. 


Hpome Toro, jaéTrca OOuee pewmenne, BbhipaskeHHoe Yepes BarkHeliine fapaMeTpbtl. 


OYTO 


pellieHhe OTHOCHTCAH K TakKHM pe*vKHMaM OOTeKAHHA, B KOTOPLIX NpoOwecchl HcrapeHiA Ompe- 
eNAOTCA MIM Uidpysneil, WT KMHeTHKOM, MI MH TeM HM ApyriM O{HOBpemeHHo 
Mcnoab3yA KopperAWMOHH YO (POpMY.1y, MOUYYHHYW B anHolt padore, MOAHO BEIMCAMTE 


CKOpOCcTh HMciapeHHA BelllecTBa, 


nolBeprawmerocn 


CBEPX38BYVKOBOMY oOTeKaHHW, HWMen 


oupeeseHHbilt MHHHM YM (PU3BMKOXUMM4eCKHX JLAHHBIX . 


INTRODUCTION 

IN a paper on heat transfer, which considered 
mass transfer due to vaporization processes, 
Nusselt [1] credited Stefan with first having 
recognized the importance of diffusion in prob- 
lems involving evaporation. Stefan [2] pioneered 
in the theory of multicomponent diffusion. 
Hence, at least several of the aerophysical aspects 
of evaporation and subiimation have been known 
for approximately 75 years. 

Until recently, the major effort in developing 
the technology of simultaneous vaporization and 
diffusion processes has come from chemical 
engineers [3, 4] engaged in the analysis of mass 
transfer equipment, and from physicists who 
have been interested in low density gas dynamics 
[5-7] and interfacial non-equilibria [8, 9, 10). 
In many important practical cases, experimental 
data have been successfully correlated in the 
form of equations involving the usual dimension- 
less groups, such as the Reynolds, Schmidt and 
Prandtl numbers, so that effective working 
relationships are now available in standard 
texts [11]. 

One of the current major technological 
problems consists in the development of an 
efficient thermal shield for hypersonic vehicles. 
A metallic skin which behaves primarily as a 
heat sink cannot tolerate high heat fluxes, nor 
can it absorb sustained hypersonic aerodynamic 
heating. Hence, interest has focused on other 
forms of heat absorption schemes involving 
some form of mass transfer from the surface 
[12-18]. 

The analysis presented is a general study in 
which the physicochemical processes in the 


gaseous boundary layer are considered in detail, 
and results having wide utility are presented for 
the phenomenon of stagnation point vaporiza- 
tion in hypersonic flow. 


SYMBOLS 
resistance of boundary layer, 
reciprocal of the right-hand side 
of equation (52); 
resistance of vaporizing 
material, 4/(27RM,T,)/aPM; 
number of atoms on surface 
per square centimeter; 
x C,(c,),, frozen specific heat 
n 
of the mixture; 
specific heat of the mth species 
at constant pressure: 
mass fraction of the mth species; 
diffusion coefficient of the Ath 
species ; 
thermal diffusion coefficient of 
the nth species; 
activation energy for removing 
surface atom from the surface; 
similarity stream function; 
partition function for the sur- 
face molecule in its normal 
state for all degrees of freedom; 
partition function of the acti- 
vated complex in the surface 
layer, after removing term for 
motion along reaction co- 
ordinate; 
enthalpy including chemical; 
Planck’s constant; 
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piV i; 


+ 


enthalpy of vaporization; 


Boltzmann's constant; 

frozen coefficient of thermal 
conductivity ; 

equilibrium constant; 

P| Pitti 

pC, D,.,,/K, Lewis number: 

¢, D™/K, thermal Lewis number: 
x X,M,, mean molecular 
n 

weight of gas; 

molecular weight of nth species; 
interphase mass transfer rate, 
(pv);: 

¢,/K, frozen Prandtl number: 
pressure; 

heat transfer: 

radius of cross-section of body; 
universal gas constant; 

nose radius of body; 
temperature; 

velocity in x-direction: 
velocity in y-direction; 
absolute velocity of nth species; 


- diffusion velocity of nth species; 


co-ordinate along surface of 
body: 

mole fraction of species n: 
co-ordinate normal to surface 
of body: 

stream function; 

vaporization coefficient 
vaporization coefficient defined 
for non-equilibrium vaporiza- 
tion; 

fraction of ablating material 
which enters the gas phase; 
emissivity ; 


= similarity variables; 


non-dimensional temperature: 
iCp/ (Epes; 

transmission coefficient ; 
coefficient of viscosity; 
p(Cu/ey); 

density: 

= mean free path; 


(du,/dx), 1/Rey {2P. P .)/ Pe} 
stagnation point velocity gradi- 
ent. 
Subscripts 
A atoms; 
e outer edge of boundary layer; 
i interface ; 
air molecules: 
vaporizing species: 
nth species; 
stagnation point; 
denotes differentiation with re- 
spect to 7; 
infinity, upstream of shock; 
sea-level standard. 


EXAMINATION OF THE PROBLEM 

An analysis of surface melting or sublimation 
requires a detailed consideration of the vaporiza- 
tion processes at the interface between the con- 
densed and gaseous phases. Because of current 
technological interest, the following discussion 
is focused upon a hypersonic environment. 

Upon exposure to a hypersonic stream, a 
surface will at first behave as a heat sink until 
the surface temperature approaches some critical 
value. Above this temperature, molecular vibra- 
tions will be sufficiently violent to cause a con- 
siderable number of particles, at favorable sites, 
to detach from the surface. During the micro- 
scopic collison processes which follow, a number 
of these particles condense on the surface, while 
others are transported away by convection and 
diffusion in the fluid stream. The result is a net 
interphase mass transfer. 

Vaporizing species generally are present in 
maximum concentration at the surface, which 
acts as a chemical source. The vaporizing species 
then diffuse into the gaseous boundary layer and 
are diluted by the main stream components as 
they are swept downstream by macroscopic 
convection. When the diffusion thermo-effect is 
neglected, the driving force for the diffusion 
process at any point in a boundary layer is 
related to the local gradient of the partial 
pressure of the diffusing species. At the surface, 
therefore, the driving pressure differential is pro- 
portional to (P,,.); — (P;),. 

During hypersonic flight, the components of 
dissociated air which enter the outer edge of the 
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boundary layer are generally not the same 
species as the gaseous products of vaporization. 
Hence, the partial pressure of the latter species 
vanishes asymptotically at some finite distance 
from the surface, which coincides with the outer 
edge of the diffusion boundary layer unless 
dissociation of the injected species occurs. Thus, 
the driving force for the diffusion of each vaporiz- 
ing species (other than oxygen or nitrogen) is 
simply the partial pressure of the vaporizing 
species at the surface (P;.);, which is related to the 
mass fraction (C,); by: 

(P,.); M; 
P.M 
It is noted that certain materials yield oxygen 

or nitrogen as vaporization or pyrolysis products, 

so that when the behavior of these materials 
is analyzed, additional compatibility equations 
must be derived at the surface [19]. When pure 
sublimation occurs (no liquid phase exists), the 
mathematical solution to the ablation problem 
consists of the determination of four un- 
knowns: the interface temperature 7;; the inter- 
phase mass transfer m,;; the interphase energy 
transfer Q,;; and the mass fraction of vaporizing 

species at the interface (C,),. 

There are several additional variables when a 
two-phase boundary layer forms, that is, when 
the solid melts to form a liquid phase boundary 
layer, which flows and vaporizes under the in- 
fluence of the >nvironmental conditions. Analysis 
indicates [18] that only two non-trivial unknowns 
are added to the above four required for the 
solution to the problem. All other variables of 
interest are derived quantities. The two additional 
unknowns are the surface viscous shear stress 7, 
and the tangential velocity of the interface u,. 

For the gas phase, the six unknowns may be 
related functionally through the following 
equations: 


(Cy); (1) 


m; [(C;.);. T;] (2) 
OAT; m;, U;) (3) 
7; (T;, m;, u;) (4) 
(C,); (C,.); (7), a, m;) (5) 


It is noted that for practical materials wu; is 
generally so small that it has no influence on the 


LAYER 


solutions to the gas phase boundary layer 
equations and is merely determined a posteriori. 

The functional relationships given in equations 
(3) and (4) represent the dependence of the heat 
flux and skin friction on the mass transfer rate. 
These functions are considered at length in 
reference [17] and will not be discussed here. 
Relations (2) and (5) depend critically on the 
physicochemical properties of the vaporizing 
species. The relationship given by equation (2) 
can be obtained directly from boundary layer 
solutions and is derived later, while equation (5) 
is a boundary condition which must be obtained 
from a consideration of the chemical kinetics of 
the vaporization reaction. In a later section it will 
be shown that kinetic theory yields as the net 
interphase mass transfer: 

aPM 

\/(27RM ,T;) 


and consequently, (C;.); must always be smaller 
than (C,.)eq,; When a finite mass transfer occurs. 
It is clear then that equation (6) is the specific 
representation of the functional relationship 
given by equation (5). It is only when equations 
(2) and (6) are equated, that one obtains an 
a posteriori knowledge of the deviation of (C,), 
from (C;,)eq,;. Thus, an a priori assumption to the 
effect that (C,), (CJeq,; Violates the micro- 
scopic condition represented by equation (6). 
However, it may be considered as a zeroth order 
approximation which holds for certain restricted 
conditions. These conditions will, in fact, be 
determined in a later section, where it will be 
shown that (C,),; may differ appreciably from 
(Ceq,; during high altitude flight. 


mM; {(C, leq 


BOUNDARY LAYER CONSIDERATIONS 

It is assumed here that the gas in the hypersonic 
laminar boundary layer is a ternary mixture of the 
products of dissociated air and the vaporizing 
species. Thus, at any point in the fluid, the mean 
mass motion depends on the contribution of 
the air atoms A, the air molecules M, and the 
vaporizing species k. At the surface of the 
condensed phase, the interphase mass transfer 
by convection and diffusion in the gas phase is 
expressed by: 


Mm; - (= Prl'ndi (pava 


pMUm + pyv,)i (7) 


n > > 
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When the gas phase atom recombination rates 
are of the same order of magnitude as the rates 
of diffusion, heterogeneous atom recombination 
occurs, and the surface then acts as a sink for 
atoms and as a source of molecules, which 
requires the mass balance: 

(pava); — (pmvm); (8) 

Introduction of the latter into equation (7) 
yields the simple result: 

mM; (ppv x), (9) 

Noting that by definition, the summation of 
the diffusion fluxes is zero, i.e. 

x= prV, = 0 (10) 
the introduction of the latter into either 
equation (8) or equation (9) followed by re- 
arrangement, yields the identical constraint: 


mM; (7x); {] (C,.); = (11) 
The diffusion flux of a particular species 
depends rigorously upon the concentration 
gradients of all the species present in the gas. 
However, for a good first approximation, the 
diffusion flux of a species present in moderate 
amount is given by Fick’s law, so that: 
oC 
pD,., (12) 
CY 


Thus equation (11) becomes: 


oC, 

M1; pD »., ay (1 Cc," (13) 
This expression relates the interphase mass 
transfer m, to the concentration gradient 
(€C,/€y); which depends strongly on the surface 
concentration (C,);; this relationship can be 
ubtained by solving the boundary layer equations. 
Conditions in the gas phase are assumed to be 
quasi-steady, since a transient response in the 
overall mass transfer rate is dependent primarily 
on the temperature response of the condensed 
phase to a particular heating cycle, and not on 
gas phase processes. It is also assumed that the 
third species k has the same transport properties 
as air molecules. For convenience, it is further 


assumed that the surface is fully catalytic, while 
gas phase reactions are frozen. Note that it has 
been shown [13, 16] that the relationship between 
heat transfer and mass transfer is virtually the 
same for frozen and equilibrium stagnation point 
boundary layers, provided only that the surface 
is fully catalytic. 


SHOCKWAVE 
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INFLUSCID \ PROFILE CONDENSED 
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BOUNDARY LAYER 


Fic. 1. Co-ordinate system and profiles for vaporizing 
boundary layer. 


The governing equations may then be written 
for a body-oriented co-ordinate system (see 
Fig. 1); conservation of atomic species A: 

C Cu CC4 


UU , + pu 
ee OX cy 


Conservation of vaporizing species k: 
oC, cc, eC, 


aU 7 
f cy oy 


pu 


a D 
ey | p kn 


DI eT 
+= ay) (15) 


Vol. 
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where two diffusion equations are required for a 
three component gas, since the global con- 
servation of mass replaces the third diffusion 
equation. 

Global continuity: 


B B 
ax (pur) + ay (pur,) = 0 (16) 


Conservation of momentum: 
cu oP 0 ou 
; —-—-+,- (x ~ (17) 
Ox cy cy 
oP 


ey 


0 (18) 


Conservation of energy: 
oT oP ou\? 
ay) = "ae tls) 


Ox oy 


oy 


r > |eeo ( pD;, a i 


cy 


(19) 


Di a oT 
T oy , 


Equation of state: 


where 
, X, M,, 


n 
is the mean molecular weight of the gas. 

On introducing the following similarity vari- 
ables which include the Mangler and Dorodnitsyn 
transformations [20]: 


pu, ry p 
\ (2) 0 Pe 


- 
| Pit g?dx 


0 


ro dy 


and defining a stream function: 

Y = (2£)'? f(n) 
such that: 
ov 


ur = - 
se CV ox 


the boundary layer equations are reduced to 
ordinary non-linear differential equations at a 
stagnation point. 

The conservation of atomic species may be 
written: 


r 


l ; o 
; Le (Ca),7 + f(Ca), = 90 (26) 


\P a 


and the conservation of the Ath species becomes: 


] , 
Le (C,), (27) 


Pr ‘ 
which implies that thermal diffusion can be 
neglected in first approximation. The conserva- 
tion of momentum becomes: 


+ Mon 4 1(* 


f(Ci), =0 


fon), fz) =0 (28) 
and the dominant terms in the energy equation 
are: 


(29) 


lé, 
“? 9 ) + 6,0, =0 


ee P 
which implies that the conduction and convection 
terms are more important than the diffusion 
terms in the frozen energy equation, when the 
specific heats of the species in the gas are nearly 
equal. 

These equations constitute a coupled ninth- 
order system of non-linear ordinary differential 
equations with split boundary conditions, with a 
functional behavior shown in Fig. 2. However, 
since it is assumed that the vaporizing species 


. 2. Gas phase boundary layer profiles. 
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have the same thermochemical behavior as the 
air molecules, it is not necessary to consider the 
diffusion equation for the kth species explicitly 
during the solution, as demonstrated below. 
And, it is seen that the system of equations 
reduces to a set previously solved in a binary 
mixture analysis [17] (in which the transport and 
thermodynamic properties of the gas were 
variable, i.e. they were calculated in terms of the 
local temperature and composition of the gas). 

Before listing the boundary conditions applic- 
able to the analysis of this problem, it will be 
shown how the dimensionless concentration 
gradient (C,),,,; may be related to the non- 
dimensional temperature gradient, (@,,);. 

Upon defining the function. 


be 
e=--”-86 
(Cpe 
and noting that ¢, is a slowly varying function of 
», for moderately high surface temperatures, 


(30) 


fe 
0,~- On 
(Code 
and hence equation (29) becomes: 


l 


(31) 


@,) +0, =0 (32) 

In order to obtain an equivalent form of the 
diffusion equation for the Ath species, we note 
that to a very good approximation, the Lewis 
numbers are nearly unity in which case we may 
write: 


(Cin) +f£(Cen =9 (33) 


l 
(>; 


Since equations (32) and (33) are identical in 
form, it is only necessary to ensure that they 
have identical boundary conditions. 

At this point, the boundary conditions are: 

7) 0 < C(O) (C,.); 


AO) 6, (34) 
(¢,); 
(Cpe 


(C, de 


(0) i = 9; 
x: lim. C, 


n> 


(35) 
lim. 0 1-0 


7-> = 


lim. @ 


77> 


Introducing the new variables: 


o* 6-1 


(Cx)i — Ce 
el) 37 
C. °; [ (Cy); > | , 


(36) 


we obtain the new boundary conditions: 


0*(0) 


C#(0) 


co: lim. 6* 


7) >< 4] 


lim. C? = 0 (39) 
so that the boundary conditions are identical in 
terms of the new variables, while the differential 
equations become: 


a ex) +se* —0 (40) 


T 


| ' 
(Cn P + f(C,)* =0 (41) 


ta 7 
and hence one can now conclude that: 


o* = (C,)* (42) 


i.e. the two derivatives obey the same equations, 
and have the same boundary conditions. We are 
now in a position to determine the eigenvalue 
(C,.),.; in terms of the temperature gradient 
(4,,);- 

Differentiating equation (37) and introducing 
equation (36) we obtain: 

e* 


(C,)* 


Cx); 
7] (C,.); ( k)n 


(Cy). 
and upon introducing equations (30) and (31) 
and rearranging equation (43) we find the 
general relationship between the dimensionless 
temperature and concentration gradient: 


(Cy): - 


Cre py 
(eee ( x) Cy 6 (44) 
{E,/(Cp)e } 6 


i (E,)e 7 
Since the mass fraction of the vaporizing species 
other than oxygen or nitrogen vanishes at the 


outer edge of the boundary layer, then by 
definition (C,.), = 0, and thus at the wall one 


(Cx) 
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obtains for vaporizing species (other than 


oxygen or nitrogen): 


(C,); (4,); 


4 
6, — (Cy)e (C,)i ( ° 


(Cx) noi ’ 
Thus, solving the binary mixture equations (26), 
(28), (29) and obtaining the eigenvalue (6,),; as a 
function of the flight conditions, the dimension- 
less wall temperature 6,, and the dimensionless 
mass transfer rate — f;, also solves equation (27) 
implicitly by means of the relationship given in 
equation (45). 
The results obtained are now combined with 
equation (13). The similarity transformation 


requires: 
; (du.\ | (6 
NEE = (5; ) ra] 


(;,) 
oy); 


and equation (13) becomes: 


(46) 


ee V {2(p;/p;) (du,/dx). } p(D ken) (Cw). 
{1 — (C,); 3 
(47) 
fa Le 


D xn p Pr 


Since 


equation (47) also may be written: 


lu, (Le (Cenu 
AH 2eu (ae), | Prd (Con 
(48) 


and since the mass transfer rate also may be 
written in terms of the non-dimensional stream 
function: 


ee 
m,; = - < 2 pum; [= ff; (49) 


the compatibility condition becomes: 


mM; 
V {2 pip; (du,/dx),} i 
(Le/Pr) (Cx) »,; 


ia 


where (C,),.,; is given by equation (45). 

When the correlated eigenvalues and properties 
[17] are substituted into equation (50) one 
obtains the typical results shown in Fig. 3. 
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Mass transfer of vaporizing species at 
100,000 ft altitude and Mach No. 20. 


Fic. 3. 


Since the normalized interphase mass transfer 


~ 
m; ‘| dx 


appears to be almost a linear function of the 
mass fraction of vaporizing species at the inter- 
face, (C,);, and since du,/dx is inversely pro- 
portional to the nose radius Rp, this suggests 
that a useful form for representing all of the 
data, for the full range of hypersonic flight 
conditions, is the function m,; \/(Rp)/(C,); 

Results are shown in Fig. 4 for the evaluation 
of the function m;/(Rg)/(C,.); for various flight 
speeds, altitudes and surface temperatures at a 
value of (C,); = 0-4. It is seen that the interphase 
mass transfer function correlates directly with 
the boundary layer density. That is, a decrease 
in altitude (an increase in free stream density), 
causes a logarithmic increase in 1,;\ (Rp)/(C,.); 
Either an increase in flight speed, or a decrease in 
wall temperature acts to increase the mass 
transfer function since the density of the 
boundary layer rises for each of these effects. 

When the results of a large number of in- 
dividual calculations at various flight speeds, 
altitudes and wall temperatures are correlated, 
the result is: 


m1, Rp 


1/2 
10-%(/, } 
(C,):| P. | me Be 


(51) 


0-40 + 0-115 


when the enthalpies h, and /,; are expressed in 
British thermal units per pound, Rz in feet and 
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Fic. 4. Mass transfer rate vs. flight speed. 


m, in pounds per square feet seconds. Equation 
(51) represents all of the data within 25 per cent 
error. 

For routine calculation, it is convenient to 
express the interphase mass transfer function in 
terms of altitude, flight speed and surface 
temperature. An equation which represents all 
of the data within a 15 per cent error may be 
written as the product of three factors. 

— 66667 10-°7;] » 
(C,) 

+ 3° 9668 


[10 (4°3243 


[V (0°9976 — 1°201 


10 6 Alt.)) 


« 10-6 Alt.)) 


Here 7; is expressed in degrees Rankine, the 
altitude in feet, the flight speed V,, in feet 
per second and the other symbols have the same 
dimensions as in equation (51). 

Obviously, for best results, the data appearing 
in Fig. 4 should be used directly. 


ANALYSIS OF THE VAPORIZATION PROCESS 
A. Vaporization in equilibrium systems 

1. General considerations. In an equilibrium 
system, the net rate of vaporization is identically 


zero, and the condensation rate and the forward 
rate of vaporization must be equal. Furthermore, 
from statistical theory it may be shown [21], that 
in a system in chemical equilibrium, 


M, 
(m wi a (P, Jeq JJ ae (53) 


Thus, the forward rate of evaporation for an 
equilibrium system may be calculated precisely 
if each quantity appearing in the right-hand side 
of equation (53) is known. 

Most refractory substances yield several 
different gaseous molecules during vaporization. 
Carbon, for example, produces the following 
equally important species [22]: 


C(s) = C(g) 
2C(s) = C.(g) 
3C(s) = C;(g) 


Different values of M,, a and (P;)eq will be 
associated with each reaction, so that a different 
equation (53) must be written for each. In most 
cases an increase in temperature leads to a more 
extensive polymerization of the equilibrium 
vapor [23]. Particular care must be taken 


(m,); 


(54a) 
(54b) 
(54c) 
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therefore in extrapolating low temperature vapor 
pressure data, because other more complex 
molecular species, whose presence is not 
suspected, may become the major constituents 
of the equilibrium vapor at high surface tem- 
peratures. 

Let us discuss in greater detail the above three 
quantities which appear on the right-hand side 
of equation (53). It is clear that once the va- 
porizing species has been identified, its molecular 
weight M, is immediately known, and hence the 
molecular weight requires no further discussion. 


2. The evaporation or condensation coefficient. 
The evaporation or condensation coefficient a is 
defined here for an equilibrium system as the 
fraction of gaseous molecules of species k which 
condenses on collision with the surface. Obviously 
a cannot be greater than unity. No general 
theory has been developed for obtaining the 
quantity a from fundamental molecular data, 
and relatively little reliable experimental data 
have been obtained even for vaporization 
reactions of the simple type illustrated by 
equation (55) below. 

It might be expected that a is a function of the 


temperature of the system, of the crystallo- 
graphic face under consideration, and of its 
previous history, as well as the vaporization 
reaction under investigation. In general, how- 
ever, in many simple vaporizations the average 
effective value of a lies between 0-1 and 1, and 
is not affected appreciably by the temperature. 


Values of a less than 0-1 are observed when 
considerable molecular rearrangement occurs 
during the vaporization process. Detailed dis- 
cussions of the dependence of the a of individual 
substances on temperature and on the crystallo- 
graphic face can be found in the literature 
[24-31]. 

Finally, it must be pointed out that contamina- 
tion of the surface, caused either by the pres- 
ence of impurities within the material or by 
reaction products from the gas phase, may 
lead to large decreases in the rate of vaporization 
[32] and thus to smaller effective values of a. 


3. Simple vaporization reactions. The simplest 
class of vaporization reactions is represented by: 


a A (condensed) = A, (g) (55) 


where A, may be any gaseous atomic or mole- 
cular species having the same empirical formula 
as the condensed phase. The reactions given in 
equations (54) are typical. 

For vaporization reactions of the type shown 
in equation (55), the vapor pressure (Pj )eq is 
identical with the equilibrium constant K, and K 
can be calculated directly from fundamental 
thermodynamic quantities which are generally 
available. 

Familiar substances which boil at moderate 
temperatures, such as water, nitrogen or mercury, 
have a (P,)eq which is known precisely at all 
temperatures up to the critical point. On the 
other hand, the vapor pressure of substances 
which boil at temperatures higher than 2000°C 
is subject to uncertainty, particularly if several 
complex molecular species are important com- 
ponents of the equilibrium vapor as in the case 
of graphite. For such materials, the probable 
error in (P;)eq is generally no smaller than 

20 per cent and may become as great as a 
factor of 10 [33]. 


4. Complex vaporization reactions. In more 
complex types of vaporization reactions, the 
empirical formula of the vapor molecules differs 
from that of the condensed phase, and a new 
condensed phase may appear at the interface. 
In such cases the choice of an appropriate 
value of (Px)jeq and of a presents greater 
difficulties. Two examples of such types of 
reaction are discussed briefly here. 

The first example is characterized by an 
equation of the form: 

XY(s) = X(g) + Y(s) (56) 
In this type of reaction the equilibrium vapor 
pressure Py is again identical with the equili- 
brium constant K, which is again only a function 
of the temperature. During the course of the 
vaporization process, however, a layer of Y 
builds up at the interface, and eventually the 
net rate of vaporization may become controlled 
by the rate of diffusion of gaseous X through 
condensed Y. Great care must be exercised 
therefore in choosing the value of a, since a will 
depend on the thickness of the layer of Y and on 
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the diffusion coefficient of X(g) in Y. Illustrative 
of this type of vaporization reaction are: 


SiC(s) — C(s) + Si(g) (57) 
CaCO,(s) = CaO(s) + CO.(g) (58) 
The second example is characterized by: 

XY(s) = X(g) + Y(g) (59) 

which is another commonly encountered type 

of vaporization reaction. In such cases the 
equilibrium condition is: 

PxPy K (60) 


If no excess X or Y are present from other 
sources in the equilibrium gas, then Py = Py and 


(Px eq : (Py )eq AY K (61) 


In the more general case, when excess XY or 
Y are present, equation (60) must be utilized 
since the simplification to (61) does not apply. 

In sucha case severe difficulties are encountered 
in determining a. Even when the macroscopic 
forward rates of vaporization of X and Y are 
equal, so that no buildup of a new phase is 
encountered, it is probable that the stoichio- 
metric composition of the surface layer is not 
identical with the composition of the bulk 
condensed phase. Thus, the extent and nature of 
the chemisorbed layer of X and of Y may affect 
greatly the value of a. 

As apparent from equation (60), although the 
product of (Px)eq and (Py)eq is well defined, the 
individual values of (Px)eq and (Py)eq are not, 
so thatequilibrium vapor atany given temperature 
does not have a definite composition. 

The composition of the chemisorbed layer 
will vary as the ratio of the pressure of X¥(g) to 
Y(g) varies from zero to infinity. Therefore, the 
values of a at any given temperature will vary 
also with the gas phase composition, and X(g) 
and Y(g) must have different values of a. In 
such cases the vaporization coefficient becomes 
an indeterminate quantity, and this approach 
is not applicable. A more fruitful approach in 
this instance is to rely on reaction rate theory, or 
perhaps use the concept of a which will be 
introduced as ayap. An example of such a reac- 
tion is: 

MgO(s) = Mg(g) + 40,(g) (62) 


B. Vaporization in non-equilibrium systems 

1. General considerations. In general, the net 
rate of a vaporization reaction is the difference 
between the rates of the forward and reverse 
reactions: 

(1;.); = (m,); — (M,); (63) 

The system cannot truly be in equilibrium 
when net vaporization takes place and thus the 
rate equations discussed in Section A are not 
necessarily applicable. Two major assumptions 
must be made in order to obtain a rate equation 
during non-equilibrium vaporization: 

(a) Not only is the forward rate of vaporization 
assumed to be independent of the partial pres- 
sure of foreign gases, it is also assumed to be 
independent of the partia! pressure of the vapor- 
izing species. 

(b) The fraction of incident molecules which 
condense on colliding with the surface is 
independent of the partial pressure of foreign 
components and of the vaporizing species. 

As a consequence of assumption (a), the 
forward rate of vaporization is exactly the same 
as that obtained during equilibrium vaporization. 


: M,. f 
(m, )j =a (P, Jeq ‘ IaRT. > (64) 


where the a appearing in equation (64) is the 
equilibrium condensation coefficient. In general, 
the rate of condensation is given by: 


| M;,. : 
(m).); = a (P,); ( (65) 


where a is the fraction of sticky collisons, and 
(P,.); is evaluated one mean free path from the 
surface and is not necessarily the equilibrium 
vapor pressure appearing in equation (53). As 
a consequence of assumption (b), the a appearing 
in equation (65) is equal to the equilibrium con- 
densation coefficient, and hence, on substituting 
equations (64) and (65) into equation (63), the 
netfrate of vaporization is obtained: 


/ 


(™m).); =a 


M,. 
al (Pweq — Px}i (66) 


2. The evaporation or condensation coefficient. 
Before proceeding with a discussion of equation 


ve te 
1960 
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(66), one should consider the errors introduced 
in the calculated rates of vaporization of non- 
equilibrium systems by the assumptions that 
the rate of vaporization and the condensation 
coefficient a are ind-pendent of the gas phase 
composition. 

Attempts have been made in recent years to 
develop a theory which relates the forward rate 
of vaporization to the partial pressure of the 
vapor. This was done by relating the concentra- 
tion of active sites for the vaporization process 
to the rate of diffusion of molecules on a surface 
[34, 35]. Difficulties are encountered in giving 
an adequate physical description of even an 
idealized surface, and these theories are still 
qualitative in nature. For some types of cubic 
crystals, it has been estimated, for example, that 
the forward rate of vaporization may vary by a 
factor of 3 as the partial pressure is varied from 
zero to the equilibrium pressure [34]. The best 
experimental work on this subject has been done 
by Hock and Neumann [26], on single crystals 
of potassium. In this case a definite dependence 
on partial pressure has been obtained for both 
the rate of vaporization and the condensation 
coefficient. The observed total variation in the 
rate of vaporization was approximately a factor 
of 2. No such variation was observed for molten 
potassium [27]. Less precise experiments indicate 
that the vaporization rate of other metals has a 
dependence upon partial pressure which is no 
larger than that found for potassium. Thus, the 
errors introduced by the assumptions that the 
effective condensation coefficient and the rate of 
vaporization are independent of the partial 
pressure, are of the same magnitude as those 
which enter into the determination of a under 
equilibrium conditions. 

In some cases it has been found that the pres- 
ence of small amounts of some foreign molecular 
species can lead to a large change in the rate of 
vaporization, by acting as a catalyst for the 
vaporization process. This situation is most 
likely encountered in vaporizations having a low 
value of a, where there is an appreciable excess 
activation energy of vaporization so_ that 
catalytic effects can become most important. 
The best known example of this type is the 
increased rate of vaporization of ammonium 
chloride in the presence of moisture [36]. 


3. Vaporization into a vacuum. The experi- 
mental determination of the net rate of vaporiza- 
tion is generally carried out in a vacuum. 
Therefore, some authors have found it con- 
venient to define the evaporation coefficient, as 
the ratio of the experimentally determined net 
rate of vaporization to the Langmuir expression 
for the forward rate of vaporization 


(m,.); (vacuum) 


(Pideq V {M ,/27RT, } (67) 


avap 
Thus, ayap is intended as a measure of the error 
in the Langmuir expression 


| , / M, 
(ms), = (Prdea a/ \22RT,{ 


Note the tacit assumption by these authors that 
the forward rate of vaporization and the net 
rate of vaporization are identical, if the material 
vaporizes into a vacuum. It is clear that at high 
rates of vaporization, the vacuum is partially 
destroyed in the immediate vicinity of the surface 
so that care must be exercised in the use of 
equation (67). That is, the reverse reaction 
(condensation) may not necessarily be negligible. 

The subscript “‘vap” has been added to a 
in equation (67) to emphasize that this definition 
of the vaporization coefficient is not necessarily 
equivalent to the equilibrium condensation 
coefficient a. It is considered that the use of a, 
which is rigorously defined for equilibrium 
vaporization, is preferable to the use of ayap 
defined for non-equilibrium vaporization, since 
only for equilibrium vaporization systems is the 
forward rate of vaporization related unam- 
biguously to the rate of condensation through 
the equilibrium constant. When a is defined by 
means of equilibrium vaporization processes, it 
has physical meaning in that it is the “sticking 
coefficient” of the equilibrium vapor, whereas 
ayap iS merely a measure of the error in the 
Langmuir expression and cannot be directly 
related to the fraction of sticky collisions during 
non-equilibrium vaporization. While a must lie 
between zero and unity, ayap can exceed unity. 
Under the special conditions when the forward 
rate of vaporization is independent of the partial 
pressure of the foreign and vaporizing species, 
ayap and a are identical. 


(68) 
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In view of the discussion presented in Section 
B(1), one may, within the framework of assump- 
tions (a) and (b), use ayap and a interchangeably, 
although it is clear that both ayap and the 
“sticking fraction” will actually have some 
dependence on P,.. 


4. Complex vaporization into a boundary layer. 
For net vaporization into a boundary layer, as 
will be discussed in the following section, the 
partial pressure P,., evaluated at one mean free 
path from the surface, depends partially on the 
rate of convection and diffusion into the boun- 
dary layer. 

For simple vaporization reactions no added 
complications are anticipated. As an example of 
what may occur in a complex (but not over- 
complicated) vaporization reaction, consider 
equation (59). In the simplest case, already dis- 
cussed, where no chemical reactions take place 
to remove either species XY or Y from the gas 
phase and where no X or Y is normally present 
in the boundary layer, under equilibrium 
conditions, equation (61) still applies. 

If a chemical reaction occurs which consumes 
either XY or Y, or if species ¥ or Y are compon- 
ents of the free stream which enter the boundary 


layer, the quasi-equilibrium gas composition 
may exist nevertheless. Hence, equation (60) 
still is valid, but in such a case Py + Py since 
Px and Py are affected by the presence of the 
free stream components and the products of 
reaction. A further relationship between Px and 
Py can be established by introducing the 
equilibrium constant of the chemical reaction. 

If preferential diffusion occurs due to unequal 
diffusion coefficients or due to unequal con- 
centration gradients, but if a quasi-equilibrium 
vaporization process is still assumed, again 
equation (60) applies while (61) does not. Now, 
in addition to the equilibrium constants, an 
added relationship between Py and Py must be 
sought in the conservation of mass at the 
interface (chemical source-sink considerations) 
[19]. 

Finally, for a non-equilibrium vaporization 
process, one must have a precise knowledge of 
the forward rate of vaporization since the pro- 
cess is no longer diffusion controlled. 


C. Summary of available experimental data 
Experimentally determined values of a and 

ayap are given in Tables | and 2 for a number of 

materials. Since data on the rate of vaporization 


Table | 


Gaseous 


Substance 
molecule 


Temperature 
(C) 


Reference 








White phosphorus P, 
Red phosphorus P, 
Arsenic AS, 
Iodine 

Rhombic sulfur 

Potassium (liquid) 

Potassium (solid) 

Many metals, solid and liquid atoms 
Graphite 2 


Arsenolite 
Claudetite 
Water and ice 
Potassium chloride 
Potassium perrhenate 
Many organic acids 
alcohols and hydrocarbons 


(23] 


407-469 
780-853 


[31, 47, 49, 50] 
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are available only for a limited number of sub- 
stances (most of which appear in the tables) no 
effort has been made to select materials of 
interest for hypersonic flight, and further, no 
distinction is made between a and ayap in these 
tables. 


Table 2 


Refer- 
ence 


Products of ean T 
vaporization (°C) 


Sub- 
stance 


Na(g) + O,(g) + 
CO,(g) + Na,O(g) 





Na,CO, pee 
1107 


0:02 


BN B(s) + N,(g) 

AIN Al(g) + N,(g) 
Mg;N, | Mg(g) + N»(g) 
NH,CI_ NH,(g) + HCK(g) 
TaC 
WC 


Ta(l) + C(g) 
Wil) + C(g) 


The rates of vaporization from which the 
value of the vaporization coefficient was com- 
puted were usually obtained under vacuum 
conditions, and so are generally ayap for which 
no attempt has been made to determine the 
effect of the partial pressure of the vaporizing 
species. Since a is temperature dependent, the 
temperature at which the experiments were 
conducted is listed for most of the substances. 

Table | lists values of a for simple vaporization 
reactions of the type illustrated by equation (55). 
Table 2 deals with complex reactions which are 
listed individually in the table. 

It should be apparent from the scarcity of 
data that much remains to be done in this field. 


D. Vaporization kinetics 

When adequate data are not available for 
(PJeq and for a, it becomes necessary to obtain 
the forward rate of vaporization 7, from kinetic 
expressions containing other molecular para- 
meters. A large number of general expressions 
have been proposed which require more or less 
detailed data about the system in question, and 
which are only partially successful in predicting 
the few accurately known rates of vaporization. 
Only the most widely used expressions are given 
here. The following three equations: 


(37, 38] (69) 


E. 
. RT) 


(m1,,); = AM,» exp ( 


E, E, 
(mi ,); = 2 AM,v Ree | a [39] (70) 


ad 


kT F* Ez. 
AM ;.« h exp | - a 


[40, 41, 42] (71) 


(M;.); 


> 


all rest on three basic assumptions: 

(a) Each molecule at a surface is exactly 

equivalent to every other, so that any molecule 

will have an equal probability of vaporizing. 

(b) The activation energy of vaporization is 

equal to the enthalpy of vaporization. 

(c) The vaporization reaction is a kinetically 

simple one-stage reaction. 

The first two equations contain other added 
assumptions and may be considered as special 
cases of the third one, but they contain fewer 
parameters and are relatively easy to apply. 
Generally, they cannot be expected to yield 
anything more than an estimate of the order of 
magnitude. 

The last expression, given in equation (71), has 
been used with considerable success to calculate 
the rate of vaporization of potassium chloride, 
benzene and sulfur. It is difficult to apply, 
however, since the partition functions F are 
sensitive functions of many uncertain parameters. 
Furthermore, it is difficult to estimate the re- 
liability of the three assumptions mentioned 
above. 

As a consequence of the first assumption all of 
these equations predict that the forward rate of 
vaporization is independent of the partial 
pressure of the foreign components of the 
vaporizing species. Attempts [34] to refine these 
models in order to make them consistent with 
known behavior of surfaces have not yielded any 
quantitative results as yet. 


E. Conclusions 

It is concluded that the value of the vaporiza- 
tion coefficient may vary over very wide limits, 
and that it is unsafe to assume that it is close to 
unity for refractory substances except when 
dealing with a highly restricted group of sub- 
stances. In most cases the rate of vaporization 
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may be predicted to within one order of magni- 
tude only when detailed knowledge of the 
mechanism and the rate of the evaporization 
process are available. 

The following factors tend to favor a large 
value of a, (a > 0-1): 

(a) The presence of a liquid rather than solid 

phase. 

(b) The necessity of little molecular rearrange- 

ment during vaporization. 

(c) The absence of impurities at the vaporizing 


THE RATE-DETERMINING STEP CONTROLLING 
MASS TRANSFER 

The curves shown in Fig. 5 are helpful in 
visualizing the effects considered in the preceed- 
ing sections. Kinetic theory (equation (6))., 
predicts that the interphase mass transfer is a 
decreasing function of the mass fraction of 
vaporizing species (C,); (evaluated at one mean 
free path from the surface). Thus, when (C,.),, 
is identically equal to (C,)eq,; the gas is in 
equilibrium with the surface and the net inter- 
phase mass transfer is zero. This is shown in 
Fig. 5 by the curves labelled “‘kinetic theory”’. 

Boundary layer theory, equation (51), or 
equation (52) predicts that the interphase mass 
transfer is an increasing function of the vaporiz- 
ing species (C,,);, which is evaluated at one mean 
free path from the surface. This result also is 
shown in Fig. 5 by the curves labelled “boundary 
layer theory”. 

In the steady state, the vaporized gas is 
transported away from the interface by con- 
vection and diffusion at a rate equal to the net 
rate of vaporization. Thus, the intersections of 
the curves shown in Fig. 5(a) and 5(b) represent 
the condition of microscopic compatability 
between kinetic theory and boundary layer 
theory. 

In Fig. 5(a) it is seen that for a given material, 
at a given surface temperature, the vaporization 
process will be either diffusion controlled, 
rate controlled, or in the transition regime 
between the two, depending upon the slope of 
the boundary layer theory solution which is a 
unique function of environmental conditions. 
In Fig. 5(b), it is seen that, for given conditions, 
the vaporization process will be again either 


diffusion controlled, rate controlled, or in the 
transition regime depending on the slope of the 
kinetic theory expression, which depends 


primarily on the magnitude of a. 


VAPORIZATION 
RATE CONTROLLED 
a<Qcrit 


KINETIC THEORY 


+~ BOUNDARY 
LAYER 
THEORY 


INTERPHASE MASS TRANSFER, '; 


CK 
ACTUAL 
MASS FRACTION OF VAPORIZING SPECIES, Cy 
! 


(a) 


DIFFUSION 
CONTROLLED 


\ 


\ 


\ 


INTERPHASE MASS TRANSFER ,m j 


c c 
KactuaL “eq 


MASS FRACTION OF VAPORIZING SPECIES, Cx; 


Fic. 5. Relationship between interphase mass 


transfer and equilibrium mass fraction. 
(a) Effect of environment on net rate of vaporization 
(b) Effect of vaporization coefficient on net rate of 
vaporization. 


In either case the magnitude of (C,),; ob- 
tained at the point of intersection determines 
whether the slowest, and hence the rate-deter- 
mining, step of the vaporization process is 
diffusion or the vaporization rate. 

It is perhaps interesting to draw an analogy 
between the mass transfer process and ohmic 
flow. One may write the boundary layer solution 


in the form: 
(C,.); = apr. 1,1 Re (72) 


where dp.u. represents the resistance of the 
boundary layer to the diffusion and convection 
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of the vaporizing species. Similarly, the kinetic 
theory expression may be written: 
(Cx), = (Cxdea,i (73) 


ay mM, Mm; 


where ay.m. represents the resistance of the 
material to the vaporization process. Upon 
eliminating (C,); between equations (72) and 
(73), one obtains: 


(Cx)eq.i (74) 


m, (ap.t. vy Re + avn.) 


Equation (74) shows that the boundary layer 
diffusion and convection process, and the 
vaporization process may be thought of as two 
resistances in series. The interphase mass 
transfer m,; is analogous to the current and the 
equilibrium mass fraction (C,)eq,; is analogous 
to the driving force. Then (C,),; is the voltage 
drop due to the boundary layer resistance, and 
the total resistance is the sum of the two resis- 
tances dp.t.y Re and ay.m, The boundary 
layer resistance, dp.t.y Re, appears as an 
increasing function of body size, while the 
resistance of the material to vaporization, is 
independent of body size. It is seen also that 
since the magnitude of ay.m. is inversely pro- 
portional to the vaporization coefficient, the 
two limiting values of the interphase mass 
transfer are: 


(C, Nea. 


(75) 
ap.u.V Rp 


lim. 7, 


(Cy eq.i 


ayv.M. 


lim. 7, (76) 


av 


That is, as a approaches infinity, the rate- 
determining step of the vaporization process is 
diffusion and convection in the boundary layer. 
As a approaches zero, the vaporization process 
becomes kinetically controlled. For intermediate 
values of a, the overall process is governed by 
the kinetics of the vaporization process and the 
resistance of the boundary layer. 

The parameter a has been singled out for 
special attention in equations (75) and (76) 
because, as shown previously, the vaporization 
coefficient is generally the most difficult physical 
quantity to evaluate with sufficient accuracy. 
While equations (75) and (76) are mathematically 


correct, it is not necessary to go to the limits 
zero and infinity, since the process becomes 
practically diffusion controlled or kinetically 
controlled for finite values of a. The problem 
consists of the determination of the conditions 
which define the two limiting regimes and the 
transition regime. Therefore, two critical values 
of a can be defined, one at each end of the 
transition regime. However, the larger of these 
is of greater practical interest and will be defined 
here by the following expression: 


a Acrit (77 
re : ) 
(C k )j 0-9 (C k Jeq,i 

acrit is therefore the value of a for which the 
resistance of the vaporization process ady.m. 1s 
10 per cent of the total resistance 


avy .M. + ap.u.vV Re. 


When a aerit It may be assumed that 


(C,); (Ceq.i 

without introducing an error greater than 10 per 
cent in the calculated value of m,, and the 
vaporization process is an “equilibrium” process. 
For higher values of a, the “equilibrium” assump- 
tion will lead to errors smaller than 10 per cent 
and so if this accuracy is sufficient, the quantity 
a need not be used for determining the net inter- 
phase mass transfer, since equation (52) suffices. 

The value of a¢rit is, of course, a function of the 
other parameters, which are the precise environ- 
mental conditions, the molecular weight of the 
vaporizing species M,, the surface temperature 
T,, the mean molecular weight of the gas at the 
surface M; and the geometric scale factor 
V Rp. 

It is therefore of considerable interest to 
determine the value of aeri: for various flight 
conditions as a function of these other para- 
meters. This is done by introducing the relation 
given in equation (1) into equation (6) and 
obtaining 


mv (Rp) 


FE Re PM 
V(27R) y(M,T) 


{(C neq . Cx) (78) 
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On letting {C,/(Cx)eq}; = 0-9 and rearranging 
equation (78), one obtains: 


(a+/Re)erit = 


9 —) (27 R) v(M,T)) (79) 
| (Cy) VO Pel, 
which is a completely general equation. 

If one now selects a particular altitude and 
flight speed, the value of the stagnation pressure 
P, is obtained from normal shock tables for 
dissociated air, and the value of 


(m1; 4 (Rp)/(C,.);} 


is known from the boundary layer solution pre- 
sented previously. Thus, a general relationship 
between (ay Rg)crit and the environmental con- 
ditions (altitude and flight speed) can be obtained 
for any specified value of the mean molecular 
weight M; and of M,T,. 

Notice that the value of {m;4/(Rp)/(C,); | 
calculated earlier does depend somewhat on 
(C,.); and 7;. This dependence appears to be 
small, however (see Fig. 3), and is neglected 
here. 

Fig. 6 shows this general relationship graphic- 
ally, and is a plot of (ay Raederit vs. flight 
altitude. The effect of varying the average 
molecular weight M,, 23 < M, < 33 is shown 
approximately by the width of the bands shown 


rh +09 0Pleq. 
~-MACH 20 =m - 


ALTITUDE , FT 


6. Critical limit of vaporization coefficient, 


in Fig. 5. Separate bands are drawn for each 
of three different values of M,.7;; these three 
values were chosen to cover the region of 
greatest interest where the values of particular 
interest are usually 5 < M, < 100, and 


1000° < T; < 5000°R. 


Finally, the effect of flight velocity is shown by 
plotting two bands for each of the three values 


of M,7,, one band being for a Mach number of 
12, and the other for a Mach number of 20. 

The curves have been plotted for constant 
M,T; and Mach number as a matter of con- 
venience. In considering the behavior of a 
particular material during the flight of a hyper- 
sonic vehicle along a given trajectory, the value 
of T;, M,., M; and the velocity will change with 
altitude. The time dependent behavior of a 
single material on a particular flight path will 
cut across the curves of Fig. 6. These curves 
show the value of (ay Re)crit defined by 
{C,./(C eq}: = 0-9 for the full range of hyper- 
sonic flight conditions. 

When a > aerit, {C;./(Creq}i > 0-9, and the 
vaporization may be considered to be “equili- 
brium” vaporization since the process is diffusion 
controlled. When 0-012 aerit << a < 0°9 aorit, 
then 0-1 {C,./(C eq }; <0-9, and the net rate 
of vaporization is determined both by diffusion 
and by the kinetics of the vaporization process, 
and the value of a must appear explicity in the 
equations. 


When a < 0-012 aerit, then 


(C;, (Cy eq fi < @i 


and the boundary layer resistance can be neg- 
lected with respect to the material resistance 
and the net rate of vaporization may be con- 
sidered equal to the forward rate of vaporization: 


ap M 


\ (27RM,T,) (80) 


(Cea. 


An approximate formal expression for the 
curves shown in Fig. 6 is obtained as follows: 

The introduction of equation (48), followed 
by some dimensional analysis shows that 
(ay/Re)crit Varies inversely as the Schmidt 
number, inversely as the square root of the 
stagnation pressure, directly as the square root 
of M,7;, and directly as the fourth root of the 
stagnation temperature, 


Rr Le / M,T. 
(av RB)erit ™ Fe er P, 


One can anticipate, as verified by the results 
shown in Fig. 6 that the region is which (C,), 
deviates from (C;)eq,; iS one in which the 
stagnation pressure is low and the product 


‘| (T.)"4 (81) 
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M ,T, is large. Thus, at low altitudes—10,000 ft 
or less—for instance, the ratio {C,/(C,)eq}; 
deviates from unity only for very low flight 
speeds and very large values of M,7;. At higher 
altitudes, this ratio may deviate from unity 
even at higher flight speeds (Mach number ~ 20). 
Notice that if the nose radius is small, this 
also will increase the tendency for the ratio 
{C,./(C)Jeq}; to deviate from unity. The ratio 
(Le/Pr); has been evaluated as a function of 
flight conditions, using the properties of dis- 
sociated air, for which the ratio is of the order 
of 2. Actually, this ratio depends critically on 
the molecular weight of the injected species. 
For light particles, i.e. M,; ~ 5, the ratio 
(Le,/Pr),; can exceed 5: however, this effect is 
minimized by the reduction in M,7;. Since the 
curves shown in Fig. 4 were determined using the 
transport properties of dissociated air, which 
ignores the effect of foreign gases, an additional 
correction for extremely light or heavy gases 
would involve multiplying a¢ri¢ obtained from 
Fig. 6 by the ratio (Le ,./Leéair),. 

An analysis has recently been performed in 
which the relationship between the interphase 
mass transfer and the vaporization coefficient 
has been established for the non-equilibrium 
vaporization of a refractory oxide at high 
altitude [55]. The dependence of the effective 
mass fraction at the surface upon ay/Rz is 
shown in Fig. 7. Note that three vaporization 
regimes are clearly demarcated, which are the 
specific representation of Fig. 5(b). 


CRITICAL LIMIT OF 
VAPORIZATION 


TRANSITION 
REGIME 


VAPORIZATION RATE 
CONTROLLED REGIME 





VAPORIZATION 
_ i i LAs 
-40 -30 -20 1.0 
LOG,,.(aVR,) 





Fic. 7. Dependence of the non-equilibrium mass 
fraction of injected species upon the vaporization 
coefficient. 
Altitude = 200,000 ft 
Va = 23,600 ft/sec 


0-192 
0-50 ft! 2 


PIP, 
€; Rp 


CONCLUSIONS 

When a material is subjected to severe heating 
conditions, the net rate of interphase mass 
transfer during vaporization may be diffusion 
controlled, kinetically limited or both, depending 
on the magnitude of the vaporization coefficient 
a. 

The flight regimes where the vaporization 
process is diffusion controlled, kinetically limited 
or both, are defined by a universal solution, 
utilizing the most significant independent para- 
meters. 

One may estimate the rate of vaporization of 
an arbitrary material, subject to hypersonic 
flight conditions, utilizing the numerical solutions 
or the general correlation formula derived 
herein (provided only that one has an independ- 
ent knowledge of certain minimum physico- 
chemical data). 

In addition, an extensive summary is given of 
the available experimental data regarding for- 
ward rates of vaporization. 
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EXPERIMENTAL METHODS APPLIED TO THE 
DETERMINATION OF SOME TEMPERATURE 
RADIATION PARAMETERS 


D. T. KOKOREV 
Institute of Chemical Engineering, Moscow, U.S.S.R. 


(Received 16 November 1959) 


Abstract—The analytical determination of integral angular radiation factors is very complicated formost 
practical cases. The known graphical and analytical methods do not present a satisfactory solution of 
problem as a whole. 

In this work the writer makes an attempt to solve the problem experimentally. Analytical rela- 
tions were obtained, which make it possible to establish simple experimental methods of determining 
angular radiation factors for a general case of a spatial problem, which plays an important role in the 
solution of engineering problems of heat transfer by radiation. In addition, it was possible to find the 
optical characteristics of grey surfaces: the average factors of absorption, reflection and radiation. 


Résumé— Des formules analytiques, fondées sur la théorie moderne du rayonnement thermique, ont été 

établies. Ces formules conduisent a des méthodes expérimentales simples permettant de déterminer le 

coefficient géométrique moyen de rayonnement dans le cas de problém?s trés généraux et de surfaces 
grises. 


Zusammenfassung—Auf der Grundlage der modernen Theorie der Temperaturstrahlung wurden ana- 

lytische Formeln abgeleitet, mit deren Hilfe man zu einfachen experimentellen Methoden bei der Bestim- 

mung des mittleren Flachenverhaltnisses im allgemeinen Falle und bei grau strahlenden Oberflachen 
gelangt. 


Abstract—AnainTiyeckoe OnpeqereHie WHTePpadbHBIX VPAOBbIX KOOdMMMeHTOB H3c1V4eHIA 
WIA OOUbIUMHCTBA TpakTH4VeCKMX Cay4aeB COMpAAReHO C HeNpeOLOIHMbIMI TpYHOCTAMIL. 
IIspectubie rpadpuyeckie HM rpadoanaduTnveckie CHOCOObL TakiKe He NpPMBOAT K YOBIeTBO- 
PHTCAbHOMY pelleHHW BOTTpOoca B TeJIOM. 

B yannoit padote mpesqUpHHATA NOMBITKA PelIMTh Bayavy IKCHePpMMeHTATbHbIM TWyTeM. 
C ool Webi HaiijeHbl AHATHTMYeCKHe COOTHOIMeCHHA, KOTOPble MOSBOIILIM CO31aTb IpocTEe 
IKCHEPMMeHTAIbHbIe MeTOTbE OpeeeHHA VPIOBLIX KOOPDPMUMeEHTOB M3ay4eHtA B OOLLeM 
cayuae MpocTpancTBeHHOl Baya4un, YTO BeCbMa BaHO [WIA TeMIOTeEXHM4YeCKHX PacdeTOB 
renm000MeHa. Kpome 9TOro, OKa3zaIOCb BOSMO7KHBIM HAXOMMTh oOnTiveckne 
cephix moBepxHocteil: HMHTerpadbHHXx KoodpprTuTenTOR MoOraomentsA 

OTPaKeHHA WM MSJ1V4eHHA, 


ay4neToro 
XapakTepHCTHKH 


surface Q,,; into the semispace in the direction 
of k. 

6,,. in the formula (1) is the angle between the 
direction of the radiation and the normal to the 
platform dF), situated at the surface k; dw,,, is 
an elementary solid angle with the opening 
angle at dF,;. The application of the integral 
formula (1) is rather complicated in practice. 

The involved graphical and analytical methods 


THE average geometrical factor is of great 
importance when the modern analytical methods 
of heat transfer theory by radiation are being 
applied to the solution of engineering problems. 


Pix 


| [608 @ie dos dF (1) 
F, F, 


This coefficient expresses physically the relation 


~ at, 


of radiant heat flow Q,, emitted by a black 
surface i and which is incident upon the surface 
k, to the total radiating heat flow emitted by the 


of approximative evaluation of ¢;, [1-10] do 
not give a satisfactory solution to the problem. 
The experimental method set forth below 
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simplities not only the determination of ¢;, but 
also of some other optical parameters as well. 

Let us consider an unenclosed radiating system 
of two arbitrarily situated thin and reciprocally 
concaved plates (1) and (2) shown in Fig. 1. 
Suppose that the internal surfaces of the plates 
(1) and (2) are grey (0 < A,, A, < 1) and their 
external surfaces are black (A! A} 1) 
where A,, Ay, Al, A} are the total absorption 
coefficients. 

It is assumed that we have a constant energy 
source with a continuous and uniform heat 
flow supply along the external surface of the 
plate. 

If the plates (1) and (2) are placed (Fig. 1) 
into a medium permeable to heat rays then a 
stationary thermal regime will be established 


Fic. 1. 


between them as a result of heat transfer by 

radiation and under the conditions of such a 

thermal regime the plates will have absolute 

temperatures 7, = const. and 7, = const. 
Using equation (1) 


E(M) ie 
AUM) “any 


f 


le. . K(M,N)dFu — E((M), (2) 


J 
where E, and E, are the densities of incident and 
black radiation, respectively, A and R grey body 
absorption and reflection coefficients, K(M,N) 
dFy an elementary geometrical factor. The 
indices M and N at the values entering the equa- 
tion (2) indicate that these values correspond to 
the points at the boundary surface of the 
radiating body under consideration at given 
points M and N. 


If a closed radiating system consists of a finite 
number n of optically uniform grey surfaces at 


dik = $(M;, Fy), (i> = 1,208) - « «) (3) 


where ¢(M;,F,) is a radiating local geometrical 
factor then the equation (2) converts into a 
final system of linear algebraic equations of the 
following type [12, 13]. 
E,,;= A; & Ay. OE, (4) 
k 1 
where 


R; ®;; ; e tt:k «ths «<3 (5) 


Eo: Eo: 
when £,, and E,, are densities of black radiation 
(Ey = oT) relative to the surfaces k and i. 

The parameter ®,, expresses the optical and 
geometrical properties of any pair of grey sur- 
faces i and k depending on all the grey surfaces 
entering the given system. If the surfaces are 
black then ®;, = ¢,;,. 

The radiating system under consideration 
differs from those described by the equations 
(3) and (4) not only by the fact that this system 
is an unenclosed one, but also by the fact that the 
plate (2) is absorbing a radiating energy by one 
of its surfaces (internal) and radiates by both— 
internal and external. 

The first difference is not an important one, 
since an unenclosed system may be easily con- 
verted into a closed one by an imaginary 
cover (3) (Fig. 1), the optical properties of which 
may depend upon the surrounding conditions. 
For example, in the system under consideration 
this cover has black body properties (A; 1) 
at absolute zero (7; = 0). 

The second difference is more important 
since it leads to a different expression for E,» 
than follows from the equations (3) and (4). 

So, taking all this into account we can find 
the following expression for the density of the 
total radiation of the plate 


3 
A, & A, Po, Exe 


h l 


Ey Eg. (6) 

In the case of the steady-state thermal regime 
for a given radiating system E,. = 0, and there- 
fore equation (6) becomes 


A, A, Py, Fj, 7 AZP Eve : A,A3Py3E 30 | oP (7) 





DETERMINATION OF SOME TEMPERATURE RADIATION PARAMETERS 25 


But as we have 


Ew= 0, Eos 
Eos — Eve - Eos, 
then from the equation (7) we get 
A, * A, * Py Ej, A,P33E 9 Eo (8) 


The conditions of the system being closed 
relative to the surface (2) are determined by the 
expression 


(9) 


The solution of the equations (8) and (9) taken 
together relative to ®,, gives: 


l Eve 


(1 + A, — A? Dy) (10) 


“01 


or, aS Egg = ooT 4 and Eq, = a9 T}, so 


l 
Py : (1 + A, 


T. 
ro A:®x.)| ? 


7) (11) 

The function ®,, depends not only upon the 
process of radiating flow reflections from the 
grey surface of the plate (2) upon itself as it has a 
concave form, but also on the geometrical 
configuration and optical properties of the 
radiating system as a whole. This function is 
determined from the equations (5) for i 1-2 


3 ) 


- Z RipjPjn = dre 
j=1 


3 

X Riba; Pin oo 
, l J 
Vol hoo 9 R d oPo0) 
Y2A P22 Y14N1P12P 22 (13) 

V1¥2R1 Rodbsob0 
where 
| 
Y1 > Ye2 
1 — Ryby 1 — Rodeo. 
are the reflection coefficients of the surfaces (1) 
and (2), respectively. 
Introducing ®,, from (13) into (11) we ge 


hehe 


Y2 doo ti R d oP 2 4 
» Veal Yi4%P 12P 21) ! *) (14) 
— Fie oR, Robsobo1 T, 


] 
by i+ A, 


Thus, taking into account the known properties 
of geometrical factors, one may write 
%,,F, = PF, (15) 


where F, and F, are the heat transfer areas of the 
plates (1) and (2), and hence 


F, 
ai 


F,A,Ay 
Vo do oe T R db oe ) 
2 Vol 22 T YAN P12 “| (; (= 2) (16) 
a | Y1¥2 »R Redyod 21 7; 


Pr, 


If (1) and (2) are the plane plates, then 
ou os 0,71 Y2 I, 
and consequently 
F, 
7 (1 
F,A,Az 
Ry y2b01 
R, R. oPyo poy 


) (zy (17) 


A,A> (1 


1 bobo 


A; sae) (7 ) (18) 


Suppose that the opposite internal surfaces (1) 
and (2) are black, i.e. A; A, 1, and so 
¥1= Ye = 1. From equations (12) and (16) we get 
Py. 
Px 
for the concave surfaces and 
F, (T;\* 
2F () 
F, XT, 


for the plane surfaces. 
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The geometrical factor 4. characterizes the 
concavity of the surface (2) and may be ex- 
pressed through the areas F, and H, (Fig. 2), 
where F, is the effective area of the concave 
surface (2), and H, is the area of its closing 
surface. From the condition of closeness 


From the last formulae we can see that it is 
possible to determine ¢,. and ¢,, if Fy, Fo, Ab, 
T,, T, are known. The first, the second and the 
third ones are usually given and it is quite 
possible to determine 7, and 7, experimentally, 
as shown by the writer [14]. 

And now using the equations (15) and (16) we 
can get the expressions which determine the 
absorption (reflection) coefficient of the grey 
surfaces experimentally. Let us analyse the 
following cases: 

Assume that the inside surface of the plate (1) 
shown in Fig. | is black (A, = 1) and the outside 
surface of the plate (2) is grey (0 < A, < 1). If the 
outside surface of the plate (2) is black, then on 
the basis of the equation (15) the absorption 
coefficient A, becomes: 

7 
As = grt — Ts 


The plate (2) being black from both surfaces 
(A, A‘ = 1) and the inside surface of the 
plate (1) being grey (0 < A, < 1) then as it was 
mentioned above, we get on the basis of the 
equation (15) 


2 pi2b21 


Ay = = 
* bey [(T)/T2)* — $42] 


(24) 


The internal opposite surfaces of the plates 
(1) and (2) are black (A, = A, = 1) and the 
outside surface of the plate (2) is grey (0 < A} < 1) 
Then the equation (6) must be rearranged to the 
following form: 


3 


1 A, Py, ° Exe — AE (25) 


(26) 


$a, + Goo + $23 = 1 (27) 


doo = 0. (28) 


Taking this into account we get from the 


equation (26) 


A! = by (7) | 


(29) 


In accordance with the known expressions 


R l Aando =o,A (30) 


where o and a, are the radiation coefficients of 
the grey and black bodies, respectively. The 
formulae (23), (24) and (29) lead to the explicit 
dependence 


o, R = f (7, - T3) 


Consequently, from formulae (23), (24) and 
(29) it is possible to determine A, R and o if 
do, 2;, 11, Tz are known. ¢,. and ¢.,; may be 
given, and 7,, 7, may be easily found experi- 
mentally. Therefore it is better to deal with the 
radiating system of two round and flat plates 
with the equal diameters. 

It the plates are placed in parallel with the 
normal through their centres then (15): 


h\2) hy? 
re tn =| 11+ (5 —5| (31) 


where d = d, = d, and / are their diameters and 
the distance between them, respectively. 
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The distance between them is taken out in 
accordance with the design of the apparatus. 

The experimental method of determination 
of A, R and o, which is described by the writer 
[16], was created on the basis of the previously 
given expressions. 

The further analysis, which is not adduced 
here, gives the possibility of receiving the 
analogous expressions and the corresponding 
methods of the experimental determination of 
the radiation optical and geometrical parameters 
®,,., y;; and others. 

Finally we may note that the derived formulae 
for ¢;;, 6,; and A are based on the assumption 
that the given radiating system is in an empty 
space of an infinite length. 

However, the real condition does not cor- 
respond to this. The laboratory room where the 
plates (1) and (2) are placed is limited by the 
walls, the ceiling and the floor, and is filled with 
air. Because of this the surfaces of the heated 
plates (1) and (2) will take part not only in the 
convective heat transfer with air, but also in the 
heat transfer by radiation with floor, ceiling 
and the walls of the room. The above mentioned 
factors cannot effect the temperature of the 
surface (1), since the conditions 7, const. 
are provided by the heater. 

On the contrary, the heat transfer by con- 
vection between the plate (2) and air, and the 
heat transfer by radiation of the above mentioned 
and other bodies, except the piate (1), lead to 
the fact that the temperature 7, will turn out 
to be different and will not correspond to the 
conditions of the derivation of formulae for 
¢;,, 6;;, A, R and o. 

Nevertheless, we can choose such a tempera- 
ture field for the plate (2), that the influence 
of the external factors on it and, consequently, 


on the accuracy of the determination of 4,,, 
¢,;, A becomes irrelevant. 

This phenomenon is explained by the fact 
that the heat loss by the plate (2) because of 
convection at a certain temperature is compen- 
sated by the inflow of heat to it as the barriers 
of the room also emit radiation. For example, the 
investigations showed [14] that this com- 
pensation takes place at 7, 323° 333°K 
when the experiment is performed at the room 
conditions. 7, and 7, are determined by the 
experiment as average values on the surfaces 
F, and Fy. 
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Abstract—A complete formulation, including the local details of gas absorption—emission processes, 

has been made for thermal radiation in a parallel plate enclosure. The temperature is permitted to vary 

continuously between the plates, and the emissive power of the gas may have an arbitrary dependence 

on temperature. Thermal conductivity effects have been omitted. Solutions of the governing integral 

equations have been carried out for values of the single governing parameter kL (k = absorption 

coefficient, L = spacing) in the range 0-1 to 2:0. Temperature distributions and heat transfer results are 
given. For moderate values of AL, the temperature is quite uniform across the gas. 


Résumé— Une formulation compléte comprenant les caractéristiques détaillées et locales d’absorption 
et d’émission d’un gaz a été établie pour le rayonnement dans un enceint formée par fagon continue entre 
les plaques et le pouvoir émissif du gaz peut dépendre dune fagon quelconque de la température. Les 
effets de conductibilité thermique ont été négligés. Des solutions aux équations intégrales du probleme 
ont été calculées pour des valeurs du paramétre déterminant, kL, comprises entre 0,1 et 2 (k coeffici- 
ent d’absorption, L écartement des plaques). Les distributions de températures et des résultats sur le 
le transfert de chaleur sont donnés. Pour des valeurs modérées de AL la température est pratiquement 
uniforme dans le gaz. 


Zusammenfassung—Fiir die thermische Strahlung in einem Hohlraum mit parallelen Wanden wird die 
vollstandige Formulierung angegeben einschlieBlich der Ortlichen Einzelheiten der Absorption und 
Emission des Gases. Die Temperatur soll sich innerhalb der Wande kontinuierlich 4andern und das 
Emissionsvermégen des Gases soll beliebig von der Temperatur abhangen. Warmeleitung wird nicht in 
Betracht gezogen. Die mafgebenden Integralgleichungen wurden fiir einen Bereich des einzigen 
mafgebenden Parameters KL = 0,1 bis 2,0 geldst (k Absorptionskoeffizient, L = Abstand). Tem- 
peraturverteilungen und Warmeibertragung sind angegeben. Fir mittlere Werte /L ist die Tempera- 
tur einheitlich innerhalb des Gases. 


Abstract—B craTbe ano pellenwe 3aja4un JyucToro Temm000MeHa MeARLY JBYMA Tapadg- 
Je€IbHBIMI WaacTHHaMHM © YYCTOM M31yYeHHA WM MOPdOWleHHA rasa, HaXOWAMerOCH MeARILY 
HuMM. II]pit 3roM mpeqnodaraeTcH HellpepbiBHOe M3aMeHeHHe TeMiepaTypbhl MeAKAY lWaacTu- 
HaMH, a TV4eHCMyCKaTe1bHaA CHOCOOHOCTh rasa ABIAeTCH WOOO! PyHKuteil TemMnepaTyps. 
PelleHHA OCHOBHBIX MHTerpadbHbIX VpaBHeHHit aHbl JIA 3HadeHMA Mapametpa KL oT 0-14 
no 2-0, rye A—koopipuuntent ayyenorsomenua, L—anueitupii pasmMep cuctemnl. IIpu- 
BEJCHbE PesyIbTaThl pacdéTOB TeMMepaTypHOoro NOTH M NOTOKOB Teta. [aA Apyrnx 
sHayennit AL Temnepatypa rasa TpMHMMaeTCA MOCTOAHHON B MNIOCKOCTH CeYeHHMA CHCTeMBI. 


NOMENCLATURE k = absorption coefficient (logarithmic decre- 
€, = emissive power of black wall, o7*; ment of radiation); 
€, = emissive power of gas element, see L = spacing between plates; 
equation (2): = net rate of heat transfer per unit area to 
wall; 


* Present address: RCA, Princeton, New Jersey. ae si —— 
+ Present address: Professor of Mechanical Engin- a distance between emitting and receiving 
eering, University of Minnesota, Minneapolis, Minne- elements ; 


sota. = internal heat source per unit volume; 
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absolute temperature; 
== dimensionless normal co-ordinate, x/L; 
X, dimensionless co-ordinate of absorb- 
ing volume, x,/L; 
- distance measured normal to lower plate; 
X», distance of absorbing volume from 
lower plate; 
radial co-ordinate in plane of walls; 
infinitesimal diameter of absorbing 
sphere; 
angle between surface normal and 
direction of absorbing volume (see Fig. 
3); 
- Integration variable; 
== dimensionless emissive power 
(e, — e,)/(S/2k): 
dimensionless emissive power 
(€, —€y1)/(Cr2 €y1). 
Differentials 
dA, wall surface area; 
dA, = surface area of radiating gas strip (see 
Fig. 2); 
dw solid angle; 
dr gas volume; 
Subscripts 
| = lower wall; 
2 = upper wall. 


INTRODUCTION 

THE high temperature levels achieved in modern 
propulsion systems (as well as in furnaces) de- 
mand that heat transfer calculations include 
radiation effects of absorbing-emitting gases 
which may lie between heat transfer surfaces. 
In general, the gas would be non-uniform in 
temperature and may contain heat sources. 
The general problem would involve heat transfer 
by convection and conduction as well as by 
radiation. However, it appears that even the 
simpler situation of purely radiant interchange 
between surfaces separated by a non-isothermal, 
absorbing-emitting gas has not yet been fully 
solved. It is to this latter problem to which we 
turn our attention here. 

Specifically, consideration is given to a system 
composed of two parallel plates, each infinite 
in extent, which are separated by a gap of 
thickness L. The configuration is shown sche- 
matically in Fig. 1. The plate temperatures 7, 
and T, are specially uniform, but may differ from 


one another. The gas filling the gap will be per- 
mitted to take a full part in the radiative heat 
exchange, absorbing energy and also re-emitting. 
The gas temperature will, in general, vary across 
the gap. Further, there may be a heat source 
in the gap. 





seal 





Fic. 1. Parallel plate enclosure. 


Within the framework of the limiting assump- 
tions, our aim is to make a complete formulation 
of the problem in which the details of local 
absorption and emission processes are accounted 
for. Applying conservation of energy to an in- 
finitesimal gas volume element, we are led to an 
integral equation for the emissive power (tem- 
perature). Solutions have been carried out for 
several values of the governing parameter kL 
(k absorption coefficient), yielding tempera- 
ture distributions and heat flux rates. Among 
the results of practical interest, there is quanti- 
tatively displayed the manner in which the heat 
transfer decreases as the gas becomes more 
absorbant. 

Heat transfer by conduction through the gas 
can be included in the formulation. But, its intro- 
duction into the problem introduces mathe- 
matical non-linearities which significantly com- 
plicate the solution of the governing integral 
equation. In the present study, conduction has 
not been accounted for. It is interesting to note 
that the techniques used in setting up the present 
problem also apply to other geometries. 

From a review of the literature on radiation in 
a parallel plate enclosure, it would appear that 
previous investigations have given incomplete 
consideration to the role of the gas. For example, 
Jakob [1] (p. 105) computes the absorption 
in a gas layer as radiant energy passes from a 
hotter to a colder wall. But, the gas is not per- 
mitted to re-radiate, as it must under steady 
state conditions. By ignoring the emission of 
the gas, Jakob circumvents the problem of 
computing the temperature distribution of the 
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gas; and as a consequence, his analysis does not 
permit a complete computation of the net heat 
transfer. A practical procedure has been pro- 
posed by Wohlenberg [1] (p. 132) for computing 
the net heat transfer in a gas-filled parallel plate 
enclosure. He ignores the local absorption—- 
emission processes, supposing the gas to be 
isothermal and to radiate as a whole according 
to Stephan—Boltzmann’s law. 

An important engineering approach in the 
study of non-isothermal radiating gas bodies has 
been made by Hottel and Cohen [2]. They 
provide interchange factors between finite-sized 
rectangular gas volumes situated at various 
orientations with respect to one another. Similar 
information is also given for surface-to-volume 
radiation. Such factors are useful when a radia- 
tion problem is formulated by subdividing the 
gas body into a group of finite volumes elements, 
each of which possesses a uniform temperature 
different from its neighbors. The approach of 
the present analysis differs from Hottel and 
Cohen in that the temperature is permitted to 
vary continuously throughout the gas and energy 
conservation is therefore applied to infinitesimal 
volume elements. 

Readers who are interested primarily in 
results are invited to pass over the Analysis 
section. 


ANALYSIS 

Conservation of energy 

We now proceed to study the purely radiative 
exchange in the parallel plate system of Fig. 1. 
Attention is focused on an infinitesimal volume 
element dV, and the conservation of energy 
principle is applied. According to this law, the 
energy content of the element must remain con- 
stant in the steady state; and as a consequence, 
inflow must equal outflow. Energy arrives at the 
element dV due to radiation emitted at both 
bounding walls and due to radiation emitted in 
the remainder of the gas body. In addition, there 
may be an internal heat source S which also 
supplies an energy input into dV. For simplicity, 
it will be supposed that the walls behave as black 
bodies so that there is no indirect energy transfer 
due to reflections at the surface. The analysis 
can be extended to include the effects of non- 
black walls. 


Then, we can write the conservation principle 
for dV as: 


energy absorbed in dV from emission of | 
gas body | 
-+- energy absorbed in dV from emission of | 
lower wall | 
+- energy absorbed in dV from emission of r(1) 
upper wall | 
+- internal heat generation 
energy emitted by dV 


J 

Our task is to evaluate the various terms of this 
expression. In the derivation that follows, it 
will be assumed that the gas occupying the 
enclosure is gray, so that the absorption coeffi- 
cient* k is independent of wavelength. Further, 
k will be taken as independent of temperature. 
In principle, extension can be made to the situa- 
tion where A depends on wavelength and/or 
temperature, with the net result of enormously 
increasing the difficulty of obtaining solutions 
to the problem. We will select a spherical element 
of diameter 6 for our infinitesimal volume dV. 
Separate examination of the terms comprising 
equation (1) will be made in the ensuing para- 
graphs. 


Energy absorbed in dV from emission of gas body 
The derivation of this quantity is facilitated 
by reference to Fig. 2. We focus attention on the 


volume dV located at a distance x, from the 














2. Diagram for deriving absorption at dV due 
to gas emission. 


lower surface. The first step is to determine the 
energy absorbed in dV due to the emission of the 
cross-hatched gas layer situated at a distance 
(x) — x) below dV. Since the temperature de- 
pends only on x, the emission per unit volume 
of such a layer is spatially uniform. 


* Jakob uses the alternate designation: logarithmic 
decrement of radiation. 
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It will be supposed that the emission from a 
gas volume dz can be written as 


4ke, dr (2) 


which includes as a special case the conventional 
representation [2| 


4koT! dr 


Under the assumption that an _ infinitesimal 
element of the gas radiates uniformly in all 
directions, it follows that the energy leaving the 
shaded volume through a solid angle dw is 


(2a) 


dw 


3 
don (3) 


4kedA, dx) 


where dr = dA, dx. Of this amount, there arrives 


at dV 


ke, ; 
~ dA, dx dw e-*" (4) 
7 


the exponential factor accounting for the ab- 
sorbing effects of the intervening gas. 

Since we are dealing with infinitesimal bodies, 
the rays arriving at dV from the shaded volume 
form a parallel bundle. As is shown in the 
Appendix, the energy absorbed (per unit of 
arriving energy) by a sphere of diameter 6 on 
which there impinges a bundle of parallel rays 
is 

2 


3 ké (9) 


So, of the energy leaving the shaded volume, the 
amount 


2 
— k®8 e, dA, dx dw e-*" (6) 
3ar 


is absorbed in the spherical volume dV. 

Now, we proceed to compute the absorption 
in dV due to energy emitted by the entire cross- 
hatched strip. From geometrical considerations, 
making use of symmetry, we have 

78?/4 , . 

wie dA, =2my dy, r? = y* + (x — xp)? 
Introducing these relations into (6), we integrate 
from y = 0 to y = o and thereby obtain the 
contribution of the entire strip to the absorption 


in dV. The result of the integration can be re- 
phrased in the following form 


re 


2k*e, dV | (e-*/A)dA} dx (7) 
ky x) 


where the bracketed quantity is called the ex- 
ponential integral and has been tabulated to high 
accuracy in reference [3]. 

The entire gas body can be considered as 
being made up of a series of cross-hatched strips. 
Each strip contributes an amount of energy to 
dV depending on the distance (xy — x) and upon 
the local temperature (i.e. the local value of e,). 
The energy absorbed in dV from all the emitting 
gas strips is found by adding up (integrating) 
the contributions of each strip. Then, the final 
expression for the energy absorbed at dV due 
to the emission of the entire gas body is 


2k? dV - | Cy | 


0 


(e-4/A)dA | dx 


J AUX, x) 


" ies 
e| (e~/A)dA | dx» (8) 
x J A(x— Xp) 


Energy absorbed in dV from emission of walls 
Consideration is first given to the energy 

emitted at the lower wall, and attention is 

directed to Fig. 3. Since it has been assumed that 


dv 








Fic. 3. Diagram for deriving absorption at dV due 
to surface emission. 


the wall is black, the energy leaving the darkened 
segment of surface area dA, in the direction @ in 
a solid angle dw is 


— dA, cos 6 dw (9) 
7 


This energy travels a distance r before encounter- 
ing the spherical element dV. As a consequence 
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of absorption in the intervening gas, there arrives 
at dV 


ey 
"1 JA. cos 0 dw e-** (10) 


7 
As already discussed in the preceding section, 
the sphere (diameter 5) absorbs 2k8/3 of this 
amount. So, the contribution of the surface 
area dA, to dV is 


5 


— § ke,, dA, cos 6 dw e~*" 


>=— 
JT 


(11) 


Since dA, is a typical element of the lower wall, 
the contribution of the entire wall may be found 
by integrating equation (11). Introducing the 
relations 


= Qry dy, 


= y* + x*, cos 8 = x,/r 


integration over the range y = Oto y = © gives, 


after rearrangement 


2k e€,, dV exp ( — kx») 
kxe| (e~4/A)dA (12) 
kx, 

Equation (12) represents the energy absorp- 
tion in dV due to black body emission at the 
lower surface. In an analogous way, the contribu- 
tion to dV from black body radiation at the upper 
surface can be written as 


2k @y. dV jexp {— k(L 


a 
x 


nin SIE, ae tt | 


k(L 


Internal heat generation 

There may be an internal heat source in the 
gas due to chemical reactions, electric currents, 
etc. Suppose that the heat generation rate per 
unit volume is denoted by S:; so within dV, there 
is generated 


Sav (14) 


Within the framework of our model, S can be a 
function of x; but it will be taken as a constant 
here. 
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Governing equation for the temperature (eg) 

distribution 

We are now in a position to evaluate the con- 
servation equation (1) using the results of the 
preceding paragraphs. Gathering together the 
successive terms respectively represented by 
equations (8), (12), (13) and (14) and equating 
to the emission as given by equation (2) with 
dr = dV, we arrive at 


% . 
| e (x) | (e-A ayaa] + | 
0 K(X, — x) 
CL x | 

— | e (xX) | (e a ayaa] dx + | 

Ne k(x — Xp) | 


ne (— kx) 
~ py " na 


(e 4 da - > (15) 


Xo) } 


(e~ yaa] 1. 


3 € (Xo) 


L §/>E2 
S/2k k 


This integral equation governs the variation of 
the emissive power e, with x. Since, in general, 
e, would be a specific function of temperature, 
it follows that equation (15) can as be regarded 
as the governing equation for the temperature 
distribution. 

It is evident that equation (15) is linear in 
e,. This suggests a rather convenient reduction 
of the general problem which includes different 
wall temperatures (e,, €y2) and a non-zero 
heat source to two simpler problems. One of 
these is the case of different wall temperatures in 
the absence of a heat source; while the second is 
the case of an internal heat source with identical 
wall temperatures. The solution of the general 
case is simply a linear sum of the two. These 
separate situations are discussed separately 
below. 


Different wall temperatures; no heat source 

In the absence of a heat source, it is convenient 
to introduce the dimensionless emissive power ¢ 
as follows 
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(16) 


Substituting into equation (15) and integrating 
by parts, we find the following integral equation 
for d 


CX, x 
| dX) | (e~* yaa] dX + 
0 RL(X \ 


(e-4/A | dX+ 


| x) | | 
Xe Jal 


KL 
KL 


exp | - X)} 


(e , A \dr 
= OY) 
KL \ 


where X = x/L. It may be observed that only a 
single parameter, AL, appears in the integral 
equation. 

It is thus seen that use of the dimensionless 
emissive power ¢ removes the need to consider 
specific values for the wall temperature and re- 
duces the problem to a dependence on one 
dimensionless parameter, AL. 

Of practical interest is the calculation of the 
heat transfer between the walls. In the steady 
state, the net energy transferred from the hotter 
wall must be identical to the met energy trans- 
ferred to the cooler wall. Focusing attention on 
the lower wall, we write 


net heat transferred to lower wall 
= radiation absorbed from emission of 
gas body 
+ radiation absorbed from emission of 
upper wall — energy emitted 


, (18) 


To evaluate the gas radiation term, we first find 
the contribution from the elementary cross- 
hatched strip of Fig. 2 and then integrate over 
all strips. The radiation from the upper wall is 
evaluated in a straightforward way taking proper 
account of absorption in the intervening gas. 
After a lengthy calculation, equation (18) is 
evaluated to be 


Cc 


PARALLEL PLATES 


a 


1 
2kL | pe "LX dX 


C2 Cn 0 


a a 


0 


1 x 
2kL) | bX | (e~A/A)dA Jax ~ >(19) 
kLX 


e-"(1 — kL) 4 (KL> | (e-4/A)dd 
kL 


where gq is the net rate of heat transfer per unit 
area to the lower wall (or from the upper wall). 
Since @y9 €», is the net heat transfer in the 
absence of an absorbing gas, equation (19) 
immediately gives the fractional reduction in the 
heat transfer due to the absorbing-emitting 
medium. 


Uniform internal heat source; same wall tempera- 
tures 
For this situation, we denote the black body 
emission common to both walls by e,. Then, 
a dimensionless emissive power variable is 
introduced according to the definition 
ee et (20) 
S/2k 
Under the transformation, it can be shown using 
integration by parts that equation (15) simplifies 


Di x] (e-A/A | dX 
J RL(X,—X 


*] 


| D(X) | (e~4 ayaa] dX + (21) 
J Xo J AL(X \ 7 


l 2 
D(X 
Aas Pinas 

It is interesting to observe that the trans- 
formation completely removes the need to con- 
sider specific values of the source strength S. 
The only parameter in the problem is &L. 
Solution of equation (21) gives the distribution 
of emissive power (temperature) across the gap, 
and in particular, the maximum temperature. 


The general solution 

Since the equations are linear, the general 
solution can be written in terms of ¢ and @. 
However, care must be taken to dimensionalize 





34 Cc. M. 


them first. Then, the general solution appears in 
the form 


S 


= (@p2 —_ Cy )P P tin “T rk po + e;, 


where the lower and upper walls have the em- 
missive powers (e, + and (e€, + @y9). 
respectively. 


Cn) 


RESULTS FOR NO-SOURCE CASE 

The governing equation for the no-heat source 
case, equation (17), has been solved for values of 
kL equal to 0-1, 0-5, 1 and 2. The solutions were 
accomplished numerically on a desk calculator 
using an iterative scheme augmented by the 
intuition of the operator. Numerical integrations 
were carried out using the trapezoidal rule and 
the stability of the solutions was checked by 
perturbation. 

Based on these solutions, the variation of the 
dimensionless emissive power ¢ across the gap 
has been plotted in Fig. 4. Utilizing these distri- 
butions, the heat transfer has been evaluated 








Fic. 4. Distribution of emissive power in a radiating 
gas between parallel plates (no internal heat source). 
from the equation (19) and is shown on Fig. 5. 
As already noted, the ratio g/(@,. — €»,) directly 
gives the reduction in heat transfer due to the 

presence of the absorbing-emitting gas. 

Turning first to Fig. 4, it may be observed that 
the curves are relatively flat over a large part of 
the gap, with the flattening becoming more 
marked with decreasing values of kL. Conse- 
quently, for moderate values of kL, the bulk of 
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the gas body is at a relatively uniform tempera- 
ture. Under these conditions, the neglect of the 
temperature dependency of k seems to be vindi- 
cated. 

The relative uniformity of the temperature 
in the bulk of the gas suggests that heat con- 
duction effects, which depend on temperature 
gradients, will be confined to the neighborhood 
of the walls provided that the thermal conduc- 
tivity is small. So, there appears to be a boundary 
layer phenomenon somewhat similar to the 
situation in fluid dynamics. 

The solutions of equation (17), as displayed in 
Fig. 4, have the property that e, e, at the 
walls (X 0 and X 1). This is completely 
consistent with our model. In the present prob- 
lem, where heat conduction is omitted, tem- 
perature continuity is not required at the walls. 
The values taken on by e, at ¥ = Oand X¥ = 1 
are simply those required to satisfy energy con- 
servation. 

The flattening trend displayed on Fig. 4 with 
decreasing kL has its analogue in the heat con- 
duction problem in rarefied gases. In that in- 
stance, the temperature distribution across the 
gap passes through a sequence of shapes with 
decreasing gas density which are qualitatively 
similar to the curves of Fig. 4. The two pheno- 
mena have a qualitatively similar explanation. 
In the rarefied conducting gas, a decrease in 
density leads to an increase in mean free path 
for molecular collisions. For the absorbing— 
emitting gas, a decrease in KL leads to an increase 








Fic. 5. Heat transfer between parallel plates separated 
by a radiating gas (no internal heat source). 
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in the mean free path (relative to the gap 
spacing) for photon collisions. 

Next, we turn to Fig. 5. The finding that the 
heat transfer q decreases with increasing kL is 
quite expected. For instance, it is physically 
reasonable that increasing the gap spacing L 
for a gas of given k must increase the resistance 
to radiative heat flow. A similar conclusion 
applies when the absorption coefficient is in- 
creased for a gap of fixed spacing L. The results 
of Fig. 5 should be useful in choosing an 
“insulating gas” to diminish the radiative heat 
exchange between two surfaces. 


RESULTS FOR THE HEAT SOURCE CASE 
Solutions of the integral equation (21) which 
governs the uniform internal heat source case 
have been carried out numerically for values of 
kL equal to 0-1, 0-5, 1 and 2. The distribution 
of the dimensionless emissive power ® obtained 
from these solutions is plotted in Fig. 6. In 














Fic. 6. Distribution of emissive power in a heat 
generating and radiating gas between parallel plates. 


common with the findings of the previous section, 
it is seen that the curves are relatively flat over 
a major portion of the gap. The tendency to- 
wards flatness increases with decreasing kL. 
So, for moderate kL there is again an essentially 
isothermal zone over the major portion of the 
gas, and the neglect of the temperature de- 
pendence of & is vindicated. 

It is interesting to study the separate effects 
of the various physical parameters L, k, and S 
on the energy (temperature) distribution. Fig. 6 
is well suited to study the effect of changing the 


gap spacing L. For fixed values of k, S and e,, the 
only parameter which changes from curve to 
curve is L. As expected, the temperature level 
increases as the spacing increases. For small gap 
spacings, the gas body is essentially isothermal. 

Next, we proceed to display the effect of 
changing k while holding S, L and e, fixed. 
Fig. 6 is inadequate, since k appears both as a 
parameter on the curves and as part of the ordi- 
nate variable. To illustrate the effect, we consider 
the special case where S/2ke, = 1 when kL = 1. 
(Then, as k changes and the other quantities 
are held fixed, S/2ke, must change in a corre- 
sponding manner.) Fig. 7 has been constructed 





Fic. 7. Effect of A on distribution of emissive power 
in a heat generating gas for fixed S, L and e, and 
ko = §/20e,, L = 2e,/S. 


on this basis, the distribution of e, being plotted 
against x/L with k decreasing by a factor of 20 
from the lowest to the highest curve. From the 
figure, we note the interesting result that the 
temperature level increases as the absorption 
coefficient k decreases and that this effect is more 
accentuated at lower values of k. This suggests 
that the gas temperature may be minimized by 
using a gas with a high absorption coefficient. 
Finally, we can show the effect of changing the 
source strength S while holding k, LZ and e, 
fixed. For purposes of illustration, consideration 
is given to the situation where kL 1. Fig. 8, 
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Fic. 8. Effect of heat source S on distribution of 
emissive power for fixed k, L, and e, and AL = 1. 


drawn for values of S/2ke, of 1, 10 and 100 
shows the variation of e, with distance across 
of gap. The level of the curves is seen to increase 
linearly with the source strength, as might have 
been expected from the linearity of the problem. 


CONCLUDING REMARKS 

Within the framework of the simplifying 
assumptions, it has been possible to give an 
exact formulation for the problem of radiation 
between two plane walls separated by a non- 
isothermal absorbing-emitting gas. Numerical 
solutions have shown the quantitative response 
of the temperature distribution and heat transfer 
rate to changes in such parameters as absorption 
coefficient k, gap spacing L, and heat source S. 

For moderate values of AL, the temperature 
of the gas body is nearly uniform over a large 
part of the gap, in some measure justifying the 
neglect of the temperature dependence of k. 

Further work involving a more complicated 


model is clearly indicated. Heat conduction 
effects would appear to be important in the 
region near the wall. A more refined treatment 
might well account for the temperature de- 
pendence of k and might consider the non-gray 
characteristics of real gases. Finally, a variable 
heat source might also be included. 


APPENDIX 
Absorption of Parallel Radiation by a Sphere 
According to a Nusselt’s derivation (repro- 
duced in [1]. pp. 100-101), the energy absorbed 
by a sphere of diameter 5 from a parallel bundle 
of rays of intensity J is 


5 


fe~"*(1 + kd) | (Al) 


1 + . 
(kd)? | 
Now, we wish to find the limit of equation (Al) 
for an infinitesimal sphere. First, the exponential 
term is expanded in series 
(kd)? (kd)® 


2 6 


1— kb + 


and then introduced into (Al). After cancella- 
tion and retaining only first order infinitesimals, 
we find that the absorbed energy is 


1 (=)ks (A2) 
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Abstract—A solution is given for a system of differential equations for heat and mass transfer in a 
dispersed medium in the presence of phase conversions (the evaporation of liquid or steam con- 
densation). The mass transfer is thought to occur under the effect of mass transfer potential gradient 
V6, a temperature gradient Vr and a total pressure gradient Vp. Solutions are obtained for the heat and 
mass transfer potentials (7, 6, p) applicable to a one-dimensional problem (an infinite plate and a 
sphere with boundary conditions of the third order. The solutions are given in the criterion form using 
heat and mass transfer similarity criteria. An analysis is given of the effect of the separate similarity 
criteria (Bi,, Bi,,, Pn, Lu,) on the fields of heat and mass transfer potentials. The effect of molar (filtra- 
tion) transfer on heat and mass transfer is shown. 


Résumé—La solution du systeme différentiel régissant le transfert de chaleur et de masse dans un milieu 
dispersé a été donné en présence de changement de phase (évaporation du liquide et condensation de 
vapeur). Le transfert de masse est supposé se produire sous l’effet du gradient de potentiel de transfert 
de masse V@, du gradient de température Vr et du gradient de pression totale Vp. Les solutions pour 
les potentiels de transfert de chaleur et de masse (/, #, p) sont obtenues dans le cas du probleme unidi- 
mensionnel (plaque infinie et sphére) et avec des conditions aux limites de 3¢me espéce. Les solutions 
sont données sous forme de critére par application des critéres de similarité relatifs au transfert de 
chaleur et de masse. Une analyse a été faite sur linfluence des critéres de similarité particuliers 
(Bi,, Bi,,, Pn, Lu,) sur champs de potentiel de transfert de chaleur et de masse. 


Zusammenfassung—Die Differentialgleichungen fiir Warme- und Stoffiibertragung im dispersen 
Medium wurden bei gleichzeitiger Phasenumwandlung geloést (Flissigkeitsverdampfung oder Dampf- 
kondensation). Es wurde angenommen, dass die Stoffiibertragung stattfindet unter der gleichzeitigen 
Wirkung des Potentialgradienten der Stoffiibertragung V@, dem Temperaturgradienten Vr und dem 
Gradienten des Gesamtdruckes Vp. Die Lésungen fiir die Potentiale der Warme- und Stoffiibertragung 
(1, 8, p) werden angegeben fiir das eindimensionale Problem (unendliche Platte und Kugel) bei Randbe- 
dingungen dritter Art. Die Lésungen sind in Form von Kenngréssen mitgeteilt. Der Einfluss der 
besonderen Kenngréssen (Bi,, Bi,,, Pn, Lu,) auf die Potentialfelder der Warme- und Stoffiiber- 
tragung wurde untersucht. 


Abstract—B crarbe Jano peuiene CHCTeMBI AunppepeHtatibHbIX ypaBHeHHil TelmaI0- 1 Macco- 
nepeHoca B AuCHepcHoll Cpexe pM Had PasoBEIxX UpeBpallennit (McnapeHue AILLKOCTI 
IM KOHeHcaunA mapa). IlpeqnmoaaraeTca, YTO NepeHOc MaCCbl BeleCTBA MPOMCXOAMT 10,1 
jeiicTBHeM rpaquenta NoTeHiWMada MacconepeHoca V#@, rpaquenta Temmepatypht Vr mw rpa- 
aueuta oOmero japaenua. Vp. L[oayyenbt peuleniiA aA noTeHWMaNOB nepeHoca Terma 
Il Macchi BeujecTBa (f, @, P) IIPMMeHMTeAbHO K OTHOMepHOll 3aqa4ye (HeOrpaHM4eHHaA W1acTHHa 
HM Wap) Ip rpan4HbIX YCAOBHAX TpeTbero powa. PeuieHiA anh B KpuTepHatbHolt dope « 
HCHONb30BaHHeM KpHTepHeB nmoqoOMA TenaOMacconepeHoca. JlaH aHau3 BAMAHMA OT- 
JeIbHX KpuTepies 1010018 (Bi, Bi,,, Pn, Lu,) Ha NOTA NOTeHIMAaATOB TenmOMacconepeHoca 
IlokasaHoO BANAHMe MOMApHOrO (MAIbTpalMOHHOTO) TepeHoca Macchl Ha Telld0- 
MaccornepeHot < 


IN order to intensify heat and mass transfer high of matter and energy is considerably modified. 
temperatures and pressures are employed in _ In addition to transfer due to molecular pro- 
modern engineering on an increasing scale. cesses, molar processes of a filtrational nature 
Under such conditions the mechanism of transfer start playing an important part. Let us consider 
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highly intensive internal heat and mass transfer 
in moist dispersed media, and the influence of 
various factors on such transfer. 

The transfer of heat and that of matter in 
dispersed media are interconnected and inter- 
dependent. It is being effected by the action of 
various thermodynamic forces: heat transfer, 
mass transfer and filtration. On the other hand, 
the magnitude of the thermodynamic force is 
determined by the difference of the respective 
transfer potential. The heat transfer potential — 
the potential of molecular mass transfer 4, 
and the potential of filtration (molar) transfer — 
the general or excess pressure p [1]. The system 
of differential equations for heat and mass 
exchange in the case of molecular and molar 
transfer can be represented as follows [2]: 


cé 
EPY Cm 
c 


V(A,Vt) + - © CiGmiVt 


i 


VA,,(Vé dVt) + A,Vp] 


Cp eé 
= V(A,Vp) — ev Cm 


7 


where A, is the coefficient of heat conductivity; 
A,, and A, are the coefficients of molecular filtra- 
tion conductivity of matter; c,, c,, and c, are 
the respective heat, liquid and vapour capacities 
of the material; p is the specific heat of 
phase transition; 6 is the thermogradient co- 
efficient: a,, is the mass transfer coefficient of 
potential conductivity; y is the density of the 
dispersed medium; e« is the criterion of phase 
transition; 7 is the time; the added term &c,q,,,,Vt 





O(X,Fo) 


P(X,Fo) 


; (1 — v?) cos vj p, X 


characterizes the convective component of heat 
transfer in the dispersed medium. 

In order to connect the dispersed medium with 
the surrounding medium we assume boundary 
conditions of the third kind, since they represent 
a mathematical analogy of frequently occurring 
convection processes. In case of highly intensive 
heat and mass transfer they can be expressed 
as follows: 


—A(Vt)s + alt. — (2)s] 


(1 €)pa,,[(), 6,] 0. 


A, AVEO), + AmA(Vt), + A,(Vp); + 
+ a»,[(4), 6,) = 0, (2) 


(P)s = Po 

where a, and a,,, respectively, denote the co- 
efficients of heat exchange and mass transfer 
between the carrier of heat and the dispersed 
medium; indices s refer to the surface of the 
dispersed medium, and indices c to the sur- 
rounding medium; index 0 refers to the initial 
value of the respective parameter, and index e 
refers to its equilibrium value. 

The transfer coefficients and the thermo- 
dynamic characteristics of the disperse medium 
are in one way or other functions of co-ordinates 
and time. In the first approximation the co- 
ordinate relation can be neglected. The system 
of equations (1) is thus simplified and permits 
evaluation of the process for each zone [3, 4]. 

The solution of the system of equations (1) 
for one-dimensional bodies under boundary 
conditions (2) and with constant initial distribu- 
tion of transfer potentials is as follows: 
for an infinite plate 


»X + exp (— p2Fo) 


‘exp (— »2Fo) 


COS vjf,X + exp (— p2Fo) 
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for a sphere 


a 
T(X.Fo) ae 


* exp ( u2Fo) 


sin v yy, X 


O(X,Fo) = 1 a 4) — 


- exp (— u2Fo) 


C sin V jfLy X 
0 - 
«Bu ~—s xX 


n i j=l 


P(X,Fo) - exp (— »2Fo) 


where 
“e 4 (€Ko ky — 1 Pag — (Xna/Xng) Pas) — €KOCQn2 — (Xn2/Xn3) Qns) 
” ps En up, 
‘ (eKok, 1 (Pay — (Xia! Xn) Png) €Ko(Q,. — (Xn1/Xng) Ons) 
sd Hy Yn 
‘ (eKok, 1M Par (Xo! Xns) Pe (Xus/ Xue) eKo(O,,; (X,0/ Xy3) 


Bn Wn 


ate 


> 
4 


Xne 
y_ (13413 + bnaOrs)| ' ( 0,» 


eKoPnLuv? 


A=# 3 TT, + (3 TI? 4 + af i IT, V(4 I + 3 IP)} 
Here the correct values of 4; must simultaneously satisfy the following relation: 
#{ — 41, + WGI + 3 I} Y {— 4h — VATE + 3 Ty) 


where 


Also, for an infinite plate 


A,,; [ - (1 v7) K, T 


IT, 
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(1 v2) 
v=) SIN vj, 


(1 — v) 


v2?) COS Vj, 


{l — v2) K,] cos vip, 


b v; tan vj, Vg tan vVzp,, 
for a sphere 


v7) K,] COS Vf, 


(1 v?) 


- v?) COS vj, 


+ eKoPn — o;Lu,/Lu 


Bi 


+ eKoPn 


—— (sin vj, + vj, COS vjp,) 


Bi,, 
eKoPn + o,Lu,/Lu 
—— tie sonk 


Vj, SIN Vi, 


tL, 


~~ SiN vjp, 
i, 


“ sin v by 


7 


-o; Lu,/Lu 
Vy, SIM vi 


Bi,,, 


a; Lu,/Lu 


v?) + eKoPn 
Bi,, 


l 
[ - +1 


v?) sin v a 


v2) K, 


COS Vj}, 


Bi, 


v; COL vj, Vg COL Vat, CG; sin v LL, 


is determined by the solutions of the characteristic equation 


Xx 
(Pa 7 PaO 


Ka 
_ ¥. 3}( 0, 


(v;u,, COS V4 Sin vjf,) 


- Sin vin, 


Xia 9 
~~ 





The values of the characteristic roots », for a 
dispersed medium possessing the form of an 
infinite plate are given in Table 1. 

The solutions are given in dimensionless 
form: T, 9, P denote, respectively, the dimension- 
less values of temperature, molecular and molar 
potentials, viz. 


7 
where 
dimensionless co-ordinate; 
criterion of homochronism of 


temperature fields, the so-called 
Fourier criterion (a, is the heat 


coefficient of potential transfer 
a, Aq Cay): 


id 


criterion of inertia of fields of 
heat and mass content, the so- 
called Luikov criterion, a,,, is the 
liquid coefficient of potential! 
transfer a, Asm |Cm¥3 


criterion of inertia of filtratior 
potential field with respect t 
temperature field (a, is the filtra- 
tional coefficient of potential 
transfer a, = A,/c,y): 
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a,R 
A 


q 


: a,,R 
and Bi,, = — 


A ma m 


, Biot criteria of heat 


and mass transfer; 


a(t. — to) 


G9 0, 


Posnov criterion: 


Cm 6 an 4, 
ens pl 0 ) 
CoA t, 4 to) 


Kossovich criterion: 


Bulygin criterion: 


complex criterion. 


An analysis of the solution shows that the 
infinite series which the expressions for 7, 0 
and P contain, converge very quickly with 


increase of Fo. Beginning with Fo x 0-7 it is 
possible with an accuracy of | per cent to limit 
oneself to two or three terms of a series. 

The solution of the system of differential 
equations (1) (2) gives the dependence of the 
process on a large number of similarity criteria 
of heat and mass transfer. It must be stressed, 
however, that not all of these criteria have equal 
effect on the development of the process. Some 
of them primarily affect heat transfer, others 
mass transfer, others again—filtrational char- 
acteristics of the transfer. Some of the criteria 
are connected with molecular, others with 
molar transfer. Let us consider the effect of 
various similarity criteria on highly intensive 
internal heat and mass transfer. 

The heat and mass criteria of Biot 


Table | 


Lu, 


0-302 


* uw, values for Lu 


0-3 simulaneously correspond to , values for Lu, 


Bi, KoPn 
0-45 300 5:85 
0-508 
0-544 
0-574 
0-602 
0-625 
0-669 
0-709 
0-741 
0-771 
0-796 
0-885 
0-938 
0-993 
1-023 
1-042 
1-054 
1-061 
1-068 
1-073 
1-077 
1-090 
1-096 
1-103 
1-105 
1-106 


10 15 1-50 
0-456 
0-480 
0-501 
0-518 
0-534 
0-560 
0-581 
0-599 0-5 
0-613 0-525 


0-412 
0-430 
0-445 
0-458 
0-470 
0-488 
0-504 


0-466 0-468 
0-492 0-494 
0-513 0-515 
0-532 0-534 
0-552 0-553 
0-°577 0-581 
0-599 0-605 
0-617 0-624 
0-633 0-640 
0-645 0-653 
0-686 0-700 
0-714 0-725 
0-739 0-755 
0-752 0-771 
0-761 0-781 
0-767 0-787 
0-771 | 0-792 
0:775 0-796 
0-777 0-798 
0-779 0-801 
0:786 0-808 
0-788 0-812 
0-792 0-816 
0-794 0-817 
0-795 0-818 


0-485 
0-513 
0-538 
0-563 
0-582 
0-617 
0-646 
0-670 
0-690 
0-707 
0-765 
0-798 
0-836 
0-856 
0-867 
0-875 
0-881 
0-886 
0-889 
0-891 
0-900 
0-904 
0-908 
0-911 
0-913 


0-625 
0-666 2 
0-690 S/2 
0-716 0-589 
0-730 0-599 
0-738 0-604 
0:744 0-608 
0:748 0-611 
0-751 0-613 
0:754 0-614 
0:756 0-616 
0-761 0-621 
0-764 0-622 
0:766 0-624 
0-769 0-626 
0-770 0-627 


| 
. 
5 


Ss 
~ 


500, « = 0:7, Bi,, = 20, KoPn 





Y. MIKHAILOV 


characterize the intensity of external transfer 
(Bi, for heat and Bi,, for matter), as compared 
to the intensity of internal transfer. One might 
therefore call them criteria of surface heat and 
mass transfer. When the Biot coefficients are 
small the potentials in the centre of the material 
differ little from the corresponding potentials 
on its surface. Transfer of matter and heat is 
slow. With increase of Bi, and Bi,, transfer 
intensifies. The surface temperature rapidly 
approaches that of the heat carrier. In a disperse 
medium big temperature gradients arise effecting 
intensive redistribution of matter. At the same 
time large stresses occur inside the material, 
creating conditions for warping, and formation 
of cracks and pores. 

Once the processes within the material have 
become quasi-regular, i.e. once the Fourier 
criterion has reached the value of Fo = 0-7 — 1-0, 
the Biot heat transfer criterion affects only the 
fields of the thermal characteristic (Fig. 1), and 
the Biot mass exchange criterion affects only 
the fields of molecular transfer potential or mass 
content (Fig. 2). The field of filtration potential 
becomes an automodelous one with respect to 
both criteria. A similar result has been found by 
considering molecular heat and mass transfer 
in moist material [5, 6]. This, as well as the fact 
that the Biot criteria are indifferent to the 
field of filtration potential indicates that the 
criteria of heat and mass exchange are chiefly 
connected with the 


molecular mechanism of 


transfer. The nature of the change of criteria 
with molecular transfer potential and tem- 
perature is in good accordance with experimental 
results obtained by Lebedev [7]. 

The criteria of Posnov 


a(t, to) 


Pn 9 


0 e 
of Kossovich 
CmP(Ag — 8.) 


CA, to) 


Ko 


of phase change («), and of Bulygin 


PCy = iP 
g, —_— lo 


Bu 


Ca 


can be considered as belonging to the group of 
criteria of internal heat and mass transfer 
because they characterize deeper processes of 
phase change and transfer taking place within 
the material. 

The Posnov criterion characterizes the relative 
non-uniformity of the mass content field pro- 
duced by heat transfer. The Kossovich criterion 
is a specific form of the phase change criterion. 
It is equal to the ratio between specific heat 
consumed on evaporation of matter and specific 
heat consumed on heating the dispersed medium. 

If there is no molar transfer in the material 
the nature of the effect of the criteria Pn and Ko 
on the potential of heat and mass transfer is 
























































Fic. 1. Dimensionless transfer potentials as a function of Bi, criterion 
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Fic. 2. Dimensionless transfer potentials as a function of Bi,, criterion 


analogous to the effect on these potentials of the 
criteria of surface heat and mass transfer 


Bi, and Bi,,. Under conditions of quasi-regular 
process the criterion Pn is automodelous with 
respect to the temperature field whilst the 
criterion Ko is automodelous with respect to 
the field of potential of molecular transfer 
of matter [5, 6]. The fact that molar transfer of 


matter starts taking place in the material 
changes the dependence of dimensionless 
potentials on the criteria Pn and Ko. At small 
values of Fo the temperature of the material 
increases visibly with increase of Pn, but in the 
course of time this effect diminishes and changes 


its sign at values of the Fourier criterion larger 
than two (Fig. 3). The dependence of the 
filtration potential on Pn, combined with the new 
nature of the influence on the temperature 
distribution shows that the Posnov criterion is 
connected with a molecular as well as with a 
molar transfer mechanism. A_ similar con- 
clusion can be obtained with respect to the 
Kossovich criterion. 

The fact that a powerful molar mechanism 
arises in the material has its effect first of all on 
redistribution of matter. The Posnov criterion 
which in case of molecular transfer characterizes 
internal processes of mass exchange must show 
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Fic. 3. Dimensionless transfer potentials as a function of Pn criterion 





44 Y. MIKHAILOV 


the appearance of a new mechanism much more 
clearly than the Kossovich criterion which 
characterizes internal processes of heat exchange. 
An analysis of the results of solution of the 
system of equations confirms this: the change of 
the effect of criterion Pn on the index of heat 
transfer of the process proves to be stronger than 
the change of criterion Ko with respect to the 
index of mass transfer. 

With increase of criterion Pn the dimensionless 
potential of transfer of matter diminishes. This 
indicates that within equal intervals of time at 
smaller values of the Posnov criterion larger 
quantities of matter are being removed from the 
material. The effect of criterion Ko manifests 
itself primarily in the temperature field where the 
above-mentioned similarity between the 
Kossovich criterion and the Biot heat exchange 
criterion remains. 

The criterion of phase change («) has the same 
effect on the internal process of heat and mass 
transfer as the Kossovich criterion. The differ- 
ence lies only in the intensity of effect on the 
thermal characteristics: the effect of « is weaker 
than that of Ko. 


New and specific for high temperature heat 
and mass exchange is the Bulygin criterion Bu. 


Like the Kossovich criterion, the Bulygin 
criterion characterizes the accumulating power 
of the body. However, as distinct from the 
former, it concerns not the total heat consumed 
on formation of vapour but only the heat 
consumed on formation of vapour participating 
in molar transfer. The Bulygin criterion is 
closely linked with molar transfer and therefore 
affects only excess pressure distribution in the 
material, and not the temperature distribution 
and the potential of molecular transfer. The 
criterion Bu changes over a very wide range. 
The magnitude of the mean value of the 
filtration potential in the material is inversely 
proportional to the criterion and diminishes 
rapidly with increase of the latter. 

The most essential effect on transfer potential 
belongs to the Luikov criterion (Lu = a,,/a,) 
which may also be called the criterion of 
correlation between heat and mass transfer. 
The Luikov criterion characterizes the inertia of 
the potential field of molecular transfer of 
matter in relation to the field of heat transfer 


potential. In case of purely molecular transfer 
mechanism the value Lu ~ 1-0 (with anaccuracy 
up to 12 per cent) forms the limit for symmetry 
of relative relaxation speed of the above- 
mentioned potentials. Thus, if the criterion Lu 
is smaller than unity the propagation of tem- 
perature in the material occurs at higher speed 
than that of the mass transfer potential; if Lu 
is larger than unity the reverse takes place. If 
intensive molar transfer arises within the 
material, the symmetry observed in case of 
molecular transfer disappears, although the 
general trend of the process remains unchanged. 
Calculations show that with increase of Lu the 
mean dimensionless transfer potentials undergo 
a marked change: the temperature of the materia! 
drops, while the mean value of mass content and 
of filtration potential increases. The changes of 
the latter are particularly marked with increase 
of the Luikov criterion. Thus, we have at Lu 

- 0-3 P = 0-7268 and, respectively, at Lu = 0-7 
P — 60-57, but at Lu = 1-0 P = 83-95. 

Another criterion for inertia or correlation 
between heat and mass transfer is Lu, = a,/a,. 
It characterizes the inter-connexion between 
molar transfer of matter within the material, 
and the transfer of heat; in other words, 
it characterizes the inertia of the fields of 
filtration potential (fields of excess pressure) 
with respect to temperature fields. It can be seen 
from Fig. 4 that criterion Lu, is automodelous 
with respect to T and 6; it affects only the 
pressure field of the material. In connexion with 
the dependence of heat and mass transfer on 
molar similarity criteria let us consider in greater 
detail the dynamics of change of filtration 
potential. 

During intensive heating of moist dispersed 
media very strong vapour formation occurs 
inside the material. This leads to the formation 
of a stable gradient of filtration potential—the 
gradient of general or excess pressure. The 
latter is determined by the commensurability 
of the time of relaxation of pressure through the 
skeleton of the material, and the formation 
within the same period of time of vapour necess- 
ary for the restitution of the original state. The 
distribution of filtration potential depends on the 
method of heating the medium and also on the 
values of the thermophysical and mechanical 
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Fic. 4. Dimensionless transfer potentials as a function of Lu, criterion 


characteristics of the material. However, quali- 
tatively speaking, in any case there is a strong 
increase of the potential at the beginning stage 
of the process. With decrease of mass content 
(i.e. with increase of @) the intensity of internal 
vapour formation diminishes. That, in its turn, 
leads to a decrease of the gradient of filtration 


potential. The results of analysis of the solutions 
of the system of equations (1) are in complete 
accordance with experimental results [8]. 
Considering the effect of various criteria on 
processes of heat and mass exchange simplified 
criterial equations can be suggested describing 
internal heat and mass transfer. The equations 


are: 
T = T (Lu, Bi,, Pn, Ko, «, Fo, x/R) 
) 0 (Lu, Bi,,, Pn, Ko, «, Fo, x/R) 
P = P (Lu, Lu,, Bu, Pn, Ko, ¢, Fo, x/R) 
A further analysis of highly intensive heat and 


mass transfer will most probably permit still 
further simplification the criterial equations by 


finding correlations between the separate simi- 
larity criteria in the above-mentioned expressions. 
There is reason to believe [6] that in the tem- 
perature expression Bi, and Ko appear in form of 
the ratio Bi,/Ko, and, similarly, in the expression 
for the transfer potential Bi,, and Pn appear in 
form of the ratio Bi,,,/Pn. 
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TURBULENT BOUNDARY LAYER ON A FLAT PLATE 
IN A STREAM OF DISSOCIATING GAS 
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Abstract—This paper gives a theoretical solution of a turbulent boundary layer problem of dissoci- 
ating gas on a flat plate. A half-empirical Prandtl-Karman turbulent theory is used to solve this 
problem. 


Résumé—Cet article donne une solution théorique du probleme de la couche limite turbulente sur une 
plaque plane dans un écoulement de gaz dissocié. Une théorie semi-empirique de Prandtl-Karman sui 
la turbulence a été utilisée pour résoudre ce probléme. 


Zusammenfassung—Es wird eine theoretische Lésung der turbulenten Grenzschicht eines dissoziieren- 
den Gases an der ebenen Platte mitgeteilt. Heirzu wird eine halbempirische Theorie nach Prandtl und 
und Karman herangezogen. 


Abstract—B cratTbe W3naraeTcA TeopeTiueckoe pelleHne 3aauit O TYpOydeHTHOM TOrpaHity- 
HOM C710e WHCCOWMMpyiollero rasa Ha WaiocKOoil MaactTiHe. [aA pemenuA 9sTOM 3aqaun 
IIpMBAekaeTCA NOTVIMMMpHyeckan TeOpHA TypOyaeutTHocTH IpanazTaa-HapMana. 


cy c 


THE writing of this paper developed from certain cH cH | A CH dA CH 
c 


studies on turbulent boundary layer on a PY ey > pu a 
strongly cooled flat plate flowed by the non- : 
gradient dissociating gas with assumed existence toy 088 
of thermodynamic equilibrium. The problem is =o we 
determined by: ; 


a m C y 


(1) Prandtl numbers of laminar sublayer and Cpu. Cpv 

in turbulent region of layer are equal to ox cy 
unity. 
Diffusion Prandtl numbers of laminar 
sublayer and turbulent region of a layer 
are also equal to unity. P = pRT(1 +) (4) 
The wall temperature over a plate is 
uniform and constant. 

(4) A perfect purified two-atomic gas is being 
discussed. 


the equations of state for the perfect dissociating 
gas can be written in the form (2) 


where R gR,:; as numbers Pr = 1, Prr = 1, 
then the equations of energy and motion will 
have the same form. All this allows us to consider 
‘ both velocity profiles and total enthalpies as 
Boundary layer equations at the above- siaiies 
sateen conditions can be written in the Choosing the condition of identity for the 
] ry : ° . 
iain amends equations of energy and motion we shall have 
cu C the ratio: 
pu — + pv — — +p 
cx i { H — Hy, u 


H,.—H, We 
the ratio (5) makes it possible to establish the 
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dependence between velocities fields, densities, 
atom concentrations fields which are the results 
of dissociation and temperature fields. 

Referring to Lighthill [2], we write the value 
of total enthalpy in the form: 


where —— 31 
RT, 

At the presence of thermodynamic equilibrium 
the rate of dissociation can be determined 
according to formula (2): 


I l 
= CX | 7) 

] a p P iy ( 
Using equations (4) to (7) we get the formulae 
describing the dependence between the para- 
meters of flow at any point of the boundary 
layer: 


or briefly: 


(8a) 


The form of the function f(q) is determined by 
the parameters of the external flow and by the 
conditions on the wall 


fig) l 
A, \4 +S) 
(9) 


2 R? 7 Bq +1- 


Req? + By +1 


Ww 


T,,/(A,,[ 
—fg)/Aw) 1 + A@y/{4 + fp) (10) 


Here we have: 


Velocity profile at the turbulent region of 
boundary layer can be defined by the approxi- 
mate method. 

When in equation (1) (the left-hand side of the 
equation) the forces of inertia of the average 
flow are neglected in comparison with the 
forces of “apparent” viscosity and using the 
scheme of Prandtl turbulent mixing then we 
shall get the following expression [1]: 


where 2 = p,,7,,+ and / X) 
From (11) and using (10) we shall get the 
following formula for velocities profile: 


Iny M ) dy ({— R2q? + Bg 


Ji 


A@)/A,J 0 — 3/4 + fey} (12) 


where 


In every actual case the form of f(v) can be 
defined from (8), and, then it is possible to 
integrate the left-hand side of (12) in this way or 
other. 

The expression [1 3/ {4 f(y) }] may be 
taking into account for the slightest changes of the 
rates of dissociation as a constant value equal to 
QO, and for f(y) we take the following approxi- 
mating formula: 


f(y) d 1/p 
where 
d =f (P) 


In this case we shall have the following formula 
for the profile of velocities 


a—q 1]*! 
7 b rT ¢ * 


+ We can find the values of integration constant 2 at 
conversion of velocities profile, with p—peons:, into 
Prandtl logarithmic profile. 


(13) 
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where 


Pwlw + OG 
4T,,O 


If we neglect the forces of inertia then the 
equation of motion at the region of laminar 
sublayer is transformed to the form 


(14) 


ve here 


The integration (14) of y = 0 to y will give 


(15) 


The value of « entering the equation (14) is the 
function of state parameters which generally 
speaking are changing through the thickness of 
the sublayer. 

However, the determination of the values of 
in equation (15) we should produce in such a way 
that we might compensate the neglect of inertia 
forces from the point of establishing the velocities 
profile in sublayer. Let us make the most simple 
assumption 


= Py = const. 


In this case we have a linear profile of velocities 
(16) 


where 
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The region where we shall have a profile (16), 
i.e. the thickness of the laminar sublayer, we 
shall define by the second empirical coefficient of 
the turbulent theory, i.e. by Karman number, 
referring the physical parameters to the wall 
temperature: 


(17) 


where w 11-5 and a VT w/ Pw)- 

The formulae (17) and (16) give the possibility 
to determine the value of velocity on the external 
boundary of the laminar sublayer 

uy, w 
53 (18) 
Ug i 
We get the law of resistance using the formulae 
(18) and (12): 


| P ] 0 
mic (Res), 5 @ 


Ww 


dy ([— R24? + By +1—fq@)/A,) 


[1 — 3/44 + f(q)}]) C9) 


where 


ry 


i, ? ) 
| ; ql — 4) dy 
0 Pu 


fa) 


The value of #,,/6 may be calculated sub- 
stituting into (20) the expression for velocity 
profile (12) and the expression for densities 
profile (10).? 

Thus the formula (12) presents a relation 
between the coefficients of friction € and 
number Reg, = #,,o/v. Taking into account 
this dependence it is possible to integrate the 
equation of motion written in the integral form 
and receive the distribution of friction co- 
efficients along the plate: 


+ It is quite possible to make an assumption which is 
anologous to that we had in the reference [1]. However, 
it does not bring the essential accuracy. 

+ The use of velocity profile as (13) gives more simple 
expression for the law of resistance. 
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The counting of heat flows may be made on the 
basis of the existence of similarity of the profiles 
of velocities and enthalpies. 


CONCLUSION 
The above-mentioned method of calculation 
makes it possible to determine both friction and 
heat exchange in the flow of dissociating gas 
moving at high velocities. 


NOMENCLATURE 

distance along plate (m); 

distance from plate (m); 

gas velocity component, 

directed along plate (m/sec); 

velocity pulsation u; 

gas velocity component, 

directed along axis vy (m/sec); 

velocity pulsation v (m/sec); Indices 
gas density (kg sec?/m*): - 
gas density pulsation (kg sec? 0 
m~*); 

boundary layer thickness (m), 


T PLATE 


total enthalpy; 

friction stress (kg/m*): 
length of mixture path (m); 
thermodynamical tempera- 
ture (“K); 

gas constant consisting of 
molecule A, (kg m/kg °C); 
pressure (kg/m*); 
characteristic temperature 
( K): 

characteristic pressure 

(kg m*): 

Prandtl criterion of laminar 
sublayer ; 


Prandtl criterion of boundary 
layer turbulent section: 
gravity acceleration (m/sec?); 


flow parameters on wall; 
flow parameters on external 
boundary of layer. 


laminar sublayer thickness REFERENCES 


(m); 1. S. I. KosTEeRIN and 


impulse loss thickness (m); fiz. No. 7 (1959). 
dissociation rate; 2. M. LIGHTHILL, J. Fl 


Yu. A. KOSHMAROV, Zh. tekh. 


uid Mech. 2, 1 (1957). 
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Eidgendssische Technische Hochschule, Ziirich, Switzerland 
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Zusammenfassung—Die nachstehend beschriebene Methode zur Messung der Warmeleitfahigkeit von 

Fliissigkeiten und Gasen ist eine Weiterentwicklung der bekannten instationaren Drahtverfahren. Die 

Apparatur gestattet, auf einfachste Weise rasche und dennoch genaue Messungen auszufiihren: Nach 

einer Heizdauer von nur wenigen Sekunden kann die Warmeleitfahigkeit mit einer Genauigkeit von 
1 Prozent unmittelbar auf einem Registriergerat abgelesen werden. 


Abstract—The method described here for measuring the thermal conductivity of liquids and gases is an 

extension of the well-known non-steady-state hot wire method. The equipment developed for this 

purpose offers a simple practical means for obtaining rapid and exact measurements: with heating for 

only a few seconds, the thermal conductivity with an accuracy of —1 per cent can be read off directly 
from an instrument. 


Résumé—La méthode décrite ici pour mesurer la conductibilité thermique des liquides et des gaz est 

une extension de la méthode classique du fil chaud en régime non permanent. L’équipement construit a 

cet effet utilise des moyens simples et pratiques pour l’obtention de mesures exactes et rapides: par un 

chauffage de quelques secondes seulement, la conductibilité thermique peut étre lue directement sur 
l‘instrument avec une précision de —1 °%. 


Abstract—I] pea MeTOL IRCHEPMMeHTAIbHOrO 

NpOBOMHOCTH 7KILKOCTI I OCHOBaHHbI Ha 

remiepatypHOro NOAA HeOrpaHi4eHHOll CpeAbl, CO3,aBaeMOrO AMHeIHbIM MCTOUHIMKOM Tera. 

PaspaboTraHHanA NOSBOAHeT TOAVYNTh HagewHble HeOOXOAMIMbIe pac4uéTHBle 

WaHHble Wocae Hel ceKVH] HarpeBaHia. TouHocTh onpeqeaeHiA KooppiinMeHnta 
renaOnpoBoAHOCTH = 1%. 


OupesqeteHuA koappueHTa Term10- 
3AKOHOMEPHOCTAX HeCTAMMOHAPHOrO 


iraeTcH 


rasosB, 


allilapaTypa 
ROVCIBRITX 


GRUNDLAGEN INSTATIONARER 
DRAHTVERFAHREN 


Draht entwickelt und durch Warmeleitung ins 
umgebende Medium abgefiihrt. Die Rechnung 


Dit mathematischen Grundlagen der instatio- 
néren Drahtverfahren wurden erstmals von 
Pfriem [1] sowie Eucken und Englert [2] 
angegeben. Seither sind nach diesem Prinzip 
weitere Verfahren entwickelt und messtechnisch 
verbessert worden [3-12]. Das Prinzip sei 
anhand von Abb. | kurz erlaéutert: Ein dinner 
Draht vom Radius r, befindet sich senkrecht in 
einem unendlich ausgedehnten Medium mit der 
Warmeleitfahigkeit A und der Temperaturleit- 
fahig keit a = A/cp. Durch elektrische Heizung 
vom Zeitpunkt t = 0 an, wird eine pro Zeit- und 
Langeneinheit konstante Warmemenge g im 


zeigt [13], dass nach einer gewissen Anlaufzeit 
die Temperatur 7 an der Drahtoberflache mit 
dem Logarithmus der Zeit linear ansteigt, und 
zwar in dimensionsloser Schreibweise nach der 
Beziehung 


4at , 
In —; — 0,5772 (1) 


0 


Wird der Temperaturanstieg des Drahtes in 
verschiedenen Medien als Funktion der Zeit 
gemessen und in einen logarithmischen Zeit- 
masstab umgezeichnet, so ergeben sich nach 
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Ass. |. Grundlage der instationaren Drahtverfahren : 
Anstieg der dimensionslosen Temperatur an der 
Drahtoberflache in Funktion der dimensionslosen 
Zeit. Kurven nach [14]. 
Draht: ¢9 pp Medium: c, p, A 


Abb. 2 fiir den Giiltigkeitsbereich der Naherung 
(1) Geraden. Schreibt man Gl. (1) in der Form 


4) 0,57724 


4A (*) 


in —, 
Cprs 


so erkennt man, dass die Steigung der Geraden 


dT j 
——— = (3) 
dint 
nur eine Funktion von A und g ist, wahrend z.B. 
die Warmekapazitét cp nur als additive Kon- 
stante eingeht. Diese vergleichsweise einfache 
Abhingigkeit ist eine Eigenheit der radial- 
symmetrischen Anordnung, worauf schon 
Eucken und Englert [2] hingewiesen haben. 


NEUES VERFAHREN, RELATIVMETHODE 


Die fiir die Auswertung nach Gl. (3) er- 
forderliche Umzeichnung auf eine logarith- 
mische Zeitachse lisst sich vermeiden, wenn 
man den Temperaturanstieg unmittelbar in 





grd 


Temperatur 7, 


= 
SS ee => wosser 


L— —— 
~~ 


io® i> io* 165 











Ass. 2. Temperaturanstieg in Funktion der Zeit bei 
verschiedenen Medien. 
Draht ¢ 50u Y 0.1 W/m 


Funktion des Logarithmus der Zeit registriert. 
Die logarithmische Zeitskala wird dabei durch 
die Erwaérmung eines zweiten, gleichen Drahtes 
erzeugt, der sich in einem Vergleichsmedium von 
bekannter Wéarmeleitfahigkeit befindet. Mit 
Vorteil verwendet man als Vergleichsmedium 
einen festen K6rper, z.B. ein vergiessbares 
Kunstharz. Diese Vorrichtung sei im folgenden 
log-Schaltelement genannt. Bei Drahten von 
z.B. 104 Durchmesser und bei einem bestimmten 
Verhaltnis cyp,/cp der Warmekapazitaéten von 
Draht und umgebendem Medium kann die 
Anlaufzeit, nach deren Ablauf das _ logarith- 
mische Gesetz bis auf 1°,, genau befolgt wird, in 
die Gréssenordnung von Millisekunden ge- 
bracht werden. 

Abb. 3 zeigt das elektrische Schaltschema. 
Der Draht (1) im Vergleichsmedium der Wiarme- 
leitfahigkeit A4 und der Draht (2) im unbe- 
kannten Medium der Warmeleitfahigkeit A, 
sind als Widerstandsthermometer in zwei gleiche 
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Wheatstone-Briicken (3) und (4) geschaltet. 
Werden vom Zeitpunkt ¢ = 0 an durch Schliessen 
des Schalters (5) beide Drahte durch die Strom- 
quelle (6) geheizt, so andern sich die Tem- 
peraturen und damit die elektrischen Wider- 
stinde R, und R, der beiden Drihte nach einer 














=6 

Ass. 3. Elektrisches Schema. 
Vergleichsmedium des log-Schaltelements 
unbekanntes Medium 
Draht des log-Schaltelements 
Draht im unbekannten Medium 
Wheatstone-Briicke des log-Schaltelements 
Wheatstone-Briicke 
Schalter 
Stromquelle 
Registriergerat 


gewissen Anlaufzeit linear mit dem Logarith- 
mus der Zeit. In den Briickendiagonalen ent- 
stehen die ebenfalls mit dem Logarithmus der 
Zeit linear verinderlichen Ausgleichsspannungen 


Durch ein Koordinaten-Registriergerat (7) wer- 
den diese Spannungen in der Form 


AA 


U, 
.— (3) 


U, = f(U;z) = 
aufgezeichnet, was eine Gerade mit der Steigung 
A4/Ag darstellt. Die Warmeleitfahigkeit erhalt 
man nach 


A4 
tga 


(6) 


durch einfaches Messen der Steigung tg a dieser 
registrierten Geraden. 

Abb. 4 zeigt am Beispiel einiger Flissigkeiten 
die Gl. (5) entsprechenden Geraden, wie sie 
von einem elektronischen Koordinatenschreiber 
aufgezeichnet wurden. Der Durchmesser der 
Platindriihte betrug 70 », die Lange 15 cm. Als 
Vergleichsmedium im  Schaltelement diente 
Paraffinél. Hier gilt das logarithmische Gesetz 
mit 1°,, Genauigkeit erst nach Ablauf von 0,1 
sek. Zufolge der endlichen Einstellzeit des 


grd 


Temperaturanstieg am Draht, 


00! 0,0 


Ass. 4. Temperaturanstieg des Drahtes in verschie- 

denen Fliissigkeiten als Funktion des Temperaturan- 

stiegs eines Drahtes in Paraffindl (log-Zeitskala) 
Vergleichsmedium: Paraffindl 20°C. 


Geriats (automatisch abgleichende Kompensa- 
tion) vermag der Schreibstift erst ab etwa 0,5 sek 
den veranderlichen Spannungen stetig zu folgen; 
die Kurvenziige bei kleineren Zeiten stellen den 
Einschwingvorgang des Schreibers dar. Das 
Abbiegen der Geraden bei wenig viskosen 
Fliissigkeiten, z.B. Aethylalkohol, Benzol, zeigt 
das Einsetzen der freien laminaren Konvektion 
an. Wegen des zusatzlichen Warmetransportes 
steigt dabei die Temperatur langsamer als nach 
dem logarithmischen Gesetz an. Damit sind hier 
die nutzbaren Messzeiten auf etwa 5 sek be- 
schraénkt; jedoch lisst sich die Steigung des 
verbleibenden Geradenstiickes noch auf +1°% 
genau ausmessen. 

Verwendet man ein Registriergerit hdherer 
Empfindlichkeit und Registriergeschwindigkeit, 
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z.B. einen Elektronenstrahloszillographen, so 
erhalt man schon nach Bruchteilen von Sekunden 
ein geniigend langes Geradenstiick. Solch kurze 
Zeiten werden bei Medien mit rasch einsetzender 
freier Konvektion, z.B. Gasen, notwendig. 

Die Steigung der registrierten Geraden ist 
entsprechend den Wirmeleitfahigkeiten der ver- 
schiedenen Medien stark verschieden von 1. 
Zum genauen Ausmessen wire jedoch eine 
Steigung von | vorteilhaft. Die Steigung kann 
nun leicht in die Nahe von 1 gebracht werden, 
indem man auf der x- und y-Achse des Regis- 
triergerats verschiedene Empfindlichkeiten ein- 
stellt oder in den beiden Drahten zwei verschie- 
dene Heizleistungen entwickelt oder auch von 
beiden Méglichkeiten Gebrauch macht. Da an 
beiden Drahten die gleiche Spannung liegt, 
erhalt man verschiedene Heizleistungen durch 
verschiedene Widerstande, z.B. Wahl ver- 
schiedener Materialien, Drahtdurchmesser oder 
Lingen L. Bei der Berechnung der Wiarmeleit- 
fihigkeit beriicksichtigt man diese Verhdltnisse 
durch 


A4 R,L, Empfindlichkeit der y-Achse 
“tga RL, Empfindlichkeit der x-Achse 


AB 


ABSOLUTMETHODE 

Auch ohne Kenntnis der Warmeleitfahigkeit 
im log-Schaltelement kann ein unbekanntes 
Medium nach der Absolutmethode gemessen 
werden. Die elektrische Schaltung bleibt dieselbe 
wie beim Relativverfahren. Nur muss dazu das 
log-Schaltelement z.B. mit Hilfe eines elek- 
tronischen Zeitgebers geeicht werden. Die 
Warmeleitfaihigkeit erhailt man dann aus der 
Steigung der registrierten Geraden und einer 
apparativen Konstanten. 


VERGLEICH MIT BEKANNTEN VERFAHREN 

Beim beschriebenen Verfahren betragt die 
Messzeit nur etwa 5 sek. Dabei muss keine 
elektrische Grésse wie Strom oder Spannung 
gemessen werden. Durch Aufiegen eines Winkel- 
messinstrumentes mit Tangensskala auf das 
Registriergerit kann ohne weitere Auswertung 
das Resultat abgelesen werden. Eine Verfal- 
schung der gemessenen Warmeleitfahigkeit durch 
freie Konvektion ist ausgeschlossen, da man aus 
dem Abbiegen der registrierten Geraden das 


Einsetzen von Konvektion erkennt und nur das 
gerade Teilstiick zur Winkelmessung beniitzt. 
Zwischen zwei Messungen braucht es nur eine 
Ruhezeit von etwa 2 Minuten, damit sich das 
erwarmte log-Schaltelement wieder auf Aus- 
gangstemperatur abkihlen kann. 

Somit eignet sich das Verfahren besonders fiir 
Reihenuntersuchungen, z.B. von Fliissigkeits- 
gemischen. Eine Anwendung ist auch denkbar 
zur Analyse von Flissigkeitsgemischen auf 
Grund der Wéarmeleitfahigkeit, wie das bei 
Gasen—hier allerdings durch Messen im sta- 
tiondren Zustand—schon iiblich ist. Fliissig- 
keiten und Gase k6nnen auch in einem 
Behalter oder Apparat gemessen werden, da der 
Heizdraht in einer offenen Sonde ausgespannt 
ist, die man nur an geeigneter Stelle senkrecht 
in das Medium eintauchen muss. Messungen 
bei verschiedenen Temperaturen und Dricken 
kénnen ebenfalls leicht vorgenommen werden. 
Immerhin ist das Verfahren auf die Messung 
elektrischer Nichtleiter beschrainkt, solange es 
nicht gelingt, den Draht z.B. durch Aufdampfen 
eines Isolators elektrisch zu isolieren. 

Im Gegensatz dazu benédtigen die Platten- 
und Ringspaltapparate zur Messung im statio- 
néren Zustand lange Einstellzeiten bis zu 
mehreren Stunden; ausserdem sind sie in ihrer 
Handhabung oft umstindlich. Die stationdren 
Hitzdrahtverfahren, z.B. [15], verwenden eben- 
falls einen diinnen Draht in der Achse einer engen 
Bohrung. Zur Vermeidung von Konvektion 
bei Fliissigkeiten darf dabei der Bohrungs- 
durchmesser nur etwa 2 mm betragen; dadurch 
treten leicht Fehler in der Justierung auf. Ausser- 
dem muss noch der Drahtdurchmesser genau 
bekannt sein. Die eingangs erwahnten instatio- 
ndren Hitzdrahtverfahren arbeiten zwar auch mit 
kurzen Messzeiten, erfordern jedoch eine gra- 
phische Auswertung. 


FEHLERQUELLEN 
Wie bei allen instationiren Drahtverfahren 
treten auch hier eine Anzahl Fehlerquellen auf. 
Es sind dies z.B.: 
(1) Nicht konstante Heizleistung zufolge der 
Widerstandsanderung des Drahtes. 


(2) Anderung der thermischen Konstanten 
bei Erwarmung des Mediums. 
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(3) Warmeableitung an den Heizdrahtenden. 


(4) Abweichung der gemessenen mittleren 
Drahttemperatur gegeniiber der Tem- 
peratur an der Drahtoberfliche zufolge 
der endlichen Warmekapazitat des Drahtes. 


(5) Warmeabstrahlung des Drahtes. 


Man kann jedoch zeigen, dass bei Draht- 
durchmessern unterhalb 70 » und Tempera- 
turerh6hungen von héchstens 2,5 Grad diese 
Einfliisse teils selber sehr klein sind, teils noch 
dadurch kompensiert werden, dass zwei Drahte 
mit denselben Fehlerquellen vorhanden sind. 


ANERKENNUNG 
Es ist uns eine angenehme Pflicht, der Schweiz. Volks- 
wirtschaftsstiftung fiir die Bereitstellung der fiir die 
Entwicklung dieses Verfahrens benétigten finanziellen 
Mittel zu danken. 
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Abstract—This articie describes two methods by which bulk velocities and temperatures can be found 
without resorting to traversing or the use of mixing chambers; in each case by only one local measure- 
ment at the section considered. Both methods depend on a knowledge of the velocity and temperature 
profiles at that section; knowledge which is now available for fully established turbulent flow in smooth 
tubes. 

(a) Axial method: The velocity or temperature probe is placed at the axis, and the reading multi- 
plied by an appropriate weighting factor. 

(b) y,,/r method: The velocity or temperature probe is placed a distance from the wall at which it 
reads the mean value directly. 

Information is presented for finding the bulk velocity and temperature by either method, and their 
relative merits are discussed. 

When making temperature measurements in a fluid with a thermocouple it is often convenient to 
bring the wire out radially from a butt-welded junction, and it is then necessary to establish that 
no serious conduction error is introduced. Data are presented which allow estimates to be made of 
temperature errors for a centrally placed junction of various materials and gauges, and for various 

rates of flow and types of fluid including liquid metals. 


Résumé—Cet article décrit deux méthodes permettant le calcul des vitesses et des températures 
moyennes sans nécessiter de dispositif permettant le déplacement transversal et sans utiliser de 
chambre de mélange; dans chaque cas, la mesure se fait en un point seulement de la section considérée. 
Les deux méthodes dépendent de la connaissance des profils de vitesses et de températures dans cette 
section; cette connaissance est maintenant valable pour un écoulement turbulent pleinement établi 
dans des tubes lisses. 

(a) Méthode axiale: \asonde de vitesse ou de température est placée sur l’axe et la lecture est mul- 
tipliée par un facteur de pondération convenable. 

(b) Méthode y,,/r: la sonde de vitesse ou de température se trouve a une distance de la paroi telle 
que la lecture fournit directement la valeur moyenne. 

Des indications sont données pour le calcul des vitesses et températures moyennes par les deux 
méthodes dont les qualités respectives sont discutées. 

Quand on mesure les températures dans un fluide avec un thermocouple, il est souvent commode de 
sortir le fil radialement grace a une connexion soudeée et il est alors nécessaire d’établir que l’erreur de 
conduction introduite est négligeable. On présente ici des résultats permettant d’estimer l’erreur de 
température pour une disposition centrale des jonctions de fils et de jauges de nature variée, pour 
différents régimes d’*écoulement et pour différentes sortes de fluides, y compris les métaux liquides. 


Zusammenfassung— Dieser Aufsatz beschreibt zwei Verfahren zur Ermittlung von mittleren Geschwin- 
digkeiten und Temperaturen ohne Messung der Geschwindigkeits- und Temperaturverteilung und ohne 
die Anwendung von Mischern. In jedem Falle hangt die Auswertung fiir einen Rohrquerschnitt von 
einer Ortlichen Messung ab. Fir beide Methoden braucht man die Kenntnis der Temperatur und 
Geschwindigkeitsprofile in diesem Querschnitt, wie sie fiir ausgebildete turbulente StrOmung in glatten 
Rohren bekannt ist. 

(a) Aviales Verfahren: Die Geschwindigkeits- oder Temperatursonde wird in die Rohrachse 
gelegt, und der Messwert wird mit einem passenden Faktor multipliziert. 

(b) y,,/r Verfahren: Die Geschwindigkeits- oder Temperatursonde wird in einem Wandabstand 
gelegt, wo sie den Mittelwert direkt angibt. 

Fiir beide Verfahren werden die notwendigen Angaben gemacht, um die mittlere Geschwindigkeit 
und Temperatur zu erhalten und ihre Vorziige werden miteinander verglichen. 
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Bei Messung von Flissigkeitstemperaturen mit einem Thermoelement werden oft die Drahte radial 
von der Létstelle nach aussen gefiihrt und es ist dann wichtig festzustellen, dass keine grossen Messfehler 
durch Warmeleitung entstehen. Zur Abschatzung von Temperaturmessfehlern fiir axiale Lotstellen aus 
verschiedenen Drahtmaterialien und Durchmessern und fiir verschiedene Stromungsgeschwindigkeiten 


und Flissigkeiten, einschliesslich flissiger Metalle, werden Zahlenwerte angegeben. 


ONMChIBalTCH jABa 


Abstract 
OCpeTHeHHbe 10 OOBE 


CTBVIOMIMUIX AaTYIIROB ILE WCMO.TbSOBAaHILWO RaMep CMeHIeHITA, 
B pacCMaTpiIBaeMOM cedqeHHlt. 


A TOAbBRO K OJHOMV AO0KaATBHOMYV 3aMepy 


OV 1OT 


MeToOlWa, ¢ 


SHAH mpopir ell CHOpPOCTIL I TeMMepaTVpbl B AITOM ceuveHitil. 


HOMOLULbIO KROTOPbIX MOARHO Ope le cTitTb 


M\ CROPOE rit i TeMMepaTy pb, He npuderan kK We peMeulle HItko COOTBeT- 


B KavklOM Cay4ae OHI CBO LAT- 
Ooa MeTOwa Tpe- 
[aA TOAHOCTbhWO YCia- 


HOBIMBINeCrOCH T\ pov. aeHTHOrO noToKa B PeilaTRITX Tpyoax oTit pout XOPOINO ISBeCTHBI. 


a\ Oceeott mMemod 


laryuiik CRHOpOCTIL ILL TeEMMepaTVpbl MOMeIHlaeTCH Ha OF If, a ero MOKa- 


aHie VMHOAKAaeTCH Ha COOTBETCTBYIOMMIT KOIPDMUMMeEHT BeCa. 


Me mod v,,/t 


laruik CROpOCTIL ILM TeMMepaTVpbi MOMeIfaeTCH Ha pact TOAHITIL OT 
CTeCHHIT, HA KOTGPOM OH HenmOCpeACTBeHHO jaeT CpejHee 


sHAaveHIte. 


_laére A OMNICaHHe OOOMX MeTOOB II pacCMaTpHBaloTcH WX OTHOCHTe.IbHble MpeiM VitecTBa, 


[Ip W3MepeHHAX TeMlepaTypbl B MOTOKE C 


NOMOM[bIO TEPMOTAapbl YacTO ObIBAeT VIOOHO 


BLIBECTH IIpOBOAHIKH OT Clan m0 padirycamM. B asTom Caydae HeEOOXOAUIMO VOeAITBCA, YTO HE 


BHOCHTCA Cepbe3sHan MOrpeuiHocrTh, 
BeeHbI aHHbIe, I 
MaTeplady MW diwamerTpy 


CBASaHHaA C TeMIOMpOBOAHOCThW IIpOBOTHITROB. 
sBOTAIOUMIe OWeCHHTbh TeMMepaTYpHble NOPrpemmHOcTiL AIA passut4YHbIX TO 
ITPOBO JOB TepMOtriap 


IT pir- 


HeHTpacIbHbIM paciO.1OAeHIfeM Cian, Mpit 


pas TI4YHbIX CROPOCTAX NOTORA HW pas cTI4Hblx Cy OcTAHUMAX, BRAOUAA AILKe MeTacibl. 


IN experimental heat transfer work it is often 
necessary to measure bulk velocities and tem- 
peratures of fluids flowing through tubes. Bulk 
velocity can be obtained either by radial travers- 
ing (e.g. with pitot or hot wire probe) or by some 


kind of orifice meter. Bulk temperature can be 
obtained by radial traversing or by means of a 
mixing chamber. (It must be remembered that 
when a bulk temperature is obtained by travers- 
ing, both velocity and temperature traverses are 
necessary if the correct weighted-mean value is 


to be obtained.) Orifice meters or mixing 
chambers, while giving bulk values directly, can 
only be used at entry to and exit from a test 
length, since they would completely upset the 
flow when mounted at an intermediate section. 
Traverses are impractical in tubes of small di- 
ameter, and are at best laborious, and they 
cannot normally be justified unless the purpose 
of an investigation is the study of the velocity 
and temperature profiles themselves. 

This article describes two further methods by 
which bulk velocities and temperatures can be 
found; in each case by only one local measure- 
ment at the section considered. Both methods 
depend on a knowledge of the velocity and 
temperature profiles at that section: knowledge 
which is now available for fully established 
turbulent flow in smooth tubes. 


(a) Axial method. The velocity or temperature 
probe is placed at the axis, and the reading 
multiplied by an appropriate weighting factor 
Um /U, OF (tm t,,.)/(t, — ty), respectively. 

(b) y,,/r method. The velocity or temperature 
probe is placed a distance from the wall y,,,, or 


Vmes Tespectively, at which it reads the mean 


value directly. 

Information is presented in Sections | and 2 
for finding bulk velocity and temperature by 
either method, and their relative merits are 
discussed. 

When making temperature measurements in a 
fluid with a thermocouple, the wire is often laid 
axially along an isothermal, before being taken 
out radially, to reduce conduction error. Some- 
times it is more convenient, however, to bring the 
wire out radially from a butt-welded junction, 
and it is then necessary to establish that no 
serious conduction error is introduced. Data are 
presented in Section 3 which allow estimates to 
be made of temperature errors for a centrally 
placed junction of various wire materials and 
gauges, and for various rates of flow and types 
of fluid including liquid metals. 


NOMENCLATURE 
thermocouple wire diameter; 
tube diameter: 
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convection heat transfer coefficient ; 
integral defined by equations (3) and 
(4): 

integral defined by equations (11) 
and (12): 

heat flow per unit area and 
time; 

tube radius: 

dimensionless radius 

(= rv (7,/p)lv): 

temperature at any radius: 
temperature relative to wall 
(=t — ty); 

dimensionless temperature relative 
to wall ( Atpc, VT y pylq, ): 
velocity at any radius; 
dimensionless velocity 

i= UV (Te! pds: 

distance from wall; 
dimensionless distance from 
(= yvV(7./p)lv): 

wall distance at which f BB 
wall distance at which u = u,,. 


unit 


wall 


nts J mt 


) J mu 


Greek symbols 


ye dynamic viscosity: 
v kinematic viscosity ; 
p density; 

T shear stress. 


Dimensionless groups 

P Prandtl number (= c,/k); 

R, Reynolds number based on thermo- 
couple wire diameter (= ud/v); 
Reynolds number based on mean 
velocity (= 2u,,r/v); 
Reynolds number based on axial 
velocity (= 2u,r/v); 
ratio of eddy diffusivities 
momentum and heat transfers. 


for 


Suffixes 
refers to the thermocouple wire; 
refers to the fluid: 
mean value; 
at axis of tube; 
at wall. 


1. MEASUREMENT OF MEAN VELOCITY 
1.1. Axial method 
For a tube, the mean or 
defined by the equation 


bulk velocity is 


. 


P| u2n(r — y)dh (1) 
0 


ny 


in which it is assumed that p is independent of 
y. Hence the ratio of mean to axial velocity is 
obtained as 


uv. ae 


~ 


5 | u(r — y)d) (2) 
ix 0 


ny 


u u, 


To find the integral, it is necessary to know the 
function u f(y). It has been found [1] that if 
the velocity and distance from the wall are ex- 
pressed in dimensionless form by u~ =u] (7,, p) 
and y yv (t,/p)lv, respectively, it is possible 
to deduce a universal velocity profile, Fig. 1, 
which fits experimental results over a wide 
range of Reynolds numbers. Introducing u~ and 
y* into equation (2), the ratio u,,Ju, becomes 


y jd) 


Using the equatons in Fig. 1, /, can be expanded 


to give 
*30 
y*)dy +| ( 


Iny )(r y*)dy 


L2-S5Iny*)(r 


1-25 r+? (0-7 


yt) dy 


In r*) 63-9 r+ + 573 (4) 


In this way values of u,,/u, can be found for 
various values of r*. 

It is normally more convenient to relate 
u,,/u, to the Reynolds number based either 
on axial velocity R, 2u,r/v, Or On mean 
velocity R,,, 2u,,r/v. It can easily be shown 
that 


2u>r (5) 


R 


7 
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_ Laminor) Buffer | Turbulent, 
subloyer layer core 


ut 25-5425 Iny* 


ut=-3-05 +Iny*+| 


+. YV¥Tw/P 
Vv 


y 


Fic. 1. Universal velocity profile. 


R 


Fic. 2. Ratio u,,/u, against Reynolds number R, = 2u,r/y and R,, = 2u,,r/v. 
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™ 2u;,r* — 


Thus with these equations, and u* taken from 
Fig. 1, it is possible to relate w,,/u, with R, or 
R,,: these relations are shown in Fig. 2. If the 
axial velocity uv, is measured in an experiment, it 
is then possible to calculate the value of R,, and 
the appropriate mean velocity u,, = u, (U,,/U,) 
can be found by means of Fig. 2. 

It is interesting to compare the result with that 
obtained for fully developed laminar flow when 
a parabolic velocity profile can be assumed: the 
value of u,,/u, is then 0-5 and is independent of 
Reynolds number. 


1.2. V,,,,/r method 

The mean velocity can also be found by 
placing the probe at the appropriate wall 
distance y,,,,. For various values of r*, cor- 
responding values of u;; have been obtained from 
equation (3) and corresponding values of R,, 
from (6). It is found that y,,,, is always in the 
turbulent core, and to find it, it is necessary to 
use the appropriate equation from Fig. 1. Thus 


(7) 


and hence the correct placing of the velocity 
probe is found as 
Yuu _ l - u, — 5-5 


r 


Values of y,,,,/r against R,, are plotted in Fig. 3. 
Again for comparison, the value of y,,,,,/r for 
fully developed laminar flow is 0-293. 


1.3. Conclusions 

Mean velocity deduced from an axial measure- 
ment is to be preferred to that deduced from a 
measurement at y,,,,. Firstly, at the axis a larger 
and more easily read deflexion of the measuring 
instrument is obtained and wall interference is 
less serious. Secondly, near the axis u does not 
vary appreciably with y, and neither location 
nor instrument width are as critical. The 
advantage of the y,,,, method is that several 
pitot tubes, connected by a piezometer ring, 


can be spaced around the circumference so that 
the effect of any slight asymmetry in the flow is 
minimized. 

How critical the location is with the y,,,,/r 
method can be shown by the following argument. 
From the velocity profile, u* 5:5 + In yt, 
in the turbulent core, 


; - u,,, and placing a limit 
of 1 per cent on du*/u;,, the maximum per- 
missible deviation is found to be 


Putting y* = y,,, uw" 


by = yp 


0-004 2 1, 
~ 


r ii 


The results are plotted in Fig. 3. 

Jakob [2] presented an analysis similar to that 
in Sections 1.1 and 1.2, but based on the simpler 
and earlier velocity profile u/u, (y/ry" 
where n is a function of Reynolds number. 
The results, for comparison with the curves 
based on the universal velocity profile, have 
been added as dotted curves in Figs. 2 and 3. 


2. MEASUREMENT OF MEAN TEMPERATURE 


2.1. Axial method 
For a tube, the mean or bulk temperature is 
defined by the equation 
) ar? PCy u(t 
0 


PCy U,, (tin ly 


x 


t,,) 27 (r 


- y)dy (9) 


in which it is assumed that p and c, are in- 
dependent of y, and u,, is given by equation 
(3). Writing 4t for (t — ¢,,), the ratio of mean to 
axial temperature becomes 


At 2 | 


- 10 
4t, U,,4t,r? — 


udt (r — y)dy 


0 

To evaluate the integral, it is necessary to know 
the functions uv = f(y) and ¢ g(y). For the 
velocity profile it is again possible to use the 
dimensionless presentation of Fig. 1, while for 
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10° 10° 

Rm 

Fic. 3. Position y,,,,/r of velocity probe and permissible location error 6y/r (for 1 per cent error in 
u,,) against R,,. 


Laminar a, es _. | | Turbulent 
sublayer core 





y*= 


Fic. 4. Universal temperature profile. 


Laminar sublayer 4?* Pyt*; 
Buffer layer Ar S[P + In (0-2Py*+ — P + 1)]; 
Turbulent core 4r- S5[P — 1-691 In (SP + 1) + 0°5 In y*] (For P < 0-1 use equation 13) 
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the temperature profile the dimensionless pre- 
sentation of Fig. 4, due to Squire [3] (extension 
of von Karman [1]), can be used. It will be seen 
that no single equation in terms of y* represents 
the temperature profile, but that a family of 
curves is necessary for which the Prandtl 
number is the parameter. Introducing the 
dimensionless temperature, velocity and wall 
distance into equation (10), and substituting for 
u,, from equation (3), the ratio 4r,,/4t, becomes 


At,» 
dt, 


St, l 


| 4t(r 
At; Atl, Jo : v 


where 


y*) dy 


Sin y)5[P- 
P- 


2:5In py") 5 [P — 1-691 


J, must be solved by numerical integration for 
a series of values of r* and P. Since a value of 
R,, can be found for every value of r* as ex- 
plained in Section 1.1, 4t,,/4t, can finally be 
determined as a function of R,, and P. This 
procedure is extremely laborious, but Martinelli 
[4] obtained values of 47,,/4t, by a method 
equivalent to the one presented here, and his 
results are reproduced in Fig. 5. For com- 
parison, 4f,,/4t, for fully developed laminar 
flow is approximately 0-6. 

It will be seen that the curves in Fig. 5 
extend to the low Prandtl numbers which are 
associated with liquid metals. Equation (12) 
does not apply when P is much less than 0:1, 
and the case of liquid metals deserves special 
mention. Low P (i.e. high thermal conductivity 
k) implies a steeper temperature gradient in 


the turbulent core, and the equation for y*> 30 
given in Fig. 4 is no longer applicable. (The 
equation is derived on the assumption that the 
thermal diffusivity v/P is negligible compared 
with the eddy diffusivity « and this is no longer 
true for the turbulent core when P is small.) 
The appropriate equation which must be used to 
replace the term 


5[P — 1-691 + In(SP + 1) + 05 In y*] 


in the third integral of equation (12), for the 
limits 30 <y* < r*, is as follows 


At 


L. (30/r 


1.25 


(20/Pr*) } 


+4/ {1+-(20/Pr*)} 
y {1l(+-20/Pr~)} 
+. (20/Pr*) } 

+ (20/Pr*) } 


1)]. 


2.2. Vm+/r method 

The mean temperature can be found by 
placing the probe at the appropriate wall 
distance y,,,, which in general is not the same as 
Vinu- Vmilt (= yz,/r*) can be found by substitut- 
ing the appropriate value of 41, in the equation 
for the turbulent core 


4t* =5([P — 1-691 + In(5P + 1) + 0-5 In y;,]. 


m 
(For fluids of P < 0-1 equation (13) would have 
to be used.) 47; at any value of R,, can be 
obtained from both 4t; and the ratio 4r,,/4t, 
taken from Fig. 5. Unfortunately Martinelli’s 
data presented in Fig. 5 are not sufficiently 
detailed to enable reliable and consistent 
curves to be obtained for y,,,/r. Nevertheless 
these calculations have been made for fluids 
having Prandtl numbers greater than 0-7 and 
certain conclusions can be drawn from them. 


(a) Vm:/r is not very sensitive to Reynolds 
number R,,,. 
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(b) ¥n:/" Varies significantly with P, being 
approximately 0-31 at P = 1, 0-22 at 
P = 10, and 0-15 at P = 40. 


(c) An analysis to reveal the permissible 
tolerance of positioning, analogous to that 
presented for velocity u,, in Section 1.3, 
has been carried out. For an error of 


At P = 1, positioning is sensitive to 5y/r of 
2-3 per cent (depending somewhat on R,,), 
and it becomes less sensitive at higher values of 
P; at P > 50 the probe will give a reading to 
better than 2 per cent anywhere between the 
axis and the buffer layer. 


axial 


same 


54t/4t,, = 1 per cent this gave 2.3. Conclusions 
f Mean temperature deduced from 
Om. se 0-004 2" Art (14) Measurement is to be preferred to that deduced 
r r r from a measurement at y,,,, for the 
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10° 10°? 107 


Fic. 5. 
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P 


Ratio 4r,,/4t, against Prandtl number P, for several values of Reynolds number R,,. (from 


Martinelli [*]). 
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reasons given in Section 1.3 when discussing the 
measurement of mean velocity. Only an ap- 
proximate guide to positioning for the y,,;/r 
method can be given at present. 

It must be remembered that the universal 
temperature profile has been derived by von 
Karman using two principal assumptions. 


(a) The ratio g/r is independent of y (i.e. 
q/T G wl Tw 

(b) The ratio of eddy diffusivities for momen- 
tum and heat transfer, €,7/«, is equal to 
unity. 


Assumptions (a) and (b) provide the basis for 
the simple Reynolds Analogy between momen- 
tum and heat transfer. The importance of 
assumption (b) has been tested by a few spot 
calculations to see its effect on the results of this 
section. By taking the lowest experimental value 
of ey/ew for flow in tubes (0-7 < eyy/en < 1), 


and using a temperature profile modified to take 
account of variations in €y7/€, it was found that 
ex/€H has little effect on the ratio 4f,,,/4t,. 

It must be remembered that there are more 
serious deficiencies in the theory presented here. 
First, the universal velocity profile itself is an 


approximation and it fits well only in isothermal 
flow. (“Isothermal flow” implies a small value 
of At = t — t,, so that it is reasonable to assume 
constant fluid properties over the flow cross- 
section.) In non-isothermal flow v may vary 
appreciably across the tube. To allow for such 
variation in generalized and condensed form 
for all kinds of fluids is impossible. Deissler 
[5. 6] has done some work of this kind, allowing 


[| 
_ a eSB 


Ope 


for variations of fluid properties with tempera- 
ture, for air, supercritical water, and fluids of 
P=1. 

Secondly, the universal profiles are only good 
approximations for flow in hydraulically smooth 
tubes. The best check as to whether a tube is 
smooth is by comparing measured friction 
factors with those obtained from published data. 
Alternatively, a fairly safe criterion is that the 
surface roughness should be less than that 
corresponding to y* = 5, ie. the roughness 
should lie within the laminar sublayer. 


3. THERMOCOUPLE CONDUCTION ERROR 


In order to reduce the error due to conduction 
along the wire when measuring temperature 
with a thermocouple, it is usual to lay the wire 
along an isothermal before taking it out radially, 
as shown in Fig. 6 (a). Often, particularly with 
tubes of small diameter, it is more convenient to 
use a centrally placed butt junction with taut 
wires emerging radially, an arrangement which 
gives rigidity and accurate location without 
elaborate supports that may interfere with the 
flow. It is necessary, however, to be able to 
estimate whether the observed couple tem- 
perature ¢, reads the axial temperature 7, with 
negligible error, i.e. whether (f, t.) is small 
compared with (f, — 1¢,,) (see Fig. 6 b). 

So that a fair idea of the errors may be 
obtained, half the wire—from wall to junction— 
is treated as a “fin” projecting from a surface 
at ¢,, into a fluid at ¢,, as shown in Fig. 6 (c). 


Temperature profile 
for liquid metal 
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Simple fin theory shows, e.g. in Ref. [7], that 
l 


t, t . 
(15) 


t t cosh mr 


h fin circumference 
k fin cross-sectional area 


4h \}/2 
(eal 


The principal assumptions in the derivation of 
equation (15) are: 

(a) The fluid temperature f¢, is uniform along 

the “fin”’. 

(b) The heat transfer coefficient / is constant 

over the “fin” surface. 

(c) The heat flow from the tip of the “‘fin”’ is 

negligible, i.e. dt/dv = Oaty =r. 

Assumption (a) is obviously not satisfied in a 
tube, but since for most fluids in turbulent flow 
the temperature profile is very flat across the 
turbulent core, this assumption is far off the 
mark only in a very thin layer near the wall. 
The only exceptions are liquid metals, for which 
' varies significantly in the core, and they are 
dealt with later. 

Assumption (b) is also not satisfied in the tube 
because /) depends mainly on the velocity uw. 
But again the velocity profile is very flat in the 
turbulent core and this assumption is valid 
except in a very thin layer near the wall. 

Assumption (c) is true only if the two metals 
forming the junction have the same thermal 
conductivity, because otherwise conditions are 
asymmetrical. With metals of different con- 
ductivity there will be a slight flow of heat 
from the better to the worse conductor but, 
because of the flatness of the temperature 
profile near the centre of the tube, this will be 
very small. 

In the following, all three assumptions will be 
taken as adequate for determining the circum- 
stances in which the error (f, — f,) is negligible, 
even though they may not be quite satisfactory 
in estimating accurately errors when they are 
significant. 

To evaluate equation (16) it is necessary to 
know how A varies with Reynolds number and 
Prandtl number for a cylinder in cross-flow. 


(16) 
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For air and other gases with similar Prandtl 
number, the curve on p. 259 of McAdams [8] 
has been used. This relates the Nusselt number 
N, =hd/k, to the Reynolds number R, = u,,,d/v;. 
For liquids (other than liquid metals) the follow- 
ing relation from p. 268 of McAdams [8] has 
been used: 

Na 

pes 
Substituting for / 
following is obtained 
4N,k,\}2 

P 

a*k , 


0:35 + 0-56 RY (17) 


N,k,/d in equation (16), the 
Lk “4 
k, (7 


mr | 


f(R,. P,) s ) (7) (18) 


For any fluid of given Prandtl number P, it is 
therefore possible to express (1, — f,)/(t, — f,,) as 
a function of R,.(D d) and (k,/k,). Furthermore, 
since the Reynolds number R,, based on the 
tube diameter D is equal to R,(D/d), it is 
possible to substitute R,,, for R,. 

The results of a few calculations are shown in 
Figs. 7(a){c). Figs. 7(a) and (b) are based on 
data for air, but they are equally applicable to 
other gases because all gases have Prandtl 
numbers which do not depart appreciably from 
the value for air (P ~ 0-7). Fig. 7(a) refers to a 
k,/k, ratio of 15,000 which corresponds approxi- 
mately to a copper wire in air (e.g. a copper- 
constantan thermocouple). Fig. 7(b) refers to a 
k,/k, ratio of 1000 which corresponds to a 
manganin-constantan or chromel—alumel 
thermocouple in air, all of which metals have 
similar conductivities. It is clear that if errors of 
less than | per cent are desired, it is necessary to 
use a low conductivity couple, such as manganin— 
constantan, unless a very high D/d ratio can be 
used. 

Fig. 7(c) refers to a liquid of Prandtl number 
5 (e.g. water at about 90°F) and a k,/k; ratio of 
600 (e.g. copper in water). The error is negligible 
except for very low Dd ratios. Manganin- 
constantan in water would yield a k,/k, ratio of 
about 40 and the error is then negligible for all 
practical values of D/d. Liquids of higher 
Prandtl number (e.g. oils of P ~ 100) are no 
problem, because N, is appreciably greater and 
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10° 


Fic. 7(a). Air and other gases (P ~ 0-7), k,/k, = 15,000. 





Rm 


Fic. 7(b). Air and other gases (P ~ 0-7), ky/k, = 1000. 
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Fic. 7(c). Liquids of P 





Fic. 8. Liquid metals of P = 0-01, k,/k, 
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even the use of copper and low ratios of D/d 
results in negligible errors. 

It is still necessary to consider liquid metals, 
which have very low Prandtl numbers (viz. 
0-005-0-03). As already mentioned in Section 
2.1, the high thermal conductivity results in a 
marked variation of temperature even in the 
turbulent core. Assumption (a) in the analysis of 
the “fin” is no longer valid, and a much better 
approximation is to assume that the fluid 
temperature varies linearly from f,, at the 
wall to ¢, at the axis of the tube. With this 
modification it is possible to show that 


tanh mr (19) 


mr is again given by equation (18), but NV, must 
be found from the appropriate equation for 
liquid metals 


N, = 1-015 (R, P)'? (20) 


taken from Eckert and Drake [9]. The results 
for a liquid metal of P = 0-01 and k,/k, = 40 are 
given in Fig. 8. k,/k, — 40 corresponds approxi- 
mately to copper wire in mercury. Even with 
liquid sodium, which has a much higher thermal 
conductivity than mercury, the use of copper 
would lead to too large an error. Manganin— 
constantan thermocouples would, however, be 
quite satisfactory. It is found that for all practical 
values of mr, tanh mr is virtually unity. Hence the 


results of Fig. 8 can easily be applied to any 
k,/k,; ratio, because for any given D/d 


t. l ka\*/? 
c(t 
t.. t, mr k, 


In the foregoing analysis it has been assumed 
that the wires are either bare, or carry a very 
light electrical insulation (e.g. a thin layer of 
enamel) of negligible thermal resistance. With 
liquid metals a rather heavier insulation might 
be necessary, in which case the estimates of error 
are on the low side. 
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CONVECTION DE LA CHALEUR EN REGIME LAMINAIRE 
DANS LE CAS D°UN GRADIENT DE PRESSION ET D’UNE 


TEMPERATURE DE PAROI QUELCONQUES, LE FLUIDE 
ETANT A PROPRIETES PHYSIQUES CONSTANTES 
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Résumé—L integration par approximations successives des équations de la couche limite laminaire 
permet de calculer dans le cas d’un gradient de pression quelconque les coefficients de frottement et 
de convection, la température effective et le facteur thermique pariétal de frottement. 


Abstract—Integration by successive approximations of the laminar boundary layer equations enables 
one to calculate, for any pressure gradient, the friction and convection coefficients, the effective tem- 
perature and the recovery factor. 


Zusammenfassung—Die Gleichungen der laminaren Grenzschicht werden durch schrittweise Verbes- 
serung integriert. Man kann dadurch fir beliebige Druckgradienten die K oeffizienten der Reibung und 
Warmeibertragung, die effektive Temperatur und den Riickgewinnfaktor berechnen. 


Abstract—I|Ipmpejenbl pelleHiAa ypabHeHnii nmepeHoca IA AaMMHapHOrO NorpaHM4Horo Vol. 
CNOA MeTOLOM NOCHeOBaTeIbHBIX TpMOnnKennit. Baraucaenbt KoodppwwenTE TpeHis, 1 
renm1000MeHa HM ade kKTHBHAA TeMMepaTypa aA 10S0ro0 rpayqwenta aBaeHHA. 1960 
NOTATIONS UTILISEES Pr nombre de Prandtl: 
x abscisse curviligne le long de la r facteur thermique pariétal de frotte- 
parol, ment; 
y ordonnée prise perpendiculairement r, facteur thermique pariétal de con- 
a la parol; vection local; 
u = composante longitudinale de la vitesse ; A facteur thermique pariétal de con- 
v = composante transversale de la vitesse; vection moyen; 
température absolue; a coefficient de convection local: 
p masse volumique:; Om coefficient de convection moyen; 
% = fonction de courant; R, nombre de Reynolds rapporté a x; 
” viscosite ; C, = coefficient de frottement local; 
v viscosité cinématique; N, = nombre de Nusselt local rapporté a x; 
T» tension de frottement a la paroi; Nim = nombre de Nusselt moyen rapporté 
A = coefficient de conductibilité thermique; a x. 
ol chaleur spécifique a pression con- 
stante; Indices inférieurs 
®, = densité de flux de chaleur 4a la paroi; e = écoulement extérieur 4 la couche 
®,, = densité moyenne de flux de chaleur; limite; 
6, = température de frottement; p  =conditions a la paroi; 
6;,, == température moyenne de frottement; t = conditions au point d’arrét; 
Gere == température effective locale; 0 = fonction de départ; 
$e = température effective moyenne; l = premiére approximation. 
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INTRODUCTION 

Nous nous placerons dans le cas de la couche 
limite laminaire sur un obstacle bidimensionnel. 
Nous supposerons en outre que la vitesse ex- 
térieure u, et la différence entre la température 
de la paroi 4, et la température extérieure 8, sont 
faibles, afin que la viscosité , la masse volumique 
p, la conductibilité thermique A et la chaleur 
spécifique a pression constante C, du fluide 
puissent étre considérées comme constantes. 

Nous introduirons ici un processus d’intégra- 
tion par itération des équations de l’impulsion 
et de l’energie mises sous la forme de von Mises 
[1]. Nous considérerons le cas général dans lequel 
les répartitions de vitesses u,(x) et de tempéra- 
tures 4,(x) sont quelconques. 

Dans cet article nous n’étudierons que la 
premiére approximation. 


1. TRANSFORMATION DE VON MISES 


1.1. Equations de Prandtl 

Les equations qui régissent la vitesse et la 
température ont été données par Prandtl sous 
la forme suivante: 


+ 


pC, "ax * pC, dy* 


 # = 
Tac, lay 


D’aprés l’équation (3), nous aurons: 
cp 
ox 

La relation de Bernoulli nous donne: 


dpe _ du, 
pe * 


D’autre part, la température totale 6, 
6, + u2/2C, étant constante dans |’écoulement 
extérieur a la couche limite: 
du, 


—u 
* dx 


Les équations (2) et (4) deviennent alors: 


du, Cu 
‘ Vv 


| 5 
dx cy" (>) 


cu 


C | cy 


) (6) 


Nous prendrons comme origine des x le point 
d’arrét et nous nous limiterons au cas de l’écoule- 
ment sur l’extrados de l’obstacle pour lequel 
x > 0, étant bien entendu que l’écoulement sur 
l’intrados se traitera de la méme fagon apres 
avoir changé l’abscisse curviligne x de signe. 
Les fonctions u(x, y), v(x, y) et &x, y) définies 
dans le quadrant x > 0 et y > O obéiront aux 
conditions aux limites suivantes: 


lim. u(x, y) = 0 
y—0 


lim. v(x, vy) = 0 
y—>0 

lim. A(x, y) = 8,(x) 
y—0 J 


lim. u(x, y) = u,(x) | 


yo a i 


lim. (x, y) = 8,(x) f 
J 


yon 


1.2. Equations de von Mises 

Von Mises a imaginé d’utiliser comme vari- 
ables indépendantes l’abscisse x et la fonction 
de courant # définie par les relations: 

u= = - oY (9) 
p oy p Ox 

et telle que 4 = 0 lorsque y = 0. L’équation (1) 
est alors automatiquement satisfaite. 

Nous aurons une correspondance biunivoque 
entre le quadrant x > Oet & > Oet le quadrant 
x > Oet y > Osi uw est toujours positif. 
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Le changement de variables de von Mises 
permet de remplacer les dérivées particulaires 
u(c/ex) + v(e/ey) des équations (2) et (4) par 
des dérivées partielles, puisque % est constant 
sur une ligne de courant. 

En effet, nous avons entre les opérateurs de 
dérivation partielle, les relations: 


- pv (= ) 


- (= ) 


(;,] 


Les equations (5) et (6) deviennent en sous- 
entendant les indices x et w: 


du, c Cu —~0 (10 
— peu a5 (usr) = (10) 
06 \ 


? pu Cc 
= u : 
(“ey ) 


Pr ow 
pepu* / Cu ) 

C, \éd 
A est le nombre de Prandtl. 


ou Pr = uC, 


1.3. Equations en Z(x, us) et en T(x, w) 
Prenons comme variables dépendantes: 


Z(x, b) = u? (x) — u(x, W) 


et x, % x. 4(x) 


avec les conditions aux limites: 
lim. Z(x, wW) 0 
lim. Z(x, wW) 


lim. Z(x, ws) 0 
ba J 


L’équation (11) devient, si on la divise par u: 


OT pp ¢ oT pp cu OZ 
7 (uo, 2C, dy ° dy 


u>(x) \ 


(14) 


ox Pr op 


avec les conditions aux limites: 


lim. T(x, 4) = 0 


v0 


lim. T(x, ¢) = 0 


yo x J 


= 6,(x) — (x) (15) 


Une fois que les équations (12) et (14) auront 
été résolues avec les conditions aux limites (13) 
et (15), u et 6 seront des fonctions parameétriques 
de l’ordonnée y, le parametre étant la fonction 
de courant w. 

En effet, l'on aura: 


d dis 
0 pvVv(ua — Z) 


f 
t 


“ 


2. EQUATION DIFFERENTIELLE 
DE L’IMPULSION 
2.1. Premiére approximation 
Pour résoudre |’équation (12) nous utiliserons 
le processus ditération suivant, ou [indice i 
varie de 0 a l’infini: 


@Z, - CZ 


OZ ; + 
—— =e p(U; — Uo) = 
C 


1 
Ox pug C ys > ( 17) 


us 


en prenant comme fonction de départ: 
%@ 
=" 
Uy = (- 
ep 
premier terme du développement en seéri 
u,(x, Ww). 
T,, est la tension de frottement 
f a 
L r- 7 
f Oy |» 2 \ey¢), 
obtenue en intégrant l’équation a laquelle 
satisfait la premiére approximation Z,(x, w). 
Les conditions aux limites seront: 
lim. Z(x, 4’) = 0: lim. Z(x, %) = 


r—0 uv 


lim. Z; (x, %) = 0 


bp « 


u(x); 
(19) 


La premiére approximation est donc solution 
de |’équation: 


— PPpUg cw - 0 (20) 
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9 9 eZ, 
; (2up7,)' > yp 7 Cu? 0 


eZ, 
(19) 
ox 
avec les conditions aux limites (19). 
Lighthill [2] a résolu cette équation en faisant 
le changement de variable: 


a» 


t | (2upt,,)'? dx 
0 


On obtient Il’équation suivante: 


cZ &Z, 
yi2 ; 
Ct oY” 


Comme la fonction Z(7, %) n'est définie que 
lorsque tf > 0, on utilisera le calcul symbolique. 

Soit <i(p, ¥) image de la fonction Z,(t, #) 
dans la transformation de Carson: 


? ac 


Alp. 4) = p | e-”'Z,(t, b)dt 


l’équation (23) devient, en tenant compte de la 
premiére condition du systéme (19): 


PAA 
avec les conditions aux limites: 


lim. <,(p. ) 


y—0 


C(p): lim. <(p, w) 
{(p) étant l'image de la fonction u(t). 
Faisons le changement de variables: 

Zz = $ p'2 ¥F/45 } 

U,(p, z) = 2-72, (p, ¥) f 


on aura: 


L’équation (24) devient apres avoir divisé par 
pz*® et changé de signe: 
#U, 1 OU, A. 
ino (1 + o32) Us 0 (27) 


oz? 2 @z 


Les conditions aux limites (25) deviennent: 


> 


lim. z?3U,(p, z) = &(p): lim. z?°U,(p, z) = 0 


(28) 
La solution de l’équation (27) avec les con- 
ditions (28) sera donc: 
1/2 
U,(p, 2) I'(1/3)&(p)Koz 3(z). 
- (29) 


K,(z) 5 1,(z)] 


bes I \(z 
2 sin da | Mz) 


étant la fonction de Bessel modifiée de seconde 
espéce. On a donc: 
Ai(p, ) 

22/3 ['(1/3) — eR fia ite ‘ 
31/6, p' 3C( pp)" *Ky3 [4 p'* v4] (30) 
2.2. Tension de frottement a la paroi 

Le développement limite de Z,(7, /) au voi- 
sinage de = O est: 

Z(t. Yb) = u(t) 0 (Y**) (31) 
En prenant les images terme a terme, on obtien- 
dra le développement limité de <{(p. /) au 
voisinage de / = 0: 

26(p)e + O(**) (32) 


: T p(t) 
(Pp) C 


C(p) 


re | DP, us) 
avec 
pL 


Le développement limité de <(p, 2) 
puissances de z”* est 
? 5/3 33 3 p 2/3 &,(p)z4 3 


O(z*) (33) 


Alp, z) = &p) 


Le développement en série de puissances de 
z*/3 de l’expression (30) est: 
2-2 37(1/3)&(p)z?? 


2/2)-2/3+2" _" 

r!'P(/3 +r) 

q r ’ 0 : 

Egalons les termes en z** dans (33) et (34), on 
obtiendra: 


Zp, 2) 


9 


(z/2)?/3+2 


r! (5/3 +r) f 


r/3) 4, Le 
22 331 3r(2 3)? C(p) (55) 


E,(p) 
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Prenons l’original de cette relation: 


y 1/8 nar HPL (/3)uz(t) 
| (¢ — 0) r (dt = —raaais (36) 
0 = ” 

On voit enfin que 7,,(x) doit étre solution de 
l’équation intégrale: 
” , 


3 
[7 py(x') 2dx’ 


Btn) ‘dz) 
v0 vit 
(up)? 81(1/3)u2(x) 
ar lat 2.313 


(37) 


Cette équation peut étre résolue facilement 
pour certaines fonctions u,(x), par exemple si 
u(x) est une puissance de x. 

On peut résoudre plus aisément le probleme 
inverse, c'est a-dire déterminer l’expression de 
u(x), connaissant 7,;(x). 


3. EQUATION DIFFERENTIELLE 
DE L’ENERGIE 
3.1. Premiére approximation 
Pour résoudre |’équation (14) nous utiliserons 
un processus d’itération analogue a celui du 
paragraphe 2.1: 
OT;., pp ¢ 
ex Pr ou 
Mp C 
. , 
Pr cy | 
Hp ? CU : CZ, +1 
2C, éf ey 
_ Bp OUg —u;) CZ, 
al Cw ran J 
Les conditions aux limites seront: 
lim. T(x, 4) = 0: 


x > 


lim. T(x, &) = 6,(x) — 6,(x): 


lim. T(x, ¥) = 0 


b—> w 


(39) 


La premiére approximation sera donc solution 
de l’équation: 


oT, pp ©€ 


Lp CUy oZ 
ox Pr cy 


"~“i a a 


(45 


ou 
eT, (2upr,,) af C 


oT, 
- 1/2 
Ox Pr cu (v 


Ob = 
Qupte)"? 


"ee ae 


yan? 
oy 
avec les conditions aux limites (39). 

Lighthill [2] a résolu l’équation sans second 
membre, nous allons traiter maintenant le cas 
général pour lequel I’échauffement da au 
frottement n’est plus négligeable. 

Faisons le changement de variable (22), on 
aura: 


2p 


Y-2 OZ 
Ct r au | cw 


1 
-= a 
Soit 7,(p. %) Vimage de la fonction 7,(t, ¥), 
l’équation (42) devient en tenant compte de la 
premiére condition du systéme (39): 


avec les conditions aux limites suivantes: 


&(p); lim. T,(p, 4) = 0 (44) 


p> ao 


lim. 7,(p, J) = 


y—0 


5(p) étant image de la fonction @,(t) — 6@,(t). 
Faisons le changement de variables: 


4 Pry/2 3/4 q 
* (pPr)y? ys } (45) 


$ = Pr**z = 
Vi(p, s) = s-** Ty(p, #) 


On aura: 


ye — (3) (pPr) 352/3 


e _ _ P. eT is 
ig (3) @Prpesta 


L’équation (44) devient aprés avoir divisé par 
ps’ et changé de signe: 


CV, 1 eV, P 1 
es ‘ s as (1 + 9,2) 41 = Alp, s) (46) 
avec 


Pr ra 
HQ, 8) = 3-5 = [e** Ue, 2)] 


3C, 
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Remplagons U,(p, z) par son expression (29) Cette derniére intégrale est de la forme: 
et utilisons les relations de récurrence des 
fonctions de Bessel modifiées de seconde espéce : Ka, B) | s'Ky(as)Ku(Bs)ds 


213 . Pr’® &(p) — . 
312 T(1/3) Te 2C, Ky ,a(sPr-™") qui existe lorsque wp + v < A + 1; elle s’exprime 
(47) a l’aide d’une fonction hypergéomeétrique: 


Les conditions aux limites auxquelles devra G(A, 2, v) 
obéir V,(p, s) seront: K(a, 8) qita— 


H,(p, S) 


lim. s?°V,(p, s) = &(p); lim. s'3V,(p,s) =0 (48) 1+A4 

s—>U [i> ~ ? 
Nous utiliserons la méthode de variation des 

constantes pour intégrer |’équation (46). L’in- 

tégrale générale est donc de la forme: G(A, p, v) = 24? x 

< eae +A—yp v)/2] > 
< Pf(l + A+ v—p)/2] > 

— < Pl +A+ p+ v)/2] > 


sii ) : Adie AMR ad 
Br(p. 5) = by(p) | sH,(p, s)I,,3(s)ds P(d+A+e— 2rd 
= 0 , (50) 


a fs 
By(p,s) = by(p) + 31 | SH,(p, s)I; (s)ds 
0 J Si nous posons a 


avec 


Vi(p, s) = Br(p, s)l_y 3(s) + By(p, 8), (8) (49) 


Dans notre cas A 


La premiére condition du systéme (48) nous 


impose: |, sto. 5)K, 3(s)ds 
by(p) = 2-*8IT(2/3)8(p) Gp * 


lib’. ts = 2S = 

Pour pouvoir satisfaire 4 la deuxiéme con- a, 
dition du systéme (48), il faut, d’aprés les dével- FQ 
S 2f 13> 


oppements asymptotiques de /_,,(s) et de 
1, a(s), que: Si nous posons a 
lim. By(p, s) + lim. By(p, s) = 0 x : 
Ss eine | SH,(p, 8)K,,9(s)ds 
donc ' 
b}(p) = — 2-*8F(2/3)8(p) - 


— | sH(p, S)K,,,(s)ds (52) XK oF; (3, Ss; #: 


((p 
2-131(2/3)Pr’3 ar 


Nous aurons enfin: 


x 


(P)] « 
(ale, s)K, 3(s)ds — b*(p) waa 2-4 3(I°2/3) Ea r(Pr) ; P (58) 


x. 
2371/3) {(p) ” 


ee anil aC’ (53) ou r(Pr) est une fonction du nombre de Prandtl 
Pp | 


qui est donnée par: 


Fi |i KalsPr Rhye | r(Pr) = Pr?,F(}, 3:4:1—Pr) (59) 
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la série étant convergente lorsque 0 < Pr < 2; 


ou par: 
Pr 


Pr *) (60) 


r(Pr) Pr'/* .F, 


la série étant convergente lorsque $ < Pr < &. 


La solution de l’équation (44) avec les con- 
ditions (45) sera donc: 

T(p. &) <2-137(2/3)8(p) + 
41 


“_ I(1/3)Pr'8 = 


+ 
4 


K, ,(oPr-“*) I, 3(a)do > s**1_, 3(s) — 


P > (61) 
: C(p) 
2-1 37(2/3)| &(p) — r(Pr) » 5C.|7 


4313 


2 op) 
_ I(1/3)Pr'’s | ol > 
3 oa 


K, ,oPr-)1_, (a)do 


U3], 4(s) 


= 4(pPr) 23 q 


Densité de flux de chaleur a la paroi et 
facteur thermique pariétal de frottement 
Le développement limité de 7,(t, %) au 
voisinage de / = Oest: 
Ti(t, ) 


O,(t) — 6,(t) 


- 2 1/2 
1/2 1 9 
a ®,,(t) — op OC) (62) 


®., A(c#,/ey), étant la densité de flux de 
chaleur a la paroi dans le cas de la premieére 
approximation. 

Le développement limite de 
voisinage de %& = O sera donc: 


T,(p, J) au 


21/2Pr 


Tp, &) C xi(p)v2? + Of) (63) 


d(p) 


Dp 
avec 
P,,(t) 


H(p) C > 
XP)  Tuptalt)P? 


Le développement limité de 7,(p, s) en puis- 
sances de s** sera: 


) 1 3y,(p)s? oe O(s4 3) (64) 

Le coefficient de s** dans le développement 
en série de puissances de s** de l’expression (61) 
de 7,(p, s) est: 


b(p) 


lim. s~?3[7,(p, s) 2137(4/3) 


j—U 


- &(p)] = 


Egalons-le au coefficient correspondant du 
développement (64) en remplagant b>(p) par son 
expression (58): 

31 391 67 (2 3) 


Cc Pr-*" 


xi(P) D T(1/3) 


: C(p) 
d(p) — r(Pr) = (65) 
oe 
Lorsque la paroi est thermiquement isolee, 
®,, = 0 et donc x,(p) = 0. D’aprés (65) il faut 
que: 
C(p) 


(Pr) 56 


d(p) 
En prenant loriginal de cette relation, on 
trouve que la température 4, de la paroi est: 


9 


uz 
O, G, T r(Pr) 


IC, (66) 


On voit donc que le facteur thermique parietal 
de frottement r [2C,,(6, 9,)]/u2 est égal 
a la fonction r(Pr) introduite dans le paragraphe 
3.1, dont nous redonnerons les expressions: 

(67) 


r Pr?*,F (4, 454%; 1 — Pr) 


lorsque 0 < Pr < 2, et 


Pr'3,F,( ke, (68) 
24 1] 3° 3° 3» Pr 
lorsque } < Pr< @. 

On remarquera que dans le cadre de la 
premiére approximation étudiée ici, le facteur 
thermique pariétal de frottement est indépendant 
du gradient de pression. 
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Dans le cas de la plaque plane, Pohlhausen 
[3] a obtenu l’expression suivante du facteur 
thermique pariétal de frottement: 


int pr| ron" ar dn (69) 
0 0 


la fonction f(y) étant solution de l’équation de 
Blasius: 


f" + 7" =0 (70) 


avec wu = efi) (2vu,x) et 7 yy (yu, 2vx). 

Nous avons porté sur le Tableau | les valeurs 
de r obtenues a |’aide des formules (67) et (68) 
pour différentes valeurs de Pr ainsi que les 
valeurs exactes données par Il’expression (69). 

On voit que les valeurs données par la formule 
(67) sont extrémement voisines des résultats 
exacts. 

Lorsque Pr = 1, les dérivées premiére, seconde 
et troisi¢éme de l’expression (67) sont égales 
respectivement a }, —? et 2. L’expression empi- 
rique Pr'? utilisée généralement a ses trois 
premieres dérivées égales respectivement a 3}, 
—} et 2%, ce qui explique qu’elle soit voisine 
des valeurs exactes lorsque Pr n’est pas trop 
different de 1. 

Lorsque Pr tend vers 0, l’expression (67) est 
équivalente a: 


(1/3) 


Iara/3 1,7666 Pr? * 


Pr® (71) 


Lorsque Pr tend vers l’infini, expression (68) 
est équivalente a: 


T'(1/3) 


Pr** = 1,7666 Pr’* (72) 


27/3 


Sur la Fig. 1, nous avons porté log r en fonction 
de log Pr. 


Fic. 1. 
Pohlhausen 


Si l’on prend l’original de la relation (65) en 
tenant compte de (66), on aura: 


31/391/6 


Pnlt)=Cp TU 3 


(up)! 2Pr-23[r,,(t)}¥2 > 
+(73) 


t 

(t— 1')-“4d [6,(t') — 6,(0')] 

J0 J 
La densité de flux de chaleur a la paroi est 

donnée par une intégrale de Stieltjes: 

1/3 


*T(1/3) 


> 


®,,(x)  #s (up)! ii 3[7y1(x)} ma 


Lt r 1/3 r (74) 
: | (| [7,,(z)}' 2dz | d[0,(x’) — 0,(x')] 
0 z’ J 


La densité moyenne de flux de chaleur prise 
de 0 a x est par définition: 


i 
®,,,(X) | ®,,(x)dx 
a3, 


) 
d’ot 
rt @(t) 
x(t)®,,,(t) : sé 
, Kerseoy, 5 


Tableau 1 


Pr 0,6 0,7 


0,9 1,0 , 15 





0,770 0,835 





Pohlhausen 


0,950 1,000 1,050 2,515 2,965 3,535 





0,771 0,835 





Premiere approximation 0,894 


0,948 1,000 1,049 2,478 2,888 3,424 





0,775 





ali 0,837 0,894 


0,949 1,000 1,049 2,646 3,162 3,873 
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On a donc: 


343Pr23 | 
° 28 37(1/3) x(t) 
t 
(t — 1’)? 9d[0,(t') 
0 


®,,,,(t) Cc 


A(t')] (76) 
La densité moyenne de flux de chaleur est 

donnée aussi par une intégrale de Stieltjes: 

3 (4p)! 3 Pr-2/3 } 


Pm) = Cs ray) x 


fe /fa 23 > (77) 
' | (| [r,(z)}22dz)  d[6,(x') — 0x’) 
v0 ad 


| 
7 


3.3. Température effective locale et coefficient de 
convection local 

Lorsque ia température 6, est uniforme et 
lorsque la distribution de vitesse u,(x) est 
quelconque, la formule (74) nous montre qu’il 
n’y a aucune raison pour que @,, s’annule en 
un point ot la température de frottement 6, est 
égale a 4,, puisque la fonction ®,,(x) dépend de 
Phistoire de la couche limite. En effet, la formule 
(73) devient: 

31/3916 


Pall) “OT (1/3) 


(up)2Pr-23[ +, ,(t)]}’2 x 
4 (6, — 0,)t-¥* + (1 — r) 


‘ 
x | (t — r)-*8d[ur(t')] > 

0 J 

Pour pouvoir définir un coefficient de con- 
vection local, nous allons introduire une tem- 
pérature effective locale Oerr(x) telle que ®,, 
s’annule en un point d’abscisse x, lorsqu’on 
fait varier #,. On aura donc: 


os oe 
Gerr(t) = 8, + 2C, t | (t — t’)-3d[ux(t')] 


0 


(79) 
d’ou: 
1/3 


r— If? ) 
Gert(x) = 8, + _ | [rnd | x 
p LJo 
> (80) 


«| (EP teatereae) © atte 


On définira un facteur thermique pariétal 
local de convection: 


(81) 


On remarquera que lorsque Pr l, on a 
toujours Fer = 4, et r, = 1 et que, lorsque u, 
est uniforme, on a Ore = 6, et r, = r. Le coeffi- 
cient de convection local sera par définition: 


(82) 


3.4. Température effective moyenne et coefficient 
moyen de convection 
On peut également définir une température 
effective moyenne 67(x) telle que ®,,,(x) 
s'annule lorsqu’on fait varier @,. On aura 
d’apres (76): 


r é 
beni(t) = 6, + - “ | (t — t’)? 3d[u2(t’)] (83) 


0 
ne, zr —23 
2C | [t,.(z)}* “s| 
a + (84) 


2 (fe 2/3 
; | (| ([t(z)} 2dz) d{u2(x’)] | 


0 


d’ou 


Peti(x) = 8, + 


On deéfinira de méme un facteur thermique 
pariétal moyen de convection: 


2 C (ett — 6.) 


r, = 2C, 7 (85) 


Le coefficient de convection moyen sera donc: 


(86) 


3.5. Comparaison avec la méthode de Lighthill 

Lighthill dans son mémoire déja cité [2] a 
supposé que dans I’équation de I’énergie (6) 
le terme u(d@,/dx) di au gradient de pression et 
le terme A(€?6/éy)/ pC, di au frottement étaient 
négligeables et ne s'est donc intéressé qu’a 
l’équation: 
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avec les conditions aux limites: 

lim. &x, /) = 0; lim. O(x, 4%) = 6,(x); 

:—>0 b—>0 

lim. x, %) = 4, 

Pour résoudre cette équation, cet auteur a 
remplace u par le premier terme du développe- 
ment en puissances de y!/? de la solution exacte 
u(x, w&) de l’équation (10). 

I] obtient alors une expression de ®, analogue 
a la relation (74), mais dans laquelle @, — 4, est 
remplacée par 6,, — 0,, et r,, par la valeur exacte 
7, de la tension de frottement a la paroi. 

L*hypothése de Lighthill revient a supposer 
que l’épaisseur 4 (Fig. 2) de la couche limite 
thermique est beaucoup plus faible que |’épais- 
seur 6 de la couche limite dynamique; elle ne se 
justifie donc que pour des nombres de Prandtl 
éleves. 
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4. CAS PARTICULIER DES DIEDRES A 
TEMPERATURE UNIFORME 
4.1. Coefficient de frottement local 
La vitesse extérieure u, a la couche limite sur 


un diédre d’angle Sz attaqué dans le plan 
bissecteur (Fig. 2) est de la forme 


wix) = cx™ 


ou c est une constante et m B/(2 
L’équation intégrale (37) nous donne: 


T p(X) = 


: 3M 4(y p)¥2 


3 
c 77/4 


(m + 1)? [O(m)}? 4x") 2 (87) 


> T1/3)P {Alm 4 


3)/(3m 4 
m) = 7/3) T49m 4 


1)/(3m + 


3)} 


3) } _ 


Le coefficient de frottement local C, 
s’exprimera sous la forme: 


2TH pu; 


314(m + 
934 


] ) 2 
C,Ri? = [O(m)P* — (89) 
ou R, = u,x/v est le nombre de Reynolds. 

On a porté sur le Tableau 2 les valeurs de 
C,R\? données par I’expression (89) pour 
différentes valeurs de m, ainsi que les valeurs 
exactes calculées par Hartree [4]: 

C,Ri? = f"(0)v {2(m + 1)} (90) 
f() étant solution de l’équation: 
f° +f" + Pi -—f% =0 (91) 


avec 


2v ot +1 e 
iy of, Mirai) ® ’ “ JG a 


Le cas de la plaque plane correspond a 
m = 0, on a alors: 
3 sr /3)} qd 


23 273 4 


CRU? = - 0,62340 (92) 


Tableau 2 


—1/9 —0,0904 —0,0654 





—0,25 —0,1898 —0,14 





Premiére 


approximation 0,201 0,341 


0,623 0,946 2,200 m!/? 





Valuers exactes 0 0,328 


0,664 1,023 2,386 m'/? 
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La valeur exacte calculée par Howarth [5] 
est 0.66412; on a donc une erreur par défaut 
de 6,1°, lorsqu’on s’arréte 4 la premiére ap- 
proximation. Nous avons porte sur la Fig. 3 la 
variation de C;R!? en fonction de 8 = 2m/(m + 1). 

La différence entre les valeurs approchées 
données par (89) et les valeurs exactes augmente 
lorsque le gradient de pression croit. La valeur 
de m pour laquelle on aurait constamment 
To 0 est plus faible que la valeur exacte 

0,0904. 


A 





Fic. 3. 
—Ow— Hartree 
—- — Premiere approximation 


4.2. Coefficient de convection local 
La température effective locale est donnée par 
la formule (80) qui devient: 


r—1| 
Gete(x) = 0, + = Rim)u2 (93) 
2C, . 
ou: 
I'((11m + 3)/(3m + 3) 
R(m) = I(2/3) ! 
I'((0m + 2)/(3m + 3)] 
La courbe représentative de la fonction R(m) 
a été portée sur la Fig. 4. Le facteur thermique 
parietal de convection local est constant et 
égal a: 


(94) 


r=1+(r 1)R(m) (95) 


On a porte sur la Fig. 5 les courbes donnant la 
variation de r, en fonction de m pour différentes 
valeurs de Pr. On voit que la premiére approxi- 
mation donne des valeurs de r, trés voisines des 
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valeurs exactes données sur la Fig. 2 de l'article 
de Brun [6]. 

Le coefficient de convection local est donne 
par (74) et (82): 


a = C,(up)!?Pr-23 » 


— 384m + 1)'?[Q(m)}4 


. 21/2,-(m—1) 2 
25 4T(1/3) cay (96) 


Le nombre de Nusselt local NV, = ax/A sera 
donné par la formule: 

33/4(m + 1))/2 
2°/4T(1/3) 
Par contre la méthode de Lighthill nous 

donne: 


N,. Ro??? = Prv3 [Q(m)}'* (97) 


32/8(m + 1)12 


Nz. RN? = Pr'® —sserg 3) OF? 08) 








CONVECTION DE LA 


CHALEUR EN REGIME LAMINAIRE 


Tableau 3 


m - —0, 0,0654 


1/9 3 xs 








B 25 | —0, 0,14 


0 0,20 5 ; 2 





Valeurs exactes 0,284 


0,332 


0,378 0,440 0, 370 


0,939 0,429 mm! 2 








Premiere 


approximation 0,265 


0,332 


0,395 0,478 0,643 1,091 0,505 m'/* 








Lighthill 


ou N, est égal a ®,x/A(4, #,) puisque l’on 
ne tient compte ni de l’échauffement dai au 
gradient de pression ni de celui di au frottement. 

Avec les mémes hypothéses, Eckert [7] a 
obtenu la relation: 


_R> 1/2 


Wee - ') ||. exp | Pr” f'n’ an] — 


Nous avons porté sur le Tableau 3 les valeurs 
de N,,. R-'? lorsque Pr = | obtenues a l’aide des 
formules (97) et (98) et les valeurs exactes 
données par (99). 

Lorsque m = 0, la formule (97) devient: 


Pe te 
3785 


Hs — 
Pr 2h 4 T(1/3))>4 


0,33165 Pr?®, 


tandis que la formule (98) devient: 
N,. R34 = 
ag 27 10,664127* | ac 
Pr 213) 0,33872 Pr 

Lorsque Pr = 1, Pohlhausen [3] a montré 
que pour la plaque plane N,,. R-?? était égal a 
C,R*?/2 soit 0.33206. La formule (97) conduit a 
une erreur par défaut de 0,1°, tandis que la 
formule (98) conduit 4 une erreur par excés 
de 2%. 

Dans le cas général de m + 0, la formule (97) 
différe d’autant plus des résultats exacts que m 
est plus grand, mais donne toujours des valeurs 
plus voisines que la formule de Lighthill. 

Nous avons porté sur la Fig. 6 la variation de 
N,,. Rz? en fonction de 8 lorsque Pr = 1. 


0,339 


0,405 0,491 0,661 1,121 0,519 m'/? 


D’autre part, comme on I’a vu au paragraphe 
3.2, le facteur thermique pariétal de frottement 
est indépendant de m dans le cadre de la pre- 
miére approximation, tandis que Eckert et 
Drewitz [8] ont trouvé en intégrant directement 
l’équation de l’énergie (6) que r variait avec m 
mais faiblement. 


a 


Fic. 6. Pr 1. 
Eckert 


— — Premiére approximation 


4.3. Coefficient de convection moyen 
La température effective moyenne est donnée 

par la formule (84) qui devient: 

l D 9 
Rim)uz 


Gen(x) = 9, (100) 


/ 
-_ 
2C, 


ou: 


a I'{(11m + 3)/(3m + 3)} 
R(m) 


5/3 
I\5/3) I’'§(13m +- 5)/(3m + 3)} 


m-—+ | 
R(m) 


5m + | (101) 





80 B. LE FUR 


La courbe représentative de la fonction R(m) 
a été portée sur la Fig. 4. 

Le facteur thermique pariétal de convection 
moyen est constant et égal a: 


F, =1+(r— 1)R(m) (102) 


¢ 


On a porte sur la Fig. 7 les courbes donnant la 
variation de 7, en fonction de m pour différentes 
valeurs de Pr. 














La température moyenne de frottement est 
par definition: 

1 f? — i Oe. 103 
a oi 2C, 2m-+ 1 —s 

On voit sur la Fig. 4 que la fonction 1/(2m + 1) 
est voisine de la fonction R(m), surtout lorsque 
m est faible. 

On veérifie donc dans le cas des diédres que 
l'on ne fait pas une grande erreur en supposant 
que la température effective moyenne est égale 
a la température moyenne de frottement, comme 
Brun I’a fait remarquer. 

Le coefficient de convection moyen rapporté a 


la température effective moyenne est obtenu 
grace a (77) et a (86): 
an, = CJup)“Pr** » 


OMT eatym—1)2 (104) 


~ 2247(1/3)(m + 1)? 


On trouve donc que le nombre de Nusselt 
moyen N,,,, = @,x/A sera donné par la formule: 


N,.Rz'2 (105) 


+ ] 
N,,. R=}? étant obtenu par la formule (97). 


5. CONCLUSION 


La premiere approximation donne dans le cas 
de la plaque plane des expressions du coefficient 
de convection et du facteur thermique pariétal 
tres voisines des résultats exacts. 

Par contre, le cas ou le gradient de pression 
n’est plus nul nécessiterait de poursuivre l’itéra- 
tion plus loin 4 moins que l’on ne s’intéresse 
qu’a un ordre de grandeur. 

La méthode de calcul exposée ici permet donc 
d’obtenir, dans le cas général la valeur de la 
densité de flux de chaleur avec une erreur de 
ordre de 15°, dans le cas le plus défavorable. 

Je remercie M. le Professeur E. Brun pour 
les conseils qu’il m’a donnés au cours de cette 
étude que j’ai effectuée sous sa direction. 


BIBLIOGRAPHIE 
. R. VON Mises, Z. angew. Math. Mech. 7, 425 (1927). 
. M. J. LIGHTHILL, Proc. Roy. Soc. A 202, 359 (1950). 
. E. POHLHAUSEN, Z. angew. Math. Mech. 1, 115 (1921). 
. D. R. Hartree, Proc. Camb. Phil. Soc. 33, 223 (1937). 
. L. Howarth, Proc. Roy. Soc. A 164, 547 (1938). 
. E. A. Brun, Selected Combustion Problems Vol. HU, 
p. 185. AGARD. Pergamon Press, London (1956). 
. E. Eckert, Forschungsh. Ver. dtsch. Ing. 416 (1942). 
. E. Eckert et O. Drewitz, Luftfahrtforsch. 19, 189, 
(1942). 





Int. J. Heat Mass Transfer. Vol. 1, pp. 81-91 Pergamon Press 1960, Printed in Great Britain. 


ONE-DIMENSIONAL ENERGY TRANSFER IN 
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Abstract —The equations of one-dimensional radiative energy transfer are extended from their classical 
astrophysics form to include walls of arbitrary radiative properties. The concepts of emissivity 
and penetration length are examined. As an application, the case of the steady infinite flat layer is 
considered, with conduction and radiation present. The wall conditions are so chosen as to give a good 
model of a low-speed high-temperature boundary-layer. It is found that the effect of the “long-range” 
process of radiation is to smooth out the temperature profiles and relieve the sharp temperature 
gradients at the cool wall. As a result, the application of the exact method vields a lower value of both 
components of the total heat flux (radiation plus convection) than calculated previously by assuming 
a temperature profile on the basis of conduction only. Such coupling of convective and radiative fluxes 
is governed by the magnitude of a non-dimensional parameter, depending on the physical properties 
and the flow geometry of the problem. 


Résumé—Les équations de la transmission unidimensionnelle d’énergie par rayonnement ont été éten- 
dues, a partir de leur forme classique en astrophysique, de fagon a traiter le cas de parois a proprieteés de 
rayonnement quelconques. Les notions d’émissivité et de longueur de penetration sont examinées. Le 
cas d’une couche infinie, plane et permanente, en présence de conduction et de rayonnement, est traité a 
titre d’application. Les conditions de paroi sont choisies de fagon a donner un bon modele de couche 
limite a basse vitesse et a haute température. On trouve que leffet a grande distance du processus de 
rayonnement est d’'adoucir les profils de température et de mettre en relief les importants radients de 
température a la paroi froide. Il en résulte que l’application de la méthode exacte fournit pour les 
deux composantes du flux de chaleur total (rayonnement — convection) une valeur plus basse que celle 
calculée précédemment en supposant le profil de température dt a la seule conduction. Une telle com- 
binaison des flux de convection et de rayonnement est déterminée par la grandeur d’un parametre sans 
dimensions dépendant des propriétés physiques et de la géomeétrie de écoulement du probleme 


Zusammenfassung— Die Gleichungen fir die eindimensionale Energietibertragung durch Strahlung wird 
von ihrer klassischen Form der Astrophysik erweitert, um auch Wande mit beliebigen Strahlungseigen- 
schaften einzuschlie2en. Die Begriffe der Emission und der Durchdringungslange werden untersucht 
Zur Anwendung wird eine unendliche flache Schicht im Beharrungszustand betrachtet, in der Leitung 
und Strahlung stattfindet. Die Wandbedingungen werden so gewahlt, dass ein brauchbares Modell fiir 
eine Hochtemperaturgrenzschicht bei kleinen Geschwindigkeiten entsteht. Es zeigt sich, dass die 
Wirkung der Strahlung die Temperaturprofile ausgleicht und den steilen Temperaturgradienten an der 
kalten Wand abflacht. Die Anwendung der exakten Methode ergibt geringere Werte fur beide Kompon- 
enten des gesamten Warmestroms (Strahlung und Konvection), als sie sich bei der Annahme eines 
Temperaturprofiles fir reine Leitung bisher ergeben hat. Das Zusammenwirken der WarmestrOme 
durch Konvektion und Strahlung wird durch eine dimensionslose Kenngrosse bestimmt, die von den 
Stofwerten und der geometrischen Anordnung abhangt. 


Abstract— haraccimectite VpaBHeHiA = OHOMepPHOrO ivVuneToro = repeHoca HEPC 
HCHOIb3SVeMble B acTpopIsike pacnpocTpanAwTcA Ha Caydail ayuneToro Telmao06OMeHa B 
OPpPaHH4eHHOM MpocTpaneTBe C MpPOMSBOSIbHBIMIL pastalulOHHbIM iL XapakTepHCcTIKAMIL CTEHOK 
PaceMaTpHBaloTCH NOHATIIA CTCHeHIT VepHOTh! Tea WH PAV OME TI pOHIRHOBeHITA B kavecrse 
ipuMepa paccMaTpiBaeTcH Cayvdail CTalMOonHapHoro HeOrpaHit4eHHOrO MaACCKOrO CAO Tpit 
HAIN TeENAOCNpOBOLHOCTIE He ayuneroro Tenao0OMeHa. Ncao0Bis Ha CTeHKAX BbIOpaHbl 
TaKHM OOPasoM, YPOGkE MOAVYNTh XOPOWIVIO MOMeTb HASKOCKOPOCTHOPO BbICOKOTeMTepa 
TYpHoro) norpaHM4Hore cao. NMeranoBaeno, 4TO  BOITAHHe acIbHOLeHCTBY POULErO 


+ The work described in this paper was supported by the United States Army Rocket and Guided Missile 
Agency, under contracts Nos. DA—11—922—-ORD-2642 and DA~—11—022—ORD-8130 


F 81 





R. and M. GOULARD 


Mpotlecca W31VYGeHHA BakuOVaeTCH B CriaKUBAHIL TeMMepatypHbIX Mpoditreit Wm VYMeHb- 
ICH ,,OCTPOTBL’* TeMMepaTVPHBIX PpawenTOB Ha XOTOAHOIT CTeHRe. IIpimenenite TOu- 
HOrO MeTOa aéT Oomdee HUBKVIO BeAHYMHY O6eHX COCTABAAIOUUIX MOTHOrO TOTOKa Tella 
AVYNCTOM IW KOHBERTHBHOI) HeAReA STO BbIVNICAIATOCh perme, Kora mpeodaraoc, 
YTO TeMMepaTYpHbU MpoPiab OnpeleiAeTCH TOAbKO TeIIOMpOBOHOCTbIO. ela annoili 
salad COVeTAHHe KOHBERTHBHOPO Ho JIVALCTOPO NMOTOKOB peryvallpvetTcH BecTH4HOW Sespas- 
MepHoro TapaMeTpa, 3aBUCAMero OT PIBIVeCKHX CBOTICTB MH reOMeTpIIT MOTORKA., 


NOTATION ' lower wall: 
equation (34): upper wall. 
Planck’s function (equations (6) and Superscript 
(7); am : .. floating boundary. 
variable coefficient (equation (11) ); 
INTRODUCTION 


velocity of light: 

radiative energy: ENERGY transfer by radiation has been for a 
equation (19): long time a familiar problem to the physicists 
Planck’s constant: concerned with high-temperature gases. Its 
conduction heat transfer coefficient; important role in specialized subjects of applied 
specific intensity (equation (1) ): physics, such as blast waves, plasma physics and 
emission coefficient: astrophysics has been the object of many 
plane layer thickness: studies and these different domains have 
direction of incident radiation: attained a high degree of organization [1, 2, 11, 
penetration length: 15]. 

equation (37): Technological progress has, meanwhile, 
unit vector normal to surface do steadily increased the demand for engineering 
(Fig. 1): designs capable of withstanding higher and 
radiative energy flux: higher temperatures. The associated problems 
reflectivity : of radiative energy transfer are becoming. 
elementary length along L: therefore, increasingly important in the field of 
integration variable (also: time. in combustion [4, 5] and propulsion. They are also 
equation (1) ); to be considered, now, in very high speed aero- 
absolute temperature: dynamics [16] and new reactor concepts. 
transparency: A major difference between the two classes of 
flight velocity: problems just described is due to the existence of 
vertical co-ordinate (Fig. 2): solid boundaries in most engineering systems 
absorptivity : using radiative media. In this paper, the mathe- 
matical expressions of radiant energy transfer 
developed in astrophysics will be extended to 
include wall effects in simple one-dimensional 
geometries. A typical application will be made to 
a steady infinite flat layer, with wall conditions so 
chosen as to give a good model of a low-speed 


emissivity: 
spherical co-ordinate of L (Fig. 
absorption coefficient: 
equation (9): 
frequency: 
Stefan’s constant: 
surface element (Fig. 1): high-temperature boundary layer. 
density; . A. ONE-DIMENSIONAL RADIATION FLUX 
optical thickness (equation (8) ): meee ihe 
: Specific intensity I, and flux q, 
b. spherical co-ordinate of L (Fig. 1): . : —— re 
; The fundamentals of the theory of radiation 
dw, solid angle (Fig. 1). rates Sie " "i 
. ' transfer in gases can be found in standard text- 
Subscripts books of astrophysics [l, 2]. Two important 
g, gas: quantities to be used extensively in this paper will 
W’, wall: be redefined here. The notation adopted is that 
frequency: of Kourganoff [3]. 


c 
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Let dE, be the amount of radiative energy in 
the frequency interval »,v + dv transmitted 
through an elementary surface do at a point P 
during a time interval d¢ within a solid angle 
dw (see Fig. 1). The normal n to the surface and 


—_ 


$ “Trace of L 
on do plane 





Fic. 1. Radiation intensity symbols. 


the direction L of the solid angle form an angle 
6. J,. the specific intensity in the direction L is 
defined as: 

dE, 


lim. (1) 
cos 4 do dw dv dt | ac. aa. av. at 


Accordingly, /, depends on the location of P 
and on the direction L. Because of the intro- 
duction of cos 4 in equation (1), the specific inten- 


sity /, is usually independent of the angle @ 
between the direction L and the normal n to the 
elementary surface. It should be pointed out that 
this definition is not the one most frequently 
used in engineering ([17], equation 13-6), where 
cos 4 does not appear in the definition of the 
intensity. As a result, “engineering” radiation 
intensities vary with @ (e.g. Lambert's law). In 
this paper, the “‘astrophysics” definition of the 
intensity will be used (equation (1) ). 
The flux g, of radiative energy 
surface do, in the frequency interval dv, is 
obtained simply by summing up the quantity 


across the 


dE 
do dt dw 


I, cos 6 dw 


for all the directions L (dw = sin 6 dé dé). It is 
convenient to split the net flux qg, into the con- 


tribution g, coming from the side of the normal 


ENERGY TRANSFER 
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unit vector n and the contribution g, from the 
opposite side: 


I, (8,4) cos @sin@déddé (2) 


I, (9, 4) cos 4 sin 6 dd dd (3) 


Equation of radiative energy transfer 

The intensity, on a length ds, along the direc- 
tion L, is attenuated by absorption and scatter- 
ing away from the direction L, while it is rein- 
forced by the energy emitted by the particles 
along L and the scattering of photons from other 
directions into the direction L. 

The intensity /, is therefore determined by 
the equation: 


dl, 


K pl ; j (4) 
ds 


where «, and /, are, respectively, the absorption 
and emission coefficients [3]. It is further shown 
in [2, 3], that, provided the gradients of tem- 
perature are not too considerable and _ the 
densities not too small, “local thermodynamic 
equilibrium” can be assumed and equation (4) 
can be written: 


1 dl 


pr ds 


B 


where B, is Planck’s function [2]: 
9/ 
B, (T) = — 
c? exp (Av/kT) 


with 


Specific intensity in one-dimensional problems 

A glance at equations (2) and (5) shows that 
all radiation problems but with the 
simplest geometry, will be difficult to solve. 


those 


In this study, only one-dimensional geometries 
will be discussed. 

It is convenient to define at this point the 
optical thickness 7, such that: 


dr pk, dy (8) 
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where y is the privileged direction of the one- 
dimensional problem illustrated on Fig. 2. If 4 
is the angle between the direction L and the 
negative (downward) y-direction, then: 








dy u ds where » = cos 6 (9) 
2 6 
L T 
y + tT 
‘ i ‘ 
WP r 3 5 ? t 
tn 
0 Qo 
4) 
Fic. 2. Multiple reflexions in a plane layer. 


Equation (5) can then be rewritten: 


dl 


iv / B (10) 


The solution /, (7,) of equation (10) is simply 
obtained by the variable coefficient method: 


/, C(7,) exp (7,/1) (11) 
The function C(r,) is. 
equation (11) into equation (10): 


Bt) 


C(+,) = Gr) exp (—t/u) dt (12) 


- {4 


where 7° is an arbitrary value, to be determined 
by the boundary value of the problem. For 
instance, the radiation directed upwards in 
Fig. 2 will be determined by the condition at the 
lower wall: +> — 0. After substitution, equation 
(11) becomes: 


q dt 
/ Bt) exp (7 T,) pe} 
0 be 


I> (O) exp (7,/#) = (13) 


Similarly, the radiation directed downwards 
will be determined by the conditions at the 
upper wall: 


"Tye dt 
] Bit)exp {—( T,)/p} 


(14) 


I~ (7,2) exp {(r 


after substitution of 
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Radiation flux in one-dimensional problems 

Since we confine ourselves to one-dimensional 
problems, equations (2) and (3) can be integrated 
with respect to d. One obtains: 


1 
q, an I, (uw) ped (15) 
v0 
r—] 
q, 2a | I, (ue) pd (16) 
0 
It is then a simple matter to substitute 


equations (13) and (14) into (15) and (16). The 
result is: 








g 27 B, (t) Ey (7, t) dt 

2qg, (0) EF, (7,) = (17) 
qt =20 | B,(t)E,(t—7,) dt 

2q7 (t,2) Es (712 To) (18) 


where the dependence on » appears through the 
functions: 

E,, (t) = | pr-* e-t« du (19) 
These functions are conveniently tabulated by 
Kourganoff [3]. The net flux g, is the difference 
between equations (17) and (18). 

To obtain the total flux, it is necessary to 
integrate the flux expressions for all wavelengths. 
To simplify the discussion, the medium under 
study will be assumed to be gray: by definition, 
the absorption coefficient «, will then be inde- 
pendent of the frequency v and so will be the 
optical thickness 7,. The only wavelength- 
dependent function left in the expressions 
derived above, will be Planck’s function (equa- 
tion (6)). It can therefore be integrated 
separately (equation (7) ), and the subscript 
will be dropped from the rest of the paper. 


B. WALL EFFECTS* 
The second terms, on the right-hand side of 
the expressions (17) and (18) of g~ and g 


ensation of a more 
Author in Report No. 
I Purdue 


* Part B of this paper is a 
detailed study made by the Sen 
A-59-8, School of Aeronaut 
University, Lafayette, India 


ngineering, 
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account for the contribution of the wall to the 
radiative flux. Whenever walls are non-existent, 
as it is the case in star photospheres, this term 
disappears and the expressions (17) and (18) 
take their classical Milne formulation [3]. 

In general, however, the contribution from the 
wall is determined by its absorptivity a,,. its 
emissivity «,., its transparency fr, and its 
reflectivity r,. The relations between 
quantities are: 


these 


(20) 
€y (21) 


in the slab geometry 
made of 


The flux downwards q 
shown on Fig. 2, is at a given station 7, 
several components: 


(1) the flux from the gas slab + 


2a * B(t) Ex(t 


e 


tT) dt 


(2) the flux from the upper wall, attenuated 
27 €, B (7) Es (72 — 7) 
(3) the flux from the gas slab 0 — 75, after 
reflection on the upper wall and attenua- 
tion 


T,) dt >2r, Es (tT. 


2m | "B(t) E,(t 


0 


(4) the flux from the lower wall. after two 
attenuations and one reflection: 


27 €, BO) Es (7. — 0) re 2E3 (72 — 7) 


(5) the flux from the gas slab 0 — 7,, after two 
reflections and two attenuations: 


— 
T< 


<2n “B(t) Ey (t) dt 


ro 2ZEs (Ts) fe 2Es (72 — 7) 
(6) the flux from the upper wall twice reflected 
and three times attenuated 


2m €, B(z2) Es (t2)r'o 2E3 (T2)2 2E3 (72 — 7) 
(7). 


, CC., 


It is to be noted that the contribution from the 
upper wall in (6) is equal to its contribution in 
(2), except for the attentuation factor: 


Aror E3 (72) 
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due to two additional reflections. The contribu- 
tion of the wall along a ray which has been 
reflected 2” times, is similarly attenuated by a 
factor: 


[4r or. ES (7.)]' 


The total contribution of the upper wall is 
therefore equal to: 


27 €, B(72) Es (7. tT)] & {4ror, E2 (72) }’ 


0 


which can be rearranged {4ryr, E3 (7,) | } as: 


ae 
—____ ¢, B(r,) Es(t2 — 7) — (22) 
4ror, EZ (72) ~ ian 


Using the same method to account for the 
other contributions to the flux, the expression of 
the ner flux across station 7 is therefore: 


q ar *B(t) Exit t) dt 


aw 4 


i 


Bt) Er 


t) dt 


2a 
"1 — 4rory E2 (72) 
€, B(O) E4(7) 
€y BOO) E4(72) 2rs Esl 72 T) 
€, B(z.) E3(72) 219 E5(7) 


€, B( 72) Es(72 T) 


2r. Es (72 | *B(t) Eq (1 tT») dt 
J0 


2ro E5( "| 7 B(t) E(t) dt 
0 


.— 


4r ors Es( 72) Es(72 | Bit) E(t) dt 


Aros Eg(7.) Ext) | B(t) Ext 


e 


T)) dt 
(23) 


This lengthy expression is the most general 
form of the flux through a one-dimensional 
non-scattering medium*. Among its many 


+ A completely general form, including non isotropic 
scattering, is under preparation by R. Viskanta, School! 
of Mechanical Engineering, Purdue University. 
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applications to special cases are familiar 
formulas. 


(a) Slab of very large thickness (star photo- 
sphere or blast waves): 


q=2n 








Bit) E(t) dt 


equation (11-4) of [3]. 


(b) Transparent medium between two gray 
parallel plates: 


k~0>7~0,E,(7)~ £E,(0) =4,€=1-r 


l 
o(T$ — T$) 
ore ie, + in = 1 


equation (4-5) of [5]. 


Absorbing medium between two _ black 
body plates at same temperature 7,,,: 


(c 


Pie a Oe ee €5 ] 


q=2 | : Bt) E(t — r) dt 


, Bit) E(t) dt 


—_ 





47 B(7.) E(t. — +) — 40 BO) E,(7) 


Assume also 7<1: then F,~ 1, E,~1/2—1: 
2\ or* pkdy 2 


v* ny 


o(T} — Té) — 20T} px (L — vy) + 20Tapxy 


aoT* pxdy 








At the lower wall, y = 0, 7 = 0, and since 
i,=f, =~ f,, 


oT pxdy — 20T3 pxL 


5 


q, 2 





ed 


and, since 2pxL =e (equation (27) ), 
this is equivalent to: 


qa a(e, ¥: ay T?) 


equation (4-57) of [5]. 
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C. PHYSICAL PROPERTIES 
With these expressions of fluxes and intensi- 
ties available, it is now possible to describe the 
physical properties of the medium, in a form 
more directly applicable to transfer problems. 


Emissivity < of a constant-temperature gas layer* 

A simple application of equation (23) consists 
of the constant-temperature slab, with a trans- 
parent upper wall and either a cool [B(O) = 0}, 
black-body (7, — 0) lower wall, or a transparent 
lower wall. The expression of the radiant flux on 
either face of the slab, is therefore: 


. 


q = 27 | “B(t) E,(t) dt (24) 
0 
and 
q 2o1*| ? E(t) dt = —20T* | * 4 [EA(0)] 
0 J0 
and since E,(0) = 4, [see (3la)| 
gq = oT‘ [1 — 2 E(7,)] (25) 

If, furthermore, the medium is optically thin Vo] 
(i.e. 7<1), E,(7) can be written in good approxi- 1 ’ 
mation (3la): 1960 

Er) = 3 T 
Hence: q oT {1 — 2(4 — 72) } 
27,0T* 


2pxLoT* (72<1) (26) 
where L is the physical thickness of the layer 
corresponding to 75. It is then natural to call the 
quantity 2p«L the emissivity « of the gas layer: 


= 2 pK (27) 


L 
This convenient ratio has been tabulated. for 
instance, in [6] for high-temperature air. The 
coefficient « can be obtained directly from this 
relation. 


+ This derivation of the relationship between « and « 
was suggested by W. Glauz, School of Engineering 
Sciences, Purdue University. It avoids the difficulty met 
in [6], in which the contribution of grazing rays in the 
slab (very large pxs), is used in an “optically thin” 
approximation (small pxs). 
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Penetration length 1 

In the case studied above. equation (25) shows 
that, if there is a transparent or no upper wall 
a black-body radiation flux to the lower wall 
will be achieved only for 7, — x (where FE, > 0). 
The intensity variation along a beam of arbitrary 
angle (arbitrary fixed ,) is, at the lower wall 
(+ = 0) according to equation (14): 


oT (7, 
| ~ exp ( 


— 
77 


0 


oT! | 


I exp (—7.)} (28) 


and, for optically thin layers (7, 1), 
oT! oT 


parr 


(29) 


> 


It can be concluded from these two equations 
that both / and q depend on the absorption 
properties of the medium, only through the 
optical thickness 7. The optical thickness is 
therefore a useful dimensionless concept and is 
refered to often as the Bueger number (Np) in 
the Russian literature [7]. 

A useful index of the absorption properties of 
a substance is also the physical thickness / 
corresponding to an optical thickness unity: 


This “*penetration length” / has been discussed 
in [8]. It is shown in Fig. 3 for high-temperature 
air in terms of temperature and density ratios, 
using the values of « from [6]. 

If the characteristic dimension L of the prob- 
lem under study is much less than /, then 


and the “optically thin” layer approximation of 
equation (29) can be used. We note that in 


equation (29), the contributions of all the 
infinitesimal layers forming a layer of finite 
thickness L, are additive. Physically, this means 
that in optically thin layers, the energy radiated 
in any part of the layer is not absorbed by the 
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other parts. This is a great simplification in 
some transfer problems in re-entry aerodynamics, 
where for most altitudes (p < pg), 
(V < 35,000 ft/sec), and vehicle sizes (L 
L < /as illustrated in Fig. 3. 


velocities 
100 cm): 





Using emissivity values from 





Kivel @ Boiley (6) 











Alt. 120,000 ff 





Alt, 250,000f. * 


Fic. 3. Length of penetration / 1/px in aerodyna- 


mic problems. 


On the contrary, if / < L, intermediate absorp- 
tion takes place and at the limit, / plays the role 
of a mean free path (Rosseland), leading to a 
differential form for the flux expression g. This 
is often a considerable mathematical simplifica- 
tion which is justified in many cases [5, 7, 10]. 
including high temperature (7 > 10,000 K), large 
size (L ~ 104 cm) blast waves in air [11]. 


D. THE PLANE-LAYER PROBLEM 

The determination of the temperature profile 
and energy flux across an infinite plane layer of 
uniform thickness and arbitrary wall tempera- 
ture, is a classical problem of conduction heat 
transfer [4], even when chemical reactions occur 
in the layer or at the walls [14]. The energy 
conservation equation to solve is then in purely 
differential form. 
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The energy conservation equation 

This problem is greatly complicated, however, 
when radiation contributes appreciably to the 
energy transfer. In this case a complex integral 
term, equation (23), is added to the convection 
flux. Unless this new term can be reduced to a 
differential form, as for some cases discussed in 
Section C, no closed solution is available to this 
class of problems. 

In this paper, a numerical solution to the 
Steady-state plane-layer problem is presented. 
The solution can be applied to the fluid-layer 
problem (Couette flow) if the velocity gradients 
are not too large (no energy dissipation term in 
the energy equation). Such a simple model, 
showing a close analogy with the boundary- 
layer problem in high-temperature flow, is 
considered here. The upper wall is transparent 
(emissivity «, = 0, reflectivity r, = 0), and the 
lower wall is an opaque gray surface (emissivity 
€y. reflectivity ry l €,). Equation (23) re- 
duces, in this case, to: 


a 


. | *B(t) Et — 7) dt 


7 


a 


BU) E+ t) dt 27€, B(O) E3(7) 


*B(t) Eg(t) dt (30) 


The physical meaning of the four terms on the 
right-hand side of equation (30) is, respectively: 


(a) the energy radiated past the elementary 
slab 7 by all the elementary slabs located 
above (7 < f < 75): 

(b) the energy radiated past the elementary 
slab 7 by all the elementary slabs located 
below (0 < ft < 7): 

(c) the fraction of energy radiated by the 
lower wall that reaches the layer 7, the 
other fraction being absorbed by the layer 
(0 — 7); 

(d) the fraction of the energy radiated by the 
slab to the lower wall, after partial reflec- 
tion by the lower wall and partial absorp- 
tion of the layer (0 — 7). 


Substitution of this value of g into the energy 
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conservation equation for the one-dimensional 
Steady state: 
oT 
k -~g 


cv 


constant 31) 


yields a non-linear integro-differential equation 
that is satisfied by a temperature distribution 
7(¥) to be determined.* In the general non-gray 
case, this same method would apply with an 
additional integration of the radiative terms for 
all wavelengths. 


The solution of the aerodynamic flow problem 
A further (but not essential to the solution) 
simplification to the aerodynamic problems in 
radiant media is due to the low optical thick- 
nesses 7 involved (i.e. high penetration lengths /, 
as seen on Fig. 3). In this case, Kourganoff 
({3]. p. 255) shows that 
Ext) = 1 — O(t) 


Eft)=%3-1t 


(3la) 
O( 1?) 


where 0(7") means “terms of order n and higher”. 
Substituting into equations (30) and (31), one 
sees that the contribution of the variable part of 
E(t) is a second-order term in ¢, which can be 
neglected. 

The physical meaning of this simplification 
has already been found in the preceding section: 
in an optically thin layer, the energy radiated by 
any elementary thickness of the layer is no/ 
absorbed by the rest of the layer. g can then be 
written: 


* B(t) dt 2n |’ B(t) dt 


e 


a 


27€, BO) (A tT) der, “B(t) dt 


0 


and since ry l €, (Opaque wall), 


. 


I= 
q 2reo| 


e 


* Bit) dt — 7€, B(O) 


4n | Bit) dt + 27e, B(O)r 
Jo 


the distribution 7(r) is established, 7(y) is 


PK dy. 


* Once 
easily obtained through the relation d- 
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a 


2re, BOO) 4m | 


Bit) dt 


0 


constant 


After substitution into equation (31), the 


energy transfer equation is: 


27€, B(O) + 4 | Bt at oy (32) 


cy 0 
where C is a constant. It is left now to determine 
the profile 7(y) which satisfies this question. It 
can be further simplified if the optical parameters 
are used: 


dB ! 4oT* dT (33) 


— 
a 


dr pkdy 


After substitution in (33): 


(34) 


dB 7 
A(B) I a> B(t)dt + 27, B(O)r C 
we 0 


where A = kn(px/4o0T*), hence a function of B 
through T. 

This equation is of a non-linear integro- 
differential type for which no closed solution is 
available. Furthermore, in the case of most 
chemically-active gases such as high-tempera- 
ture air, there is no closed formulation for either 
A. « or p since the latter, at constant pressure, is a 
function of the compressibility Z. Both k and Z 
are tabulated for high-temperature air in [12]. 
For these two reasons, the solution of equation 
(34) is only possible by iteration, like most other 
problems of radiative transfer. 

This iteration is performed without difficulty 
when equation (34) is integrated and the two 
boundary conditions of given temperatures at 
the walls are used. The process will converge for 
physical reasons, if the temperature profile used 
as the first approximation is that due to con- 
duction alone, provided the optical thickness 7, 
has a physical meaning. 

lt is possible to convert the “optical” solution 
Biz) into a “physical” solution 7(y) by using the 
definition (33) of B and r: 
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Note that the correspondence } r is to be 
established only after the temperature profile 
7(7) has been established, because of the 
dependence of « on temperature. This point is of 
special importance since only a certain class 
of optical lengths 7 have a physical correspon- 
dence y in this problem [13]. 


RESULTS AND CONCLUSIONS 

Two numerical cases are presented on Figs. 
4 and 5 for low and high values of 7). respec- 
tively. On each diagram is shown the profile that 
would be obtained without radiation (which was 
used as the first try in the iteration) as well as the 
profiles obtained including radiation for lower 
wall emissivities ¢, — 0, $ and 1. The following 
general remarks can be made: 

1. Whenever the wall effects are small (2, — O, or 

eo ~ 0 but Ty < T;) 

To insure a constant total flux of energy 
across the gas layer, it is necessary for the con- 
vective flux variations to be compensated by 
opposite variations of the radiative flux. 

Now, the radiation emitted by the gas layer 
near both limiting planes (no wall effects con- 
sidered), is directed towards the outside, in the 
upper direction near the upper wall and in the 
lower direction near the lower wall. It is then 
expected that this radiative flux reversal across 
the layer will be compensated by an increased 
convective flux near the hot wall and by a 
decreased one near the cool wall. This is illus- 
trated in Figs. 4 and 5 for the case «, = 0 (no 
wall effects): Larger temperature gradients are 
introduced by radiation near the hot wall (as 
compared to the purely conductive case) while 
smaller temperature gradients are found near the 
cool wall. Convection to a cool wall is therefore 
reduced if the layer radiates. As can be seen on 
Fig. 4, this conclusion also applies practically 
for all possible emissivities of the cool wall, 
because of its relatively low B(O). 

Although the additional radiative transfer 
makes for a higher total heat flux through the 
flow, it is therefore apparent that calculating this 
additional radiative flux to the cool wall by 
simply using the non-radiative temperature 
profile would lead in this case to an excessive 
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Fic. 4. Temperature profiles and fluxes of energy in 
air (p = 0-1 atm). (Transparent upper wall, opaque 
lower wall.) 
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Fic. 5. Temperature profiles and fluxes of energy in 
air (p = 0-1 atm). (Transparent upper wall, opaque 
lower wall.) 


value for both convective and radiative fluxes. 
If. in addition, the lower cool wall is perfectly 
reflective. the total heat transfer to the wall 
(q,. alone. in this case) is effectively reduced by 
the presence of radiation. 


2. Whenever the wall effects are important (€, = 0 
and Ty, > Ts.) 
A fraction of the energy radiated by the hot 
lower wall is absorbed by each gas layer 
27 pxe,B(T,)dy: hence, a continuous decrease 


of the wall flux on its path upwards on Fig. 5. 
This contribution can be conveniently broken 
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down into a constant flux e,B(7,) across the 
layer, minus a flux in the downward direction 


a 


an | “€9 B(T,) dt 
( 


) 


which increases from zero at the lower wall to a 
maximum value at the upper wall. This arrange- 
ment is useful, because it is seen from equation 
(32) that only the variable part of the fluxes 
affects the temperature distribution. 

This variable downwards flux is often larger 
than the variable flux due to the radiation of the 
gas layers themselves: 


a 


an | “B(T) dt 
0 


This is especially true for the cooler layers where 
«,B(T,) > B(T) for most values of ¢€, and 7,: in 
this case, these two radiative effects, which 
determine alone the temperature profile in the 
problem, introduce a net radiative flux down- 
wards. In opposition to the case where wall 
effects are negligible, the temperature gradients 
at the cool wall are therefore /arger than they are 
without radiation (as can be seen in Fig. 5): this 
adjustment of the temperature profile compen- 
sates in part the net downward radiative flux at 
the upper cool wall by a larger upward con- 
vective flux. Another compensation comes from 
a reduction of the sum of these two variable 
fluxes as can be seen at the lower wall, where 
larger emissivities correspond to lower tempera- 
ture gradients and convection rates than for 
«, =0. 


3. In general 

An increased layer thickness will increase the 
role of radiation while decreasing the tempera- 
ture gradient and thus the convection flux. 
Inversely, radiation effects will be relatively 
unimportant in very thin layers. The problems of 
the type considered here, correspond to the 
intermediate case where convection and radia- 
tion are of the same order of magnitude. 

It is convenient to characterize these three 
classes of problems by writing an equation in 
non-dimensional form: 


Vol. 
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1960 
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ms B(O)] dt — const. 


where 


A(B os 
(2) .B ‘ and = 
A (73) 


A(B) 
B (75) To 


In equation (36), the following ratio plays a 


special role: 
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The magnitude of this non-dimensional para- 
meter JN, (r-c for radiation—-convection) 
determines the relative role of the convective 
term (the first term of equation (36) ) vs. the 
radiative terms. For very large values of N,_, 
convection is the only appreciable transport 
process while radiation is the important process 
for low values of N, 

A physical interpretation of N,_. is also: 
: 7 a (38) 

2e,0 T? 

In equation (38), the numerator is a typical 
conductive heat flux from the hot wall across the 
gas layer and the denominator is the radiative 
flux from the gas layer assumed arbitrarily at 


the hot-wall temperature. This parameter is of 


the same family as the non-dimensional quan- 
tities discussed in [7] and [9]. 
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WARMETRANSPORT DURCH NATURLICHE KONVEKTION 
STOFFEN BEI KRITISCHEM ZUSTAND 


E. SCHMIDT 


Technische Hochschule Miinchen, Germany 


(Received 9 January 1960) 


Zusammentassung—Durch Versuche mit Ammoniak und mit Kohlensaure in senkrechten, unten 
beheizten und oben gekiihlten Rohren wird gezeigt, dass bei Annaherung des Rohrinhaltes an seinen 
kritischen Zustand (132,4 C und 115,2 at. fir NH, und 31 C und 75,2 at. fiir CO,) ausserordentlich 
hohe Warmetransportleistungen durch natirliche Konvektion, d.h. allein durch die Wirkung von 
Auftriebskraften erzielt werden. Im mittleren Stiick eines solchen mit der Fliissigkeit im kritischen 
Zustand gefiillten Rohres fiihrt die Fliissigkeit die Warme ebenso gut fort, wie wenn man an ihre Stelle 
einen festen K6rper setzen wiirde mit dem mehr als 4000-fachen Warmeleitvermégen des Kupfers. 
Diese Erscheinung ist zu erklaren durch das starke Anwachsen der spezifische Warme und des thermi- 
schen Ausdehnungskoeffizientern im kritischen Zustandsgebiet bis zum Wert unendlich im kritischen 
Punkt selbst. Nach Uberschreiten der kritischen Temperatur fallt die Warmetransportleistung des 
Mediums sehr schnell wieder ab. 


Abstract—Experiments with ammonia and with carbon dioxide in vertical tubes heated at the lower 
and cooled at the upper end, show that near the critical point of the fluid (132-4 C and 115-2 at.* for 
NH, and 31°C and 75:2 at. for CO,) extremely high heat transportation is achieved by natural con- 
vection, i.e. only by the effect of gravitational buoyancy. In the mean part of such a tube filled with a 
liquid at its critical state the transportation of heat nears that of a solid rod of the same outer diameter 
as the liquid and having a heat conductivity up to 4,000-fold that of solid copper. This phenomenon is 
due to the increase of the specific heat and of the coefficient of thermal expansion near the critical 
State up to infinity at this very point. 
At temperatures above the critical value the heat transportation rapidly falls down again. 


Résumé— Des expériences, effectuées avec de l'ammoniac et du gaz carbonique dans des tubes verticaux 
chauffés dans le bas et refroidis dans le haut, ont montré qu’au voisinage du point critique du fluide 
(132.4 C et 115,2 atmosphéres pour NH, et 31 C et 75 atmosphéres pour CO,) une transmission de 
chaleur trés élevée se produit par convection naturelle, par le seul effet de la force ascensionnelle de 
gravitation. Dans la plus grande partie d’un tel tube, rempli d’u liquide a l’état critique, la transmission 
de chaleur est voisine de celle dune barre solide de méme diametre que le tube et qui posséderait une 
conductivité 4000 fois plus grande que celle du cuivre. Ce phénoméne est di a l’augmentation de la 
chaleur spécifique et du coefficient de dilatation, jusqu’a des valeurs infinies au voisinage du point 
critique. 

A des temperatures inférieures aux valeurs critiques, la transmission de chaleur s‘abaisse tres 

rapidement. 


Abstract—OKcnepiuMeHTbl © aMMMAKOM MH ABVOKMCbIO VraepOja B BepTHKaabHbIX Tpydax 
HarpeBaeMbIX BHHBY HM OXavKaeMbIX BBEPXV, MOKASbIBAOT, YTO BOTH3N KpHTHYecKoil TOUKM 
raza (132.4 C wm 115,2arTm gan NHy, uw 31° C uw 75,2aTm aan COs) nepenoc tenaa nyTém 
ecTeCTBCHHOM KOHBEKIUMT CTAHOBUTCA 4UpesBEuaiiHoO OoabuMM. B cpequeii yactu TaKoit 
rpVObl € KUKOCTbHO, HaXxXOAMelicH B KpHTIYeCKOM COCTOAHHH, THepeHoc Telnaa OM30K kK 
renonepeHocy B Calydae TREPLOTO CTePAHA, HAPVAHIT AitaMeTp KOTOPOrO paBeH MaMeTps 
rpyObl, a TeHAONpOBOAHOCTS jocTHraeT 4000-KpaTHOi TenaonpoBOHOCTH TREpP Oi Mean 
OTor apPekT OOABSaAH BOSPAaCTAHHH BOAN3SH KPHTHYeCKOrO COCTOAHMA VAeJIbHOM Tena0eM KOCTH 
iM KOOP PMMIeHTAa TeNAOBOrO paclitpeHWA, OCTHTAaMUIX B CaMoli KpuTMYecKOi TOUKe 
OecKOHeYHOCTH 
IIpu Temnepatypax BLIWe KpuTHyeckKoll NepeHoc Tena CHOBa ObICTpO VMeHbIaeTcA 


* Als Druckeinkeit ist die technische Atmosphire (at.) benutzt. Fir die Umrechnung auf andere Einhziten gilt 
1 at. 0.980665 bar 14,2234 Lb in? 


92 





NATURLICHE KONVEKTION 


1. EINLEITUNG 

UmM aus einem gegebenen Raum méglichst 
grosse Warmemengen herauszuholen, verwendet 
man in der Regel verdampfende Fliissigkeiten, 
die bei konstanter Temperatur den hohen 
Betrag der Verdampfungswarme aufnehmen. 
Dabei tritt eine starke Volumenzunahme auf 
und es entsteht ein brodelndes inhomogenes 
Gemisch von Fliissigkeit und Dampf, aus dem 
der als Transportmittel von Warme dienende 
Dampf erst abgetrennt werden muss, bevor 
man ihn fortleiten kann. Die wichtigste Einrich- 
tung dieser Art ist der Dampfkessel von Kraft- 
werken, der in den letzten Jahrzehnten fir 
immer hdhere Driicke und Temperaturen bis 
iiber den kritischen Druck des Wassers entwick- 
kelt wurde. 

Im kritischen Zustand haben Dampf und 
Fliissigkeit gleiche Dichte, es verschwindet die 
unstetige Volumenzunahme und aus dem unbe- 
quem zu handhabenden Zwischenphasengemisch 
wird wieder eine homogene Fliissigkeit. 

Bei Anniherung an den kritischen Zustand 
geht aber die Verdampfungswarme gegen Null. 
Trotzdem bleibt die Fliissigkeit ein Warme- 
transportmittel vor bemerkenswerten Ejigen- 
schaften. denn am kritischen Punkt wird die 
spezi‘ische. Wirme unendlich und in seiner Nahe 
hat sie Werte, die um ein Vielfaches grésser 
sind als die der Fliissigkeit bei niederen Driicken. 
Die als Verdampfungswirme auf eine bestimmte 
Temperatur konzentrierte Warmekapazitat wird 
in der Nihe der kritischen Temperatur sozusagen 
auf einen endlichen Temperaturbereich aus- 
gebreitet. Entsprechend der Temperaturzu- 
nahme nimmt auch die Zahigkeit der Flissig- 
keit stark ab und erreicht bei der kritischen 
Temperatur den kleinsten fiir eine Flissigkeit 
méglichen Wert, was sich in einer Verminderung 
der Str6mungswiderstaénde beim Fortleiten der 
Fliissigkeit auswirkt. 

Ein weiteres fiir den Wiarmetransport wich- 
tiges Phinomen ist das Unendlichwerden des 
thermiscken Ausdehnungskoeffizienten bei kon- 
stantem Druck am kritischen Punkt und das 
Auftreten sehr grosser Werte dieser Gr6ésse in 
seiner Nihe. 

Der sehr 


Ausdehnungskoeffizient 
zusammen mit der kleinen Zihigkeit und dem 
hohen Wert der spezifischen Wiarme begiinstigen 


grosse 
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in besonderen Mabe den Warmetransport durch 
natirliche Konvektion, dessen treibende Kraft 
der Auftrieb der wairmeren und dadurch spezi- 
fisch leichter gewordenen Filiissigkeitsteile im 
Schwerefelde ist. 

Die ersten Versuche, welche diese hohen 
Warmetransportleistungen von Fliissigkeiten im 
kritischen Zustand zeigten, wurden vom Ver- 
fasser und seinen Mitarbeitern [1] im Jahre 1939 
verOffentlicht. Dabei wurde von zwei senkrech- 
ten Rohren, die unten und oben durch halb- 
kreisfOrmige Rohrbogen zu einem geschlossenen 
mit Flissigkeit gefillten Kanal verbunden 
waren, das eine geheizt, das andere gekiihlt, 
sodass der Auftrieb der wairmeren Filiissigkeit 
im Schwerefelde Umlaufstr6mung 
hervorrief. 

Noch um ein hohes Vielfaches grésser kann 
der Auftrieb unter dem Einfluss von Flieh- 
kraftfeldern werden, wie sie in rotierenden 
Maschinen vorkommen mit bis zu mehr als 
dem 30 000-fachen der Schwerebeschleunigung. 

Im folgenden werden Versuchsergebnisse mit- 
geteilt iiber den Warmetransport durch natiir- 
liche Konvektion in vertikal stehenden unten 
beheizten und oben gekihlten Rohren, die mit 
einem flissigen Medium in der Nihe seines 
kritischen Zustandes gefiillt sind. 


eine 


2. THEORETISCHE GRUNDLAGEN 
Der Warmeibergangskoeffizient bei natiir- 
licher Konvektion hingt, wie die Ahnlichkeits- 
theorie der Warmeiibertragung lehrt, wesent- 
lich ab von der dimensionslosen Grashof—Zahl: 
d® @Bé 


Gr (1) 
2 
wobel 
d eine kennzeichnende Lingenabmessung 

(m); 
die Beschleunigung des Schwere- 
Fliehkraftfeldes (m/sec): 
der thermische Ausdehnungskoeffizient 
(1/grd); 
eine kennzeichnende 
ferenz (grd);: 
n/p die kinematische Viskositit (m*/sec): 
die dynamische Viskositat (kg/m sec): 
die Dichte der Fliissigkeit (kg/m*) ist. 


od er 


dif- 


Temperatur 
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Ausserdem spielt noch die dimensionlose 


Prandtl—Zahl: 


Pr 1» (2) 
a A 


eine Rolle, die eine Stoffeigenschaft ist, wobei 


a A/c,p die Temperaturleitfahigkeit (m?/h); 
A das Wiarmeleitvermédgen (kcal/m h grd); 
c, die spezifische. Warme bei konstantem 


Druck bedeutet. 
Benutzt man als dimensionslosen Warmeuber- 
gangskoeffizienten die Nusselt-Zahl: 
ad 


Nu (3) 
A 


wobei a der Wiarmeiibergangskoeffizient 
(keal/m h grd) ist, so gilt fiir eine bestimmte 
K6rperform mit der kennzeichnenden Lingenab- 
messung d die Beziehung: 


Nu itr, Pr) (4) 


in der die Funktion f in der Regel durch Ver- 
suche ermittelt werden muss. Die Prandtl 
Zahl Pr = v/a = nc,/A kann in der Nahe des 
kritischen Zustandes sehr grosse Werte anneh- 
men, da c¢, im kritischen Punkt unendlich 
gross ist. Auch kann sich die Grashof—Zahl 
sehr stark dndern, da die kennzeichnende 
Lingenabmessung d mit der dritten Potenz 
eingeht. der Ausdehnungskoeffizient in der 
Nahe des kritischen Zustandes sehr grosse 
Werte annimmt und in Fliehkraftfeldern sehr 
hohe Vielfache der Schwerebeschleunigung vor- 
kommen k6nnen. 

Als kennzeichnende Lingenabmessung wollen 
wir bei Rohren den lichten Durchmesser wihlen, 
dann geht fiir Rohre verschiedener Linge / als 
weitere Veranderliche noch das Verhiiltnis //d in 
Gleichung (4) ein und sie ist: 


Nu f(Gr. Pr. l/d) (4a) 


als Funktion dreier Verdnderlicher zu schreiben. 
Fiir / > d wird die Abhingigkeit von //d vermut- 
lich verschwinden. 

In dem mit Flissigkeit gefiillten senkrecht 
stehendem Rohr vollzieht sich der Warme- 
transport in der Weise, dass am unteren Ende 
erwirmte Flissigkeitsteile sich nach oben 


bewegen und dafiir andere am oberen Ende 
gekiihlte Teile herabsinken, wobei die Bewe- 
gung je nach der Grésse der Grashof—Zahl 
laminar oder turbulent sein wird. Da die hin 
und her bewegten Mengenstr6me und _ ihre 
Temperaturverhaltnisse nicht direkt gemessen 
werden kénnen und da die Gleichungen (4) und 
(4a) sich auf die Stellen beziehen, wo die Warme 
an einer festen Oberflaiche mit dem flissigen 
Medium ausgetauscht wird, wollen wir im fol- 
genden nur den Wiarmetransport durch Leitung 
und Konvektion in dem mittleren, weder 
beheizten noch gekihlten Rohrstiick unter- 
suchen. Diese Wirmetransportleistung sei durch 
eine gleichwertige, den konvektiven Warme- 
transport mit umfassende Wéarmeleitfihigkeit 
A, ausgedriickt, d.h. A, ist die Warmeleitfahig- 
keit, die ein fester, den Raum des flissigen 
Mediums einnehmender K6rper haben miisste, 
um bei demselben Temperaturgefille ebensoviel 
Wirme durch Leitung zu beférdern als das 
fliissige Medium durch Leitung und durch 
Konvektion transportiert. Die  gleichwertige 
Wiarmeleitfaihigkeit kann man_ dimensionlos 
machen, indem man sie durch die Wiarmeleit- 
faihigkeit der ruhenden Fliissigkeit dividiert. Da 
das auf sehr grosse Zahlen fihrt. ist es anschau- 
licher, die gleichwertige Warmeleitfaihigkeit als 
Vielfaches der Wirmeleitfahigkeit des Kupfers 
anzugeben, die als konstanter Wert von 

AXcu = 300 keal/m h grd = 1256.04 kJ/m h grd 

348.91 W/m erd 
angenommen sel. 


Diese dimensionslose Grésse A,./ Ae 
l’isst sich in Analogie zu Gleichung (4a) durch 
eine Funktion 4 von der Form 


A A,./ Acuy d(Gr, Pr, ld) (5) 
darstellen. 


3. VERSUCHE MIT AMMONIAK 

Zur Untersuchung des konvektiven Wirme- 
transportes durch natirliche Konvektion in der 
Nihe des kritischen Zustandes wurde zusammen 
mit F. MAYINGER eine erste Versuchsreihe m 
Ammoniak als fliissiges Medium in einem Sta 
rohr von 40 mm innerem Durchmesser. 56 mm 
ausserem Durchmesser und 445 mm Liinge des 
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inneren Hohlraumes also mit //d = 11,1 ausge- 
fuihrt. Am linken Rande von Abb. | ist dieses 
Rohr mafstablich dargestellt. Um das untere 
Ende des Rohres ist eine elektrische Wider- 
standsheizung in Form eines Chromnickelbandes 
gewickelt und ein zweites Heizelement ahnlicher 
Art ist in den Hohlraum des Rohres hinein- 
gebaut. Am oberen Ende ist das Rohr an einen 
massiven Stahizylinder angeschweisst, der durch 
Wasser gekiihlt wird. Dazu wird auf das konisch 
zugespitzte Oberteil des Stahlzylinders, wie in 
der Abbildung angedeutet, ein Wasserstrahl 
gespritzt, wobei Warmeiibergangszahlen von 
mehr als 50000 keal/m*h grd erreicht werden. 

Der Hohlraum des Rohres ist mit Ammoniak 
in solcher Menge gefiillt, dass es bei der kriti- 
schen Temperatur von 132,4°C den Hohlraum 
moglichst ganz ausfillt, wobei der kritische 
Druck von 115.2 at. entsteht. Bei normaler 
Zimmertemperatur von 20°C wird dann nur 
das untere Drittel des Hohlraumes von Filiissig- 
keit eingenommen, die oberen zwei Drittel 
enthalten gesattigten Dampf. Bei unterkritischen 
Temperaturen verdampft die Fliissigkeit, der 
Dampf kondensiert am oberen Teil der Rohr- 
wand und fliesst zur Fliissigkeit zuriick. 

Der Wiarmefluss, den das Rohr und seine 
Fiillung von unten nach oben bef6érdert, wird 
aus der sekundlichen Kihlwassermenge und 
deren Temperaturzunahme- ermittelt. Eine 
zweite Moglichkeit bietet die Messung der 
elektrischen Heizleistung, wobei sich wegen der 
Warmeverluste von Rohr und HeizkOrper etwas 
gréssere Werte ergeben. Diese Warmeverluste 
betrugen 3-8°, der elektrischen Heizleistung, 
sie schwankten, weil der Wirmeschutz 6Ofters 
abgenommen und erneuert wurde und deshalb 
in seiner Wirkung nicht immer gleich war. 

Um die Temperaturverteilung lings des Rohres 
zu messen, sind Thermoelemente aus Manganin- 
und Konstantandraht an den in Abb. | angege- 
benen vier Stellen auf die Rohrlinge verteilt. 
Dabei sind an jeder Stelle zwei Thermoelemente 
auf dem Rohr einander gegeniiberliegend ange- 
ordnet. deren Ablesungen gemittelt wurden. Die 
so gemessenen Temperaturen sind fiir verschie- 
dene Mitteltemperaturen von etwa 68, 92, 101, 
122°C und schliesslich fiir die kritische Tem- 
peratur von 132.4°C nach rechts aufgetragen 
und durch Kurven verbunden, welche die 
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Temperaturverteilung lings des Rohres dar- 
stellen. In dem mittleren fiir die Auswertung 
benutzten Rohrstiick AB von 25 cm Linge sind 
die Temperaturgradienten so klein, dass sie in 
der Zeichnung nicht erkennbar sind und aus den 
Messwerten unmittelbar entnommen werden 
missen. Bei den kleinen Wirmeverlusten und 
der grossen Warmeiibergangszah! zwischen 
Fliissigkeit und innerer Rohrwand ist die 
Temperatur des Rohres zugleich die mittlere 
Temperatur der Fliissigkeit in dem entsprechen- 
den Rohrquerschnitt. 

Dicht vor dem oberen Rohrende biegen, wie 
die Abbildung zeigt, die Temperaturkurven um, 
weil die freie Konvektion gegen die Stirnwand 
des Hohlraumes hin auf Null zuriickgeht und 
deshalb die Warmeleitfaihigkeit der Rohrwand 
nicht mehr klein gegen die wirksame Warmeleit- 
fahigkeit der Fliissigkeit ist. Die Rohrwand 
ubernimmt dann einen merklichen Teil des 
Warmestromes, was in ihr ein Temperatur- 
gefalle hervorruft. 

Aus dem Wéarmestrom, dem_ mittleren 
Temperaturgradienten lings der Rohrstrecke 
AB und dem inneren Querschnitt des Rohres 
erhalten wir die wirksame, den Wirmetransport 
durch natirliche Konvektion einschliessende 
Wiarmeleitfahigkeit A, des Rohrinhaltes. Die 
aus den Kurven der Abb. | und aus weiteren 
Versuchen mit anderen Mitteltemperaturen 
erhaltenen Werte von A, sind in Abb. 2 als 
ausgefiillte Kreise eingetragen und durch die 
ausgezogene Kurve A,, verbunden. Die zuge- 
hérige Wirmestromdichte in Watt je cm® der 
Rohrfiillung ist durch die ausgezogene Kurve q, 
angegeben. Die mit A,, bezeichnete gestrichelte 
Kurve gilt fiir einen Versuch gleicher Art aber bei 
doppelt so grosser Heizleistung, die durch die 


gestrichelte Gerade g, dargestellt ist. In beiden 
Fallen wichst die Wiarmestromdichte mit 
gender Temperatur, da bei ungefihr konstant 
bleibender Temperatur des Kihlmittels, héhere 


stel- 


Mitteltemperatur des Rohrinhalts nur durch 
Vergréssern der Heizleistung zu erreichen ist. 
Die nicht unerhebliche Streuung Ver- 
suchswerte ist auf die Grésse von 
weniger als | C des Unterschiedes der Tempera- 
turen der Punkte A und B zuriickzufihren. 

Am Randmafstab links erkennt man_ be! 
unterkritischen Temperaturen von 80 bis 120 C, 


der 


geringe 
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App. |. Temperaturverteilung langs eines senkrechten unten geheizten 

und oben gekihlten Rohres von 4 cm lichter Weite, das mit Ammoniak 

von dem _ kritischen Zustand entsprechender Menge gefillt ist, bei 
verschiedenen mittleren Temperaturen des Inhalts. 


dass durch Verdampfen und Wiederkonden- 
sieren und damit verbundenes Hochwerfen der 
nur den unteren Teil des Hohlraumes einneh- 
menden Flissigkeit sehr hohe wirksame Wiarme- 
leitfahigkeiten des Mediums von etwa 7- 10 
kcal mhr grd auftreten: das ist, wie die zweite 
Ordinatenskala zeigt, mehr als das 200-fache 
des Warmeleitvermégens von Kupfer. Mit der 
Anniherung der mittleren Temperatur der 
Fliissigkeit an den kritischen Zustand wiachst 
die wirksame Warmeleitfahigkeit in einer steilen 
Spitze auf mehr als das 800-fache der Warme- 
leitfahigkeit von Kupfer. Die zweite mit A,.» 
bezeichnete Kurve ist durch die als leere Kreise 
eingetragenen Messpunkte einer Versuchsreihe 
mit etwa doppelt so grosser Warmestromdichte 
g. gelegt. Abgesehen von den etwa um den 
Faktor 1.4 bis 1.8 gréssenen Werten im Zwei- 
phasenbereich bei unterkritischer Temperatur 


zeigen beide Kurven denselben Verlauf mit der 
gleichen steilen Spitze bei der kritischen Tem- 
peratur des Ammoniaks. Bei Uuberkritischen 
Temperaturen sinkt das Wéarmeleitvermégen 
steil ab auf erheblich kleinere Werte als im 
Zweiphasenbereich, weil hier kein Verdampfen 
mehr stattfinden kann. 

Um den Einfluss einer Anderung des Rohr- 
durchmessers zu untersuchen, wurde eine zweite 
Apparatur gebaut mit einem Rohr von 2cm 
lichter Weite und 3,8cm dusserem Durch- 
messer, bei 34cm Linge des Hohlraumes. Am 
linken Rande von Abb. 3 ist dieses Rohr 
mafstabgerecht dargestellt und ebenso wie in 
Abb. | sind in Abb. 3 die Kurven des Tem- 
peraturverlaufes lings des Rohres fiir Mittel- 
temperaturen der Mefstrecke von etwa 69, 10] 
und 132°C wiedergegeben. Ausserdem ist noch 
eine Kurve des tberkritischen Gebietes von 
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App. 2. Wirksame Wéarmeleitfahigkeit A, eines mit Ammoniak von 
kritischer Menge gefillten Rohres von 4 cm lichter Weite in Abhangigkeit 
von der mittleren Rohrtemperatur. 
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Ass. 3. Temperaturverteilung langs eines mit Ammoniak von kritischer Menge 
gefiillten Rohres von 2 cm lichter Weite. 
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erheblich geringerer Steigung eingetragen, bei 
der die Temperatur im Messbereich von 133 auf 
136°C ansteigt. 
Das Ergebnis der Auswertung dieser Kurven 
und weiterer Messreihen sind in Abb. 4 wieder- 
-geben. Der Verlauf von A, ist ahnlich dem 


Verlauf der Aj.»—Kurve in Abb. 2, nur sind die 


gewiinschten Zustand in grosser Nihe des 
kritischen Punktes wegen der experimentellen 
Schwierigkeiten nur mit beschrankter Genauig- 
keit einstellen. Die relativ hohen Warmetrans- 
portleistungen schon bei unterkritischen Tem- 
peraturen sind darauf zuriickzufiihren, dass der 
Inhalt des Rohres sich in zwei Phasen trennt, 
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Ass. 4. Wirksame Warmeleitfahigkeit A, des Inhaltes eines mit Ammoniak von 
kritischer Menge gefilllten Rohres von 2 cm lichter Weite in Abhangigkeit von 
der mittleren Rohrtemperatur. 


Werte von A, etwa 40°, niedriger, obwohl die 
Wiarmestromdichte, wie die mit q bezeichnete 
Kurve zeigt, um rund 50°, grésser ist. Das 
spitze Maximum ist weniger hoch als bei dem 
Rohr von 40 mm lichter Weite und tritt schon 
vas unterhalb der kritischen Temperatur ein. 
se Unterschiede sind vermutlich dadurch 
rsacht, dass sich in dem Rohr um 0,2 g mehr 
oniak befand als die dem Rohrvolumen 
chende kritische Menge von 46,0 g, was 
bschluss der Versuche festgestellt wurde. 

lem Falle ist die Grashof—Zahl unter 

ichen Verhiltnissen bei dem 2 cm Rohr 

Faktor 2* = 8 kleiner als bei dem Rohr 

lichter Weite. Leider lasst sich der 

ert von Gr nicht genau angeben, da der 
tungskoeffizient in der Niahe des kriti- 

nktes sehr grosse Werte erreicht bis 

rt unendlich, und es an _ geniigend 
Versuchswerten in diesem Zustands- 

‘ehlt. Ausserdem kann man _ einen 


wovon die Fliissigkeit unten verdampft und der 
Dampf oben kondensiert. Dazu kommt, dass 
der aufsteigende Dampf Fliissigkeit mitreisst, 
die abgekiihlt zuriickfliesst, wodurch zusatzliche 
Wiarme beférdert wird. 


4. VERSUCHE MIT KOHLENSAURE 

Um zu zeigen, dass die bei Ammoniak in der 
Nihe seines kritischen Zustandes beobachteten 
Erscheinungen nicht etwa individuelle Eigen- 
schaften dieses Stoffes sind. wurden zusammen 
mit E. HAHNE auch Versuche mit Kohlensaure 
durchgefiihrt, deren kritischer Zustand bei 31°C 
und 75,2 at. liegt. Dafiir bauten wir die in Abb. 5 
dargestellte Apparatur, bestehend aus einem 
Rohr a von 40mm lichter Weite bei 60 mm 
Aussendurchmesser und 2m Linge. Von dem 
Rohr sind die unteren 200 mm mit einer elek- 
trischen Heizwicklung ) versehen, am oberen 
Ende wird das Rohr von einem ebenfalls 200 mm 
hohen Kiihlmantel c umgeben. 
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Ass. 5. Versuchsanordnung zur Messung des 
Warmetransportes durch Kohlensadure nahe ihrem 
kritischen Zustand im senkrechten Rohr: a Ver- 
suchsrohr mit Kohlensaurefiillung; 5 elektrische 
Heizwicklung; c Wasserkiihlung; d Verbindungs- 
rohr; e Ausgleichsbehalter mit Kohlensaurefillung; 
f Wassermantel mit regelbarer Temperatur; g Ma- 
nometer. 


Um bei 


unterkritischen Temperaturen die 
Entstehung zweier Phasen zu vermeiden, ist das 
Versuchsrohr durch das diinne Verbindungsrohr 
d mit einem ebenfalls mit fliissiger Kohlensaure 
gefiillten Ausgleichsbehilter e verbunden, der 
mit Hilfe des Wassermantels f beliebiger durch 
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einen Thermostaten geregelter Temperatur gehal- 
ten werden kann. Durchentsprechendes Einregeln 
des Thermostaten kann man Kohlenséure aus 
dem Ausgleichsbehilter in das Versuchsrohr 
driicken, so dass dieses auch bei unterkritischen 
Temperaturen stets ganz mit Fliissigkeit gefiillt 
bleibt und die Trennung in eine fliissige und 
eine dampff6rmige Phase mit dem Wirme- 
transport durch Verdampfen und Kondensieren 
vermieden wird. 

Das Rohr ist, wie Abb. 6 zeigt, mit Thermo- 
elementen versehen, die den Temperaturverlauf 
langs des Rohres zu messen erlauben. Dabei 
waren an jedem Messquerschmitt vier Thermo- 
elemente auf den Rohrumfang verteilt ange- 
bracht, deren Angaben gemittelt wurden. 
Als Mefstrecke wird das mittlere Stiick AB des 
Rohres von 750 mm Linge betrachtet. Die 
gemessenen Temperaturen sind als Abszisse 
aufgetragen und liefern die Kurven des Tem- 
peraturverlaufs lings des Rohres, die als ge- 
knickte Linienziige eingetragen und mit den 
Buchstaben a bis g bezeichnet sind. Bei der 
Ablesung der Temperaturen ist zu beachten, 
dass der Bereich von 29,5 bis 31,5°C in fiinfmal 
grésserem Mafstab aufgetragen ist als die 
Temperaturen unterhalb 29,5°C und oberhalb 
31,5°C. Die Zahlen am unteren Ende jedes 
Linienzuges geben die Wiéirmeleistung des 
jeweiligen Versuches in Watt, ermittelt aus dem 
vom Kihlwasser abgefiihrten Wairmestrom. Die 
Warmeleistung der Kurven ist von der gleichen 
Groéssenordnung, nur die Kurve g wurde bei 
einer um den Faktor 4 kleineren Leistung 
aufgenommen. 

Ermittelt man in gleicher Weise wie bei den 
Versuchen mit Ammoniak die wirksame Wirme- 
leitfahigkeit A; der Fliissigkeit und tragt sie iiber 
der mittleren Temperatur der Versuchsstrecke 
auf, so erhailt man die Kurve der Abb. 7. Dabei 
sind die Punkte a—g aus der mittleren Neigung 
im Messbereich AB der mit denselben Buch- 
staben bezeichneten Kurven der Abb. 6 
bestimmt. 

Anders als bei den Kurven der Abbildungen 
2-4 steigt hier die Warmeleitfahigkeit im unter- 
kritischen Bereich mit der Temperatur monoton 
an, weil keine 2 Phasen vorhanden sind und ein 
Warmetransport durch Verdampfen und Kon- 
densieren nicht stattfindet. Der steile Anstieg 
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Ass. 6. Temperaturverteilungen langs des mit Kohlensdure in kritischer Menge gefiillten 
Rohres bei verschiedenen mittleren Temperaturen des Inhaltes. 
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Ass. 7. Wirksame Warmeleitfahigheit A, des Inhaltes eines mit Kohlensdure von 
kritischer Menge gefiillten Rohres von 4 cm lichter Weite und 2 m Lange. 
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von A, mit Annaherung an die kritische Tem- 
peratur ist hier noch ausgepragter als bei den 
Versuchen mit Ammoniak in kleineren Rohren 
und fiihrt im Punkt F zu dem mehr als 4 000- 
fachen Wiarmeleitvermégen von Kupfer, wie 
die Skala A,;/Acu der Ordinatenachse angibt. 
Das Maximum scheint aber noch nicht erreicht 
zu sein, da ebenso wie bei Abb. 4 offenbar 
etwas mehr Kohlendioxyd im Rohr war als der 
kritischen Dichte entspricht. Bei uberkritischen 
Temperaturen sinkt die Warmetransportleistung 
wieder rasch auf bescheidene Werte. 

Die Genauigkeit dieser Angaben darf aber 
nicht zu hoch eingeschatzt werden, denn die 
Temperaturdifferenzen am Rohr, auf die sie 
sich stiitzt, sind nur von der Gréssenordnung 
‘°C. Zweifellos sind aber die Werte um ein 
Vielfaches grésser als bei den Versuchen mit 
Ammoniak. was aber wahrscheinlich nicht auf 


IN STOFFEN BEI KRITISCHEM ZUSTAND 101 


die Verschiendenheit der stofflichen Eigenschaften 
von Ammoniak und K ohlensdure zuriickzufiihren 
ist, vielleicht ist die gréssere Rohrlange von Ein- 
fluss. In der Hauptsache wird der Unterschued 
aber wohl dadurch hervorgerufen, dass bei dem 
langeren Rohr die MefBstrecke weiter von den 
geheizten und gekiihlten Rohrenden entfernt 
war als bei den kiirzeren Rohren der Ammoniak- 
versuche. Hiatte man hier die Mefstrecke nach 
oben oder unten verlingert, so wire man in 
Gebiete grosserer Temperaturgradienten 
hineingekommen und hitte wesentlich kleinere 
Werte von A, erhalten. 
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AND ANNULAR CHANNELS WITH SINUSOIDAL HEAT 
LOAD DISTRIBUTION 


V. I. PETROVICHEV 


Moscow Institute of Physical Engineering, 
Moscow, U.S.S.R. 


(Received 18 November 1959) 


Abstract—To calculate the maximum wall temperature for a turbulent mercury flow in circular 
tubes with //d = 44-6 and 67 for a sinusoidal heat load distribution along the axis the following 


formula was derived 
(1.)max ¢. 


t, — ta 


0:22 Peo?? 


at Pe = 400-3900, which can be used for the estimation of heat transfer in tubes with sinusoidal heat 
distribution sources. 
The experimental data were obtained on heat transfer to mercury when g = gq, ° sin 7x// in annular 
channels with d,, 5-4 mm and 3-5 mm which can be used for comparative estimation. 
The experimental data qualitatively agree with the solution of the present problem on an electric 
integrator 


Résumé—Pour calculer la température maximum de paroi relative 4 un écoulement turbulent de 
mercure dans des tubes circulaires pour lesquels //d = 44,6 et 67, dans le cas d’une distribution sinu- 
soidale des charges thermiques sur l’axe, on a établi la formule suivante 

(7. )max — a 


Omax 0,22 Pe®:?" 
i, —t, 


pour Pe = 400-3900. Cette formule peut étre utilisée pour le transfert de chaleur dans des tubes avec 
des apports de chaleur a variation sinusoidale. 
Les résultats expérimentaux obtenus sur le transfert de chaleur avec du mercure pour q = q,° sin 7x// 
dans des conduits annulaires d,, 5,4 mm et 3,5 mm peuvent étre utilisés a titre de comparaison. 
Les résultats expérimentaux concordent bien avec ceux que l’on obtient par le calcul a l'aide des 
machines électriques. 


Zusammenfassung—Zur Berechnung der maximalen Wandtemperatur einer turbulenten Queck- 
silberstr6mung im Kreisrohr mit //d = 44,6 und 67 bei sinusfOrmig langs der Achse verteiltem 
Warmestrom wird die Gleichung 
(1.)max = 
Omax - 0.22 Pe®:?* 
fiir Pe 400 bis 3900 abgeleitet. 
Versuchswerte tiber den Warmeitbergang an Quecksilber mit g = g,° sin zx// in ringfOrmigen 
Kanilen mit d,, = 5,4 mm und 3,5 mm kO6nnen als Vergleich dienen. 
Die Versuchswerte stimmen qualitativ mit der Lésung dieses Problems durch den elektrischen 
Integrator tberein. 


Abstract— [aA BHYNCNeHMA MaKCHMaJdbHOiL TeMMepaTypbhl CTeHKM piu TypOyaeHTHOM 
TeYCHHMHM PTYTH B KpYyrabix Tpy6ax ¢ I/d 44,6 u 67 pu CHHYCONJatbHOM pacipewqereHnn 
TeMIOBOM HarpV3kH BLOAb OCH MOAy4eHa pacuéTHan (hopMyaa 


(fs) t, 27 
=; ee 
. ae 


Tipu Pe = 400 3400, KOTO poll V00HO NOIb30BaATbCA JIA OWCHOYHBIX pacudeTOB TellJ10- 


OT1Aa4uH B TpyOax np CHHVCOHAaIbHOM Ter. IOBbI Te 1eHHH. 
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me 2 


[JonuyueHbI dKCHepMMeHTaAIbHbIe WaHHbe MO Tem1ooT_ave 


KOJIbUeCBbIX KaHalax d» 
CPpaBHUTeIbHbIX OMCHOR. 


OKCHePUMeHT aIbHble WaHHble KaveCTBCHHO COP 1acylOTcH C pacdeTOM WaHHOH 
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pTyTu up g =—q)‘sinzx/l B 


5,4 mm u 3,5 mm, kKoTOpbie MOryT ObITh HCMO1b30BaHbI [WIA 


saqaul Ha 


aeKTpPOHHTerpatope [6] 


Ir is known from analytical investigations 
[1-4] that boundary conditions for a turbulent 
flow have greater effect on the heat trans- 
fer from liquids with low Prandtl numbers, i.e. 
from liquid metals, because of their high 
“molecular” thermal conductivity. 

Having in view the modern development of 
physical power plants where heat sources are 
distributed sinusoidally, investigation of the 
influence on heat transfer of such heat load dis- 
tribution along the length of a channel is of great 
interest. One may suppose that the influence of 
the sources of heat distribution along the length 
of a channel will also affect the heat transfer 
from liquid metals to a greater extent in com- 
parison with the transfer from agents with 
Prandtl numbers of the order Pr > 1. 

The calculation of heat transfer for a sinu- 
soidal heat load distribution along the length of 
a channel for laminar flow of a heat transfer 
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agent in a circular tube and between parallel 
planes was made by Dzung [5]. In a previous 
paper [6] we calculated the heat transfer for a 
turbulent flow of liquid metal when Pr = 0-025 
in a circular tube for various ratios of //d. The 
purpose of this investigation is to check the results 
given in reference [6] and to perform some 
more calculations. 


EXPERIMENTAL METHODS 

The experimental installation for the investi- 
gation of heat transfer in mercury for a sinusoidal 
heat load distribution along the length of a chan- 
nel represents (as shown in Fig. 1) a circulation 
contour which consists of a mercury container, 
a centrifugal pump, a Venturi nozzle, a differen- 
tial manometer, a water cooler, a regulating 
valve and an experimental heat exchanger. All the 
parts of the installation in contact with mercury 
are made of stainless steel. For each series of 
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Fic. 1. Experimental installation scheme: (1) mercury container; (2) circulating pump; (3) 
regulating valve; (4) Venturi nozzle; (5) water cooler; (6) experimental heat exchanger; (7) 
differential manometer; (8) tank with a constant cooling water level. 
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experiments the mercury was filtered and purified 
by nitric acid, alkali and alcohol before being 
poured into the installation. Visual observations 
of the mercury surface in the container during 
the experiments pointed to the absence of 
any contamination. 

The tests were carried out with two different 
experimental heat exchangers. The experimental 
heat exchanger NI was made in the form of a 
steel tube 600 mm length, with an outside diameter 
of 14 mm and an inside diameter of 9 mm. The 
tube has inlet and outlet chambers for mercury at 
each end, from the cross-cut ends of which it is 
possible to clean the inside of the tube surface and 
visual observation of its state can be carried out. 
The tube was divided into twelve parts by circular 
grooves to decrease axial heat losses, which 
could happen for low Pe numbers. An electric 
heater was wound over the outside tube surface 
and it provided for heating according to the 
- sinusoidal law. 

Control of the winding accuracy was per- 
formed by measuring its resistance along the 
length by a Wheatstone bridge to within 0-01 0 
for a total resistance of the heater equal to 20 ©. 
A compensating heater also wound according to 
the sinusoidal law, was mounted above the main 
heater to compensate for heat losses. Three sec- 
tions of heat measuring apparatus were mounted 
between the heaters to control the compensation 
of heat losses. 

The electric heaters are fed by a direct current 
of 130 V from a constant current source. The 
stability of mercury cooling is possible due to 
the tank with cooling water at a constant level. 
The wall temperature is measured by twelve 
copper-constantan thermocouples placed in the 
middle of each part of the tube (twelve in all). 
Mercury intake temperature and the temperature 
at which mercury leaves the heat exchanger 
are also measured by copper—constantan thermo- 
couples placed in the wells of the chambers. 

The electromotive force of the thermocouples 
is measured by a potentiometer. The maximum 
heat unbalance between the electrical power 
supplied to the experimental heat exchanger 
and mercury heating does not exceed 3-4 per 
cent. The experimental heat exchanger N2 has 
the same length of 600 mm and is made of the 
same material, but as shown in Fig. 2, it was 
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divided into twenty-four parts and differs from the 
first heat exchanger in having a tube of larger 
diameter (d, 13-5 mm and d, 17-5 mm, 
l/d = 44-6). The experimental heat exchanger 
inlet and outlet chambers were designed in such 
a way, that it is possible to insert displacers with 
an outside diameter of 8-1 mm and 10 mm into 
the tube, forming an annular clearance with the 
ratio d,/d, = 1-68 and 1-35 for the mercury flow 
through it. The displacers are put into the experi- 
mental heat exchanger in jackets at both sides. 
This prevents deformations when thermal ex- 
pansion occurs and allows the displacers to be 
regulated in order to measure the influence of 
possible eccentricity. Three narrow stops are 
placed into one section of the displacers at an 
angle of 120° to avoid eccentricity. The 
winding of the heater and the whole measuring 
scheme is the same as with the experimental heat 
exchanger NI. Thus, the heat exchanger N2 
allowed heat transfer to mercury for two geome- 
tries to be measured: in a circular tube with 
lid 44-6 and in annular clearances with the 
ratios //d = 110 and 170. 

The experiments were performed at an average 
mercury temperature of 40 to 60°C and at a 
maximum heat flow at the centre of the tube 
50 = 10° kcal/m? hr. 


RESULTS 

Experiments were held with the same experi- 
mental heat exchangers and the same thermo- 
couples on determination of heat transfer to 
mercury in a circular tube with boundary condi- 
tions q, const. to control the correctness of 
the work of the installation. In this case a new 
electric heater with a constant space between the 
turns of the wire was wound over the tube. 
The experimental data for the heat exchanger 
N1 are exact to +5 per cent and coincide 
with those given by Johnson [8] on heat transfer 
from mercury with g, = const. For the experi- 
mental heat exchanger N2 the values are some- 
what higher due to different intake conditions. 

If we have a sinusoidal heat load distribu- 
tion along the length of the channel, then the 
value of the maximum wall temperature is of 
particular interest. The results are therefore 
given in the form of a relationship between 
the maximum dimensionless wall temperature 
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and the number Pe. The distribution of the wall 
temperature along the channel was found for each 
experiment. An average liquid temperature 
distribution along the length may be found from 
the heat balance equation. Thus, we can find the 
local temperature differences and _ calculate 
the local dimensionless heat transfer coefficient 
Nu, with the help of the temperature distribution 
throughout the wall and in the liquid. It must 
be emphasized that the temperature throughout 
the wall in the maximum region has a gently 
sloping form. An exact definition of the position 
of this maximum is therefore not quite easy and 
strictly we may only speak of the value of the 
maximum. 

The results of heat transfer measurements to 
turbulent mercury flow in a circular tube with 
sinusoidal heat load distribution along the 
length of the tube are shown in Fig. 3 in the 
form of the dependence 


(7.)max 


fiPe) 
Ty, * 


for /\d = 44-6 and 67. Consequently from the 
examination of this figure all the experimental 
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Fic. 3. Heat transfer to mercury in the circular tube 
at g = gy ° sin 7x/I; lid = 44-6; @ l/d = 67. 


points within these co-ordinates may be repre- 


sented with an exactness equal to +7 per cent 


by a single dependence 
(1,)max l, 
ty — ta 


0-22 Pe??? 


The same dependence for the channels with an 
annular section (//d = 110 and 170) is depicted 
in Fig. 4. An equivalent hydraulic diameter 
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Fic. 4. Heat transfer to mercury in the annular 
channels at g = q,° sin 7x//; d 5-4 mm, 
I/d = 110; @ d,, 3:5 mm, //d 170. 


da. ds d, is taken here for a determinative 
value in numbers Pe. So one can draw the 
conclusion that @max in annular channels at 
g = 4° Sin wx// in a first approximation will be 
uniform for both annular clearances (d,, 5-4 
mm and 3-5 mm). Thus we can see that for 
annular clearances at q do * Sin 7x// besides 
the ratio //d, the equivalent diameter d,, in- 
fluences the heat transfer. Strictly speaking, the 
equivalent diameter cannot be applied to the 
calculation of heat transfer from a liquid metal 
in an annular clearance. 

Fig. 5 gives a comparison of the local num- 
ber Nu, for a circular tube of the present in- 
vestigation with the solution of the problem on an 
electric integrator [6]. The solution was derived 
for two approximations of a turbulent thermal 
diffusivity coefficient in previous works [1, 2, 7]. 














Fic. 5. Comparison of local mercury heat transfer in 
circular tubes for g = g, * sin 7x// with the solution 
on an electric integrator [6] for Re 100 10°, 
Pr 0-025, (a) with ar vr, (b) ay according to 
[7], I/d 44-6, Pe 2480; @ Jd 67, 
Pe = 2440; — for //d = 67; - - for l/d = 44-6. 
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Fig. 5 shows that the data of the experimental 
investigation are qualitatively in agreement 
with the solution and are placed between two 
extreme limits of approximation a7. The experi- 
mental data for //d = 44-6 are somewhat higher 
in comparison with the calculated values and it 
can be explained, perhaps, by the different intake 
condition of the experimental heat exchanger V2, 
which differs from that of the heat exchanger 1, 
which has a rounded entrance. 

While winding the electric heater sinusoidally 
the space between the turns of the wire and the 
edges was made comparatively larger and it 
essentially influences the accuracy of the deter- 
mination of local values along the length of a 
channel. But the heat flow values and the wall 
temperatures decrease at the edges and these 
regions are therefore of less interest for the 
investigation. We are interested more in the 
region of a maximum heat flow and a 
maximum wall temperature (i.e. the regions at 
the centre of the tube) where the space between 
the turns of the wire is of the order of thickness 
of the wall tube and the error due to it does not 


exceed 3 per cent. The estimation of heat ex- 
pansion over the tube wall gives evidence of the 
fact that even at Peclet numbers greater than 
100 the error due to expansion does not exceed 
0-1 per cent. 
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LIQUID METALS 
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(Received April 1959; revised 15 February 1960) 


Abstract—A simplified mechanism of turbulent heat transfer, based on a modification of Prandtl’s 
mixing-length hypothesis, has been proposed. It is assumed that there is a continuous change of momen- 
tum and energy during the flight of the eddy. Two expressions giving the ratio of eddy diffusivities for 
heat and momentum were obtained for fully developed pipe flow. One is for fluids of Prandtl number 
ranging from 0-6 to 15 and the other for liquid metals. Both correctly predict the influence of Reynolds 
number, Prandtl number and radial location across the pipe on the diffusivity ratio when compared to 
trends revealed by limited published data. 

Computation of Nusselt number and temperature profile in liquid metals were carried out under 
conditions of constant wall flux using the deduced expression for diffusivity ratio. They agree well with 
experimental results. For practical calculation of film coefficient of heat transfer, the following inter- 
polation formula may be used: 


Nxu = 7 + 0:05 Npr®*?> Npe®**? 


which fits the calculated data with a maximum deviation of less than 12 per cent for Np, 0-1 and 
Npe < 15,000. Limiting values of Nusselt number as Npr-> 0 and Nre — © were discussed. 


Résumé—Un mécanisme simplifié de la transmission de chaleur turbulente, fondé sur une modification 
de I’hypothése de Prandt! sur la longueur de mélange, est propose. On suppose qu’il y a une variation 
continue de la quantité de mouvement et d’énergie pendant la trajectoire de la masse tourbillonnaire. 
Deux expressions donnat le rapport des diffusivités turbulentes pour la chaleur et la quantité de 
mouvement ont été obtenues dans le cas d'un écoulement pleinement établi dans une conduite. L’une 
est valable pour les fluides dont le nombre de Prandtl varie de 0,6 a 15 et l'autre convient pour les 
métaux liquides. Ces deux expressions permettent de prévoir correctement l’influence du nombre de 
Reynolds, du nombre de Prandtl et de la distance a l’axe de la conduite sur le rapport des diffusiviteés, 
comparativement aux tendances indiquées par les quelques résultats publiés. 

Le calcul du nombre de Nusselt et du profil des températures dans les métaux liquides a été effectué, 
dans les conditions de flux de paroi constant, en se servant de l’expression obtenue pour le rapport 
des diffusivités. Ce calcul est en bon accord avec les résultats expérimentaux. Pour le calcul pratique 
d’un coefficient de transmission de chaleur surfacique, on peut utiliser la formule d’interpolation 
suivante 

Nyu 7 a 0,05 Np,®»5 Np.®*?? 


qui donne les résultats calculés avec un écart maximum inférieur a 12°, pour 0,1 Np, 15.000. 
Les valeurs limites du nombre de Nusselt quand Np, — 0 et Np, — © sont discutées. 


Zusammenfassung—Fiir die turbulente Warmeiibertragung wird ein vereinfachter Mechanismus 
vorgeschlagen, der auf einer Abwandlung der Hypothese der Mischungslange nach Prandtl beruht. 
Es wird angenommen, dass sich wahrend der Bewegung eines Ballens Impuls und Energie kontinuierlich 
andern. Fir voll entwickelte Rohrstromung erhalt man zwei Ausdriicke fiir das Verhaltnis der 
turbulenten Leitfahigkeiten fiir Warme und Impuls, einen fiir den Bereich der Prandtlzahl von 0,6 bis 
15 und den anderen fiir fliissige Metalle. Beide geben den Einfluss der Reynoldszahl, der Prandtlzahl 
und der radialen Koordinate im Rohr auf das Verhaltnis der Warmeleitfahigkeiten richtig wieder, 
wenn man sie mit Literaturwerten vergleicht. 
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Nusseltzahlen und Temperaturprofile fiir flissige Metalle wurden unter der Bedingung konstanter 
Warmestromdichte an der Wand berechnet, wobei der abgeleitete Ausdruck fiir das Verhaltnis der 
Leitfahigkeiten verwendet wurde. Die Ergebnisse stimmen gut mit Messungen uberein. Fir die 
praktische Berechnung kann folgende Gleichung verwendet werden. 

Nyxu = 7 + 0,05 Np,*»*> Np,®»* 
Diese Gleichung gibt die errechneten Werte mit einer Groéssenabweichung von weniger als 12°; 
Np, < 0,1 und Np, 15000. Auch die Grenzwerte der Nusseltzahl fiir Np,—-0O und Nae —->« 
werden diskutiert. 


Abstract—I|pejiaraeTca VapolleHHbii M@XaHH3M TYPOYaeHTHOrO Tel.1006MeHa, OCHOBAHHBIIt 
Ha BUONsMeHeHHOL runotese IpanATad oO AmHe CMewmeHnA. JlonyckaeTcA, UTO MpOHCcXOANT 
HelpepbIBHOe HS8MeHeHHe KOTM4eCTBA ABUARCHHA TW OHeprilil 3a BpeMA JBIAKeCHHA BUXpA. 
Jlan craOnuan3npopanHoro moTOKa B TpyOe MOAydeHbI [Ba COOTHOMMeHNA Mey Kood«p- 
IMeHTOM AUP PV3UM BUXPA Mp Mepenoce Tena MW KOATMYeCTBOM ABIAKeHHA. Oa BEIPameHuA 
MpaBiIbHO OTOOpakaloT BIMAKHe Kpurepnes Peithoapaca, I[panyrad 1 pamadbHoil KoOpaAn- 
HaTh, YTO HM MOATReEpKaeTCA CpaBHeHHeM C MMEIOUUIMHCA ONVOANKOBAHHDIMI aHHBIMI. 

Brruncaenne kKputepia Hycceapta mu TemnepaTypHoro TMpodiaA B AN AKUX MeTaiax 
MIpOBOAMIOCb B YCAOBMAX MOCTOAHHOPO MOTOKA Tella Ha CTeCHKE € HCMO.Ib3OBaHHeM COOTHO- 
NCHA KOOPPUMNEHTOB LUGMpy3Hi BUXPA. OTH LaHHble XOPOMO Corsacywrcd € pesyibTaTaMu 
akcnepuMenta. ,lad mpakTiveckoro pacuéra KOagupMienTa TeM1OOOMeHAaA MOKHO MCIOJIb30- 
BaTb CleLVIOULYIO HHTeplO.1AMMOHHYIO PopMy.1y 


Nyu 7 + 0,05 Npr®??® Npe®??? 


KOTOPaAH aeT MeHbINe OTKIOHeEHHA YeM 12°, Wan Nee 


mpeleibuble 3HaveHHA KpuTepus Hyece 


NOMENCLATURE 


O. mu Npe < 15 000. Paccmorpenni 


ipta mpi Npr +> On Nre > &« 


ey. eddy diffusivity for momentum transfer 
a. radius of the eddy (ft): (ft?/hr); Vol 
A. area per unit length of pipe (ft?/ft): K, thermal diffusivity of fluid, k CyP 1 7 
c,, Specific heat at constant pressure (ft?/hr): 1960 
(B.t.u./Ib °F):+ jt. dynamic viscosity of fluid (lb/ft hr): 
D. pipe inside diameter, 2r,, (ft): v, kinematic viscosity of fluid (ft?/hr); 
g.. mass unit conversion constant p. density of fluid (Ib/ft*): 
(Ib ft/Lb hr?):+ T shear stress at any radius r (Lb/ft*): 
h, surface conductance (B.t.u./hr ft? °F): 6, time (hr). 
k, thermal conductivity of fluid 
(B.t.u./hr ft “F); Dimensionless quantities 
l, mixing length (ft): b, empirical constant in equations (17) and 
q. rate of radial heat flow at any radius r (20): 
per unit length of pipe (B.t.u./hr ft): z Darcy friction factor: 
s radius (ft); ee Nxu. Nusselt number, /D/k: 
= inside radius of pipe (ft Npe. Peclet number. Nre Npr — u,D/«: 
', fluid temperature (“F): Npr, Prandtl number, c,/k = v/K: 
uv, axial velocity (ft/hr): Nre. Reynolds number, u,D/v: 
uw, mean velocity in pipe (ft/hr); Ns. Stanton number, Nxu/NReNpr=h/c,puy: 
v', fluctuating velocity in radial direction Npe’. Nre’, Nst’ refer to eddy: 
(ft/hr): U u/s: ‘ 
v*, friction velocity defined by or nilei®- 
v* = V(8cTu p) (ft hr); y friction distance parameter defined by 
y, radial distance from pipe wall (ft): ; y vty/p: ‘ 
eH, eddy diffusivity for heat transfer (ft?/hr): , ar ie 
+ Lb represents pounds force, and lb pounds mass in a €H/€u, ratio of eddy diffusivity of 


this paper. 


heat to momentum; 





A MECHANISM 


Subscripts 
b, bulk; 
center of pipe: 
eddy; 
w. wall. 
Other symbols or subscripts that might be 
used are defined in the text. 


1. INTRODUCTION 

THE advantage of using liquid metals as heat- 
transfer media is primarily due to their high 
conductivity, relatively low viscosity and high 
boiling point. Among the disadvantages, one 
may mention the difficulty of handling. Some 
liquid metals are corrosive and chemically 
reactive. Techniques are being developed to 
overcome these difficulties. 

After the World War II, a widespread interest 
has appeared in using liquid metals as a coolant 
in nuclear-chain reactors. In spite of the many 
attractions and the potentialities of its use in 
industrial applications, the mechanism of turbu- 
lent heat transfer, even under the simple condi- 
tion of fully developed pipe flow, is not well 
understood. Lubarsky and Kaufman [1] made a 
thorough examination and re-evaluation of 
the experimental results on film coefficient of 
heat transfer reported by numerous investigators 
up to 1953. They observed that the bulk of data 
for Nusselt number were lower than those pre- 
dicted by the then existing theoretical analyses. 
After reviewing the available literature on the 
subject, and performing some preliminary 
analysis, the writers were led to believe that a 
major reason for the observed discrepancy 
could be due to the oversimplified relation 
commonly assumed for eddy diffusivities of heat 
and momentum. An improved macroscopic 
theory of turbulent exchange mechanism is 
herein proposed which brings closer the theoreti- 
cal predictions and measured data, both for heat- 
transfer coefficients and temperature profiles. 

The governing equations for the analysis of 
turbulent heat transfer in circular tubes, at a 
large distance from the entrance, where both the 
velocity and temperature profiles are fully 
developed,* may be expressed as: 

+ Seban and Shimazaki’s definition of fully developed 
temperature profile is implied, see [2]. 
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du 
d\ 


(v + €y) 


( dt - 
i ) (2) 
; “al A 


Acyp 
Equations (1) and (2) are deduced from the time 
averaged Reynolds momentum and _ energy 
equation for axially symmetric incompressible 
flow in a pipe, using the following assumptions: 


(a) The flow is steady on the average. 

(b) All properties are constants. 

(c) Axial conduction is negligible when com- 
pared to axial convection. = 

(d) Frictional heating is negligible. 


The analogous nature of momentum transfer 
and heat transfer is evident from the foregoing 
pair of equations. They are linked to each other 
through the relationship between the two eddy 
diffusivities. Such a relation depends on the 
physical model which one selects. 

Reynolds [4], who made the first important 
step in the analysis of turbulent exchange 
mechanism, postulated that energy and momen- 
tum were transferred in the same manner. 
Reynolds analogy, as the postulate is commonly 
known, implies «4 = ey. Taylor [5], Prandtl 
[6], von Karman [7], Martinelli [8, 9], Lyon [10] 
and others [2, 11, 12] all adopted this assumption 
in their analysis of turbulent heat transfer. 
Relatively recently, various experiments have 
been conducted to determine the diffusivity 
ratio a from measured temperature and velocity 
profiles in fluids flowing turbulently in circular 
tubes as well as between parallel plates [13-21] 
It has been established that a is not a constant 
and, with even more certainty, «y cannot in 
general be equal to ey. In spite of the dis- 
crepancies which exist among the published 
data, it appears that the following has generally 
been agreed on: 


(a) The diffusivity ratio, a, is not a constant 
across the tube. 

(b) For air, a is greater than unity. It exhibits 
higher values in regions close to the wall and has 


* Schneider [3] has demonstrated that this is a good 
assumption provided that Npe > 100. 
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a decreasing trend toward the pipe center. For 
flow at high subsonic Mach numbers, an 
opposite trend has been reported [21]. The 
latter may be attributed to compressibility. 
Increasing Nre tends to reduce a but in no case 
is it less than unity. 

(c) For liquid metals, a is less than unity. The 
variation of a with a greater distance from the 
wall shows a trend opposite to that described in 
(b) above. At a fixed Npre, a increases first 
relatively rapidly and then more slowly as one 
moves away from the wall. Increasing NVRe tends 
to increase a but in no case it is greater than 
unity. 


Jenkins [22]. Deissler [23] and recently Lykoudis 
and Touloukian [24] attempted to evaluate a ona 
theoretical basis by modifying Prandtl’s mixing- 
length theory. All the models proposed failed 
to predict the behavior of a as summarized 
above. 


2. SUGGESTED MODEL FOR THE MECHANISM 
OF TURBULENT EXCHANGE—MODIFIED 
MIXING-LENGTH THEORY 


In 1925. Prandtl [25] proposed the now famous 
mixing-length hypothesis. It was presumed that 
the eddy preserved both its momentum and 
energy while travelling between layers of a fluid 
before mixing occurs. Referring to Fig. I(a), an 
eddy originated at layer (1) and moving upwards 
preserved its velocity u, and temperature /, 
over an average distance / called the mixing- 
length till it reached layer (2) where it mixes with 
the bulk of fluid there and completely loses its 
identity. An eddy created at layer (2) and 
moving downwards behaves in a similar way as 
illustrated in Fig. 1(b). Conceivably, neither the 
momentum (in the w-direction) nor the energy 
may be conserved during its travel. In fluids of 
high thermal conductivity, heat transfer at the 
surface of the eddy may become appreciable. 
Thus in Fig. 2(a), an eddy created at layer (1), 
with velocity vu, and temperature f¢, will attain a 
velocity u; and temperature 1, before mixing 
takes place at layer (2). A similar event takes 
place for an eddy moving towards the wall as 
illustrated in Fig. 2(b). With this simple modifi- 


Eddy at creat 
Temperature 
profile 


Fic. 1. Prandtl’s model of turbulent mixing: (a) eddy 
moving upward; (b) eddy moving downward. 


cation of Prandtl’s mixing-length hypothesis, 
one has: 


ty)/(tz — 1) 
U,)/(U, — Uy) 


€H (1, 


€M (Us 


U,)/(u, — Uy) 
ty)/(tz — t) 


1+ (u, 
1+ (th 


for an eddy moving upward (3a*) 


(ts — t)/(te — ty) 


(uw, — Uy)/(Ug — 44) 


u,)/(u, — U4) 
1)/(ts — ty) 


1 + (u% 
1 + (ty 


for an eddy moving downward (3b)* 


In order to maintain continuity, one would 
logically assume that there will be just as many 
eddies moving upward as there are moving 
downward. (Equations (3a) and (3b) are, in 
effect, identical.) 


+ See (33) for derivation. 
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In the foregoing equations, (uw, — u;) and 
(tf, — t;) are conceived, respectively, as the 
flunctuating axial component of velocity and 
temperature at layer (2). The corresponding 
fluctuating quantities at layer (1) are (u, — u,) 
and (t, — 1). 


Fi 


j 


2. Modified Prandtl’s model of turbulent mix- 
(a) eddy moving upward; (b) eddy moving 
downward. 


g. 
g: 


To ascertain the influence of fluid drag and 
heat transfer at the surface of the eddy, it is 
assumed that they are both associated with its 
boundary layer. For simplicity, the eddy is 
presumed to be spherical. As it moves from 
layer (1) to layer (2), its average axial velocity is 
4(u, — uy) while that of the surrounding fluid 
is 4(u.+ u,). Application of the momentum 
principle yields, 

u.—u,\?_ | 
3 (- 2 ‘) a? 


Az pV(u, — uy) (4) 


S being the surface area of the eddy, V its 
volume, //v, the time required for an eddy to 
travel between layers (1) and (2) and A the 
average friction coefficient defined by: 
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TS 


$ p[ 4(u. + uy) — 4(u, + uj)]? 


Tek. 


$p[4(u, — u,)}? 


For spherical eddy of radius a, V/S = a/3. 
Equation (4), upon rearrangement, becomes 


uy—u, 3 ) | ‘) U, — Uy (5) 
U—u, 2 \ay 4 

To estimate the amount of heat transfer 
during flight, the spherical eddy is conceived to 
have an average temperature 7, [=4(f, + 1)] 
being immersed in an immense fluid initially at a 
uniform temperature 7, [=43(1, + ¢,)]. The film 
coefficient of heat transfer at the eddy surface 
is h,. We shall now proceed to evaluate the heat 
transferred from the surrounding fluid to the 
eddy during the flight time //v’. With this sim- 
plified model,+ the differential equation of the 
temperature field in the surrounding fluid and 
its initial and boundary conditions are as follows: 


T, K (Tre a Tn)a- R<« 


T(O, R) To: Tr, a) 


h'{T, T(@, a)}, h’ 


The solution of equation (6) is 


aah’ 
R1 + ah’ 


where 
(7a) 


+ An alternative model would be to assume that the 
surrounding fluid is at a constant, uniform temperature 
T, and to calculate the total heat transferred during the 
time //v, allowing the temperature of the eddy to vary. 

eT eT 


Tg = 28” Tr are 


+ 
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The quantity of heat flowing into the eddy 
during the flight time //v’ is 


O, = |e k(4ra?)TpR(0, a)dé 


h’ l aH | 


k(47ra?) (T,—T,) .j—- F(X) }(8) 
wi | ah ; kH? 1 


where F(X) = exp (X*)erfe ¥ + —- X¥ — 1 (8a) 


and (8b) 


X HM || K a 


This flow of heat results in an enthalpy change of 


the eddy and is reflected as a temperature 


increase, 
O, 
~ (9) 
S7QA°C pp 
Since 7, T, l(t. 11). 
equation (9): 


one obtains from 


3 K h’ l 


2a] 


aH 


l 
F(X 10 
-ah' \v' Kk H? ' ] om 


Equation (10) contains the surface coefficient of 
the eddy h, which has yet to be evaluated. 
According to the proposed model, the heat 
transfer is characterized by the laminar boundary 
layer at the eddy surface. Possible influences of 
curvature behind it are to be ignored, and 
Pohlhausen’s expression [26] for flat plate may 
thus be used. Hence, for Npr = 0-6 to 15, 


(11) 


0-664 
with = 2 


N Re 
A being the skin-friction drag coefficient. For 
the present calculation, the characteristic length 
in Nre and Nyy is taken as za which is one-half 
of the circumference of a great circle of the eddy. 
Admittedly, such a selection as well as the model 
used for heat transfer and drag calculation is 
somewhat arbitrary. It is hoped that the major 
inaccuracies so introduced could be adequately 


compensated by including one empirical constant 
in the analysis which will be described shortly. 

With the foregoing characteristic length, the 
Reynolds and average Nusselt number of the 
eddy are: 


UW +u, u,+4 
NRe’ | = 


u,\ 7a 
? 


Us — U, 7a 
i y 


(12) 
h(a) 
k 
It follows that the average Stanton number of 

the eddy is: 


Nyuv’ (13) 


Nst ba atoll ( 14) 
Nre’ Ner 

Equation (11) is known to be valid for rela- 

tively high Npr fluids as indicated. Since, in this 

paper, one is primarily concerned with heat 

transfer in liquid metals, it is necessary to deduce 

a similar expression for fluids of much smaller 

Npy. Using the well-known approximate pro- 

cedure of solving the integral momentum and 

energy equation of the boundary layer, one 
obtains: 

1-06 


1/2 
N Re’ 


Nst’ NGS (15)* 
Of particular interest is the fact that Npr which 
occurs in equation (11) is raised to the power 5 
while in equation (15) it is raised to the power 3. 
Inasmuch as it has not been possible to use a 
single expression for the Stanton number, two 
separate expressions for the eddy diffusivity 
ratio will be given. 


2.1. Eddy diffusivity ratio for fluids of Prandtl 
number ranging from 0-6 to 15 
If one introduces the Peclet number of the 
eddy Npe’ (=Nre’ Npr) into equation (8b), 
there results: 


; 7 12 Nyw i. 
ee ta) (! = (, > v 


As pointed out earlier, due to the arbitrariness of 
the selected shape of the eddy, model for the 


"12 
4 (16) 


+ A detailed derivation is given in [33]. 
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heat transfer process, etc., it was decided to 
replace the constant 0-664 in the Pohlhausen 
equation by an empirical constant 5, the value 
of which is to be determined later. Accordingly, 
one writes equation (11) in the modified form: 


b 


j1/2 
Ne’ 


Nsv N3,3 (17) 
Introducing this relation into equations (10) and 
(16) and inserting the results into equation (3), 
yield: 


Z(U/a) [(u, — uy)/v' | NRS 
1 + 3{1/[0-318N per + (1/b\(NR2, NGZ,°)]} 
((//a)[(u, — uy)/v'] + 0-2036N53 NRE, 
F(X)/ (1 + 0:318bN4,3 NL2,)} J 


in which F(X) is given by equation (8a) and 


l l ts 
wie)a op 


2.2. Eddy diffusivity ratio for liquid metals 
Following the same argument expounded in 
the preceding section, one modifies equation (15) 


as 


, (18) 


my) (19) 


1-64 ° 
N12, 


Ns’ N3.? (20) 
The corresponding expressions for equation 
(18) and (19) are, for this case, 


€H 
EM 
1 + 3d(//a) [(u, — u,)/v'] Nj}? 
1 + }{1/[0-318Nper + (0°609/b) Np3}} 
((//a) [(u, — uj)/v’] + 0-333bN,2FCX) 
(1 + 0-522bN3,3)") } 


and, 
x=(5 


Equations (18) and (21) contain common 
unknowns, namely, the ratio of fluctuating 
velocities (uv. — u;)/v’, the ratio of mixing-length 
to radius of the eddy //a, the Reynolds number 
of the eddy Npre’ and empirical constant b. 
The following two sections are devoted to their 
discussion and evaluation. 


] / : ‘\ 3/2 
ot N} 2)(, > v a C3} 


Pe’ 
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2.3. Ratio of fluctuating velocities 

Referring to Fig. 2(a), uw. — u, and wv’ are, 
respectively, the fluctuating velocities in the 
axial and radial direction. Both are complicated 
functions of space and time; their exact nature is 
not known. Customarily, they are treated on a 
statistical basis and expressed in terms of their 
root-mean square values. These two quantities 
are so interpreted in this paper. 

Numerous experiments have been conducted 
by various investigators, notably Laufer [27], 
Reichardt [28], and Wattendorf [29], to study 
the structure of turbulence in two-dimensional 
channels. Laufer [30] also carried out one of the 
most detailed investigations on turbulence in 
fully developed pipe flow. When the ratio of 
either fluctuating velocity to the friction velocity 
v*[= 1 (g.7,/p)| were plotted against the dimen- 
sionless radial location y/r,,, it was found that, 
up to a region very close to the wall, both were 
almost independent of the Reynolds number. 
Laufer’s measurements also indicate that 
(u, — u,)/v* and v'/v* vary almost linearly with 
radial location, showing an increase towards 
the wall till a maximum is reached in the buffer 
zone, followed by a rapid drop as the wall is 
approached. Laufer’s results may be closely 
approximated by the following expressions: 


(23) 


1-95 (1 — 0-64 : 


' 
and 1-08 (1 — 0-36 ; (24) 





Fic. 3. Variation of fluctuating velocity ratio with 
radial loeation across pipe. 





It follows that, 


Uy — Uy 1-81 | — 0°64 y/r, 025) 
v ur 0-36 y/r, = 
which is shown graphically in Fig. 3. Laufer’s 
data were obtained for air, it will be assumed 
that they remain valid for other fluids. 


2.4. Reynolds number of the eddy Nre’ and the 
ratio l/a 
Eliminating (uv, 


(12) gives, 


u,) from equations (23) and 


NRe’ = > 


Ti Vv 
a] -95e" (1 — 0-64 - | (26a) 
V re 
which can be shown to equal 
y ) f 
I ' 4 > ° 0 T 2] 
Nae’ = 1535 (1 — 0-64 = ).\ wel (5 |(26b) 


For Npre > 10°, Nikuradse [31] reported the 
following expression for the ratio of mixing 
length to pipe radius, 


= 0:14 — 0.08 (1 — = ) —0-06 (1 ) 27) 


which will be extrapolated for use at lower Nre 
since no other information is available. 

Next, we shall consider the ratio //a. In the 
preliminary examination of the behaviour of 
equation (18), the diffusivity ratio was calculated 
for air of Npr=0-718 with the empirical 
constant 4 retained as that originally appeared 
in the Pohlhausen equation, namely, 0-664. 
Computations were carried out for y/r, = 0-5 
and for three arbitrarily selected values of 
l/a = 2, 3 and 4. The results are summarized in 
Table 1. 


Table 1. Prediction of «u/e. by equation (18) for air 
of Ner = 0718, b = 0°664, y/r. = 0°5 








" €H 
€M 
Nre 
2 ; 3 4 
a a a 
14,500 1-008 1-018 1-030 
80,300 1-007 1-016 1-029 
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It is seen that the calculated ratio €#/¢€47 is not 
sensitive to variations in //a. For simplicity we 
select //a = 2 for subsequent calculations. 

Using Nikuradse’s expression for //r,, and 
//a = 2, the Reynolds number of the eddy may 
be related to the pipe Reynolds number and 
Darcy friction factor as: 


NRe’ 


: : = 0-766 | 1 
Nrey (1/8) | 


9 


u 


0:64 : | 0-14 
: 


»\2 »\4 

— 0-08 (1 - ) — 0-06 (1 - : ) Jes 
which is shown plotted in Fig. 4. It vanishes at 
the wall, reaches a maximum at about y/r,, = 0°5 
and then decreases toward the pipe center. 
Nre’ may be regarded as a measure of the 
turbulence intensity. 





./N,.A/B 


Ny, 








/ 
Wl. 


Re’ 


Fic. 4. Variation of with radial location 


NRev (f/8) 
across pipe. 


Diffusivity ratios for air as listed in Table | 
are only slightly higher than unity. Page er ai. 
[18] reported experimentally determined values 
of a for air flowing between parallel plates. 
Sleicher [19] also reported data for air in turbu- 
lent pipe flow. While there are some discrepan- 
cies between Page’s and Sleicher’s results, the 
general behavior with respect to the influence of 
Reynolds number and location across the pipe 
or channel seems to be in good agreement. 
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However, Sleicher’s data have been chosen for 
the determination of the empirical constant 6 in 
equation (18) because they were obtained for 
pipe flow. After a few calculations, it was found 
that by assigning b = 2-5, the predicted value for 
air at Nre = 14,500 and y/r,, = 0-35 could be 
made to agree with Sleicher’s data. The reason 
for the selection of this particular y/r,, was that 
the experimental data indicated a nearly constant 
trend beyond this location. It is pertinent that 
the artificial matching of the theoretical equation 
(18) and experimental data was done at only one 
point and only for Npr = 0-718. 

Using the expression for the ratio of fluctuating 
velocities given by equation (25), //a = 2, and 
b = 2-5, equations (18) and (21) finally become: 


€H | + 6-776 NRi? 
€M | + 0-75 F,F, 


in which | 


(29) 


0-64 y/r, -" 
| — 0:36 y/r, (29a) 
and, 

(i) For fluids of Npy ranging from 0-6 to 15 

I } 
0-318Npe’ + 0-4N22 NG, 
3-61¢6 + 
0-508 Np? Np} ® 
(1 + 0-795N}.2 Npi/®)? 
2-38! NGL? + 0-795} 


F(X) 


(ii) For liquid metals 


| 
0:318Npe + 0-244N22 
3-616 0-833.N33 FY \ 
7O'? TF P305NER 


2-38¢! 2 (1-305 + N5}/2) J 


(29c) 


In either case, Npe’ = Nre’ Npr, Nre’ is given by 
equation (28) and F(X) by equation (8a). 

For approximate calculations, the following 
may be used: 


(i) For fluids of Npy ranging from 0-6 to 15 
€H 1 + 135N-}® exp [ 


em 1+ SIN RS “*N5 * exp [—(y/r, 


(vy Ir. yp) 


,)0*25) (30a) 
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(ii) For liquid metals 
135NR°* exp [ 
em 1+ 380N50°°* exp [ 


te alt 
(y r, y? 38) 


A ake 
= = (30b) 


both give a maximum deviation of less than 
14 per cent. 


3. COMPUTED RESULTS ON DIFFUSIVITY 
RATIO, a 

Equations (29), (29a) and (29b) have been used 

to evaluate a for fluids of Npr = 0-718, 1 and 10 

at several Nre. Results obtained for Npr = 0-718 

are plotted in Fig. 5. For purpose of comparison, 

Sleicher’s experimental results are also shown. 





Fic. 5. Comparison of Sleicher’s experimental! data 
with calculated values of diffusivity ratio 
Npr = 0-718 
— Theoretical prediction 
1,A Nre= 1:45 x 10+ 
B Nre = 4:34 x 104 
3,C Nre = 8-03 x 104 
D Nre = 3:96 = 10° 
2 Nre = 3°85 = 104 
Sleicher’s data. 


It may be recalled that the empirical constant 5 
in equations (18) and (21) was determined by 
matching the calculated value of a with Sleicher’s 
data at only a single point. It is interesting to 
note that the predicted variation of a with Nre 
and radial location does show fair agreement 
with experiments. While Sleicher reported 
values of a for y/r,, only up to 0-55, Page’s data 
included regions close to the channel center. 
The latter indicate a continuous, slight decrease 
of a towards the channel center—a trend also 
revealed by the present analysis. Fig. 6 illustrates 
the calculated results for Npr = | and 10. The 
former differs from Jenkins’ prediction [22 
which gives a = | when Npr = | irrespective of 
Nre. No experimental data for higher Prandtl 
number fluids are available for comparison. 





“Oak 


130 N. Z. AZER and B. T. CHAO 

















as 


a 














Fic. 6. Calculated variation of diffusivity ratio with 
radial location for two Prandtl numbers and two 
Reynolds numbers. 

Vpr = 1:0 - Npr = 10. 


One interesting consequence of the present 
analysis is that a, for any Npr, approaches unity 
as Npre increases indefinitely. When this occurs, 
both the numerator and denominator of equation 
(29) become unity. It implies that at very high 
Ve. the original Prandtl’s mixing-length hypo- 
thesis becomes valid. At this point, a question 
which naturally arises is: Why does the previous 
analysis, such as that of von Karman [7], 
Martinelli [9], or Lyon [10] in which a is assumed 
to be unity for all Nre and Npy, give good 
prediction of heat transfer for fluids of Npr 
equal to or higher than that of air? The answer 
lies in the fact that, in such fluids, the thermal 
resistance is essentially confined to the laminar 
sub-layer and buffer region. For instance, at 
Vere = 10,000. Martinelli [9] reported that 
over 99 per cent of the temperature difference 
occurred in the combined laminar sub-layer 
and buffer zone for a fluid of Npr = 100. The 
corresponding values for Npr = | and 0-01 are 
71 per cent and 2! per cent, respectively. Hence, 
for ordinary fluids, any inaccuracy which one 
introduces in computing the thermal resistance 
of the turbulent core would have only minor 
effect on the prediction of Nusselt number. This 
is not the case for liquid metals. 


It is also seen that Sleicher’s data for air 
which showed a > | at a region close to wall are 
not contradictory to the fact that von Karman’s 
analysis and others (a = 1) give reasonably good 
agreement with experiment in so far as the 
prediction of heat transfer is concerned. In the 
laminar sub-layer, turbulence is, by and large, 
suppressed, and molecular conduction pre- 
dominates. 

The available experimental data of a for liquid 
metals are those of Isakoff and Drew [15] and 
Brown et al. [20]. Again, for the purpose of 
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Fic. 7. Comparison of experimental data of diffusi- 
vity ratio for mercury due to Brown, Amstead and 
Short with calculated vaiues. 

Npr = 0-02 


—— Theoretical prediction Brown er al. 


comparison, numerical calculations of equations 
(29), (29a) and (29c) were carried out for 
Npr = 0-0239 and 0-02 at several Nre. The two 
Npr selected correspond to those of mercury as 
reported respectively in [15] and [20]. Results of 
computation are shown in Figs. 7 and 8. The 
theoretical prediction of equations (29), (29a) 
and (29c) is seen to be in fair agreement with the 
experimental measurements of Brown. It is to be 
emphasized that the comparison made _ here 
involves no further matching of the empirical 
constant which has been previously determined 
from results on air. At the lower Nre, the agree- 
ment is considered good. At the higher Nre, the 
theory predicts lower values. According to the 
present analysis one sees that, for liquid metals, 
increasing Ne tends to increase a, a trend which 
is an antithesis to that for air or higher Npr 
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Fic. 8. Comparison of experimental data of diffusi- 
vity ratio for mercury due to Isakoff and Drew with 
calculated values. 

Npr = 0-0239 
— — — Isakoff and Drew ————— Present analysis. 
fluids. Fig. 7 shows that there is a slight drop in 
the values of a as the center of the pipe is 
approached—a phenomenon which may also be 
noticed in Brown’s data. Isakoff and Drew’s 
results do not agree with those of Brown ef al., 
and hence are not in agreement with those pre- 





Fic. 9. Predicted variations of diffusivity ratio with 
radial location as influenced by Prandtl numbers and 
Reynolds numbers 
—_——— Npr = 0-001 1, A, X Nre 
— — —Npr= 0-01 2, B, Y Nre 
—— —-—— Npr = 01 3, C, Z Nre = 


4:34 « 104 
3-96 « 10° 
3-24 x 10°. 
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dicted by the present theory. Drew and Isakoff 
based their calculation on temperature data 
which showed considerable scatter. As will be 
pointed out in a later section, some of their 
reported temperature profiles fell below the 
limiting profile of Npr = 0. This led the writers 
to believe that Isakoff and Drew’s results are 
most probably in error. 

Equations (29), (29a) and (29c) have also been 
used to calculate for Npr = 0-001, 0-01 and 0-1 
and for Nre = 4:34 104, 3-96 10° and 
3-24 x 10°. Fig. 9 summarizes the results 
obtained. For a given Npr, a increases with 
increase in Npre. In the limit, as Nre > ©, a> | 
for any Npr. As the distance from wall increases, 
a also increases, first rapidly and then slowly 
till it assumes a more or less constant value. 
For the highest Prandtl number investigated, 
namely 0-1, there is less variation of a with 
respect to radial location across the pipe, 
particularly when the Reynolds number is 
large. 


4. NUSSELT NUMBER AND TEMPERATURE 
PROFILE FOR FULLY DEVELOPED PIPE FLOW 
WITH CONSTANT WALL FLUX 


The case to be considered concerns the 
turbulent flow of liquid metals in smooth, 
circular pipes with constant wall flux. The fluid 
properties are regarded as constants. This 
problem was first considered by Martinelli [9] 
who recognized the importance of molecular 
conduction in the turbulent core for the transfer 
of heat in fluids of very low Prandtl number, 
such as molten metals. Martinelli’s analysis 
was later modified by Lyon [10] who showed that 
the Nusselt number could be expressed as: 


I , {? ({? Uzdzy 
- ; az 
Nxu,» lan +alew v) Npr] 


(31) 


_ 


In the above expression, the Nusselt number is 
based on temperature difference between the wall 
and the bulk of the fluid. Lyon integrated 
equation (31) numerically, using point values of 
velocity and e,j;/v as evaluated directly from 
Nikuradse’s data [31]. Like Martinelli, Lyon 
assumed that a =1 in his calculations. He 
approximated his results of calculation for 
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Nusselt number by the following interpolation 
formula: 


Nxu,t 7 + 0-025N3S5 (32) 


which has been recommended for use in the 
Liquid Metals Handbook [32]. The results of 
experiments are on the average, about 50 per 
cent lower than the prediction of equation (32). 
It is clear from equation (31) that, for a given 
Vpy. the Nusselt number depends on a, €j7/v and 
the velocity profile whose effect is reflected in 
the integral |; UZdZ. The latter two quantities 
will be discussed separately in the following 


sections. 


4.1. The integral |, UZdZ 
For an incompressible fluid of constant 
properties flowing turbulently in a pipe with 
fully developed velocity and temperature profiles, 
Seban and Shimazaki [2] showed that, for 
constant wall flux, the axial temperature gradient 
is independent of the radial position in the pipe. 
Under such circumstance, it can be readily 
shown that the radial q-distribution is given by: 

"1 

1" | u*(1 — y/r,)dQ/ry) 

4 =2| uzdz= 


q Jo 





u*(1 — v/r,)d(y/r,) 


e 


(33) 


If the logarithmic velocity profile proposed by 
von Karman [7] were adopted, namely, 


u y*, Os y* <5 
u 305+ S5Iny*, S<y*< 30 $ (34) 
u 5:5 + 2:5 In y*, y* > 30 


the integrals in equation (33) could be readily 
evaluated and the result expressed in a closed 
form. It is, 


q . 
g, 
2:75(1 — y/r,)? + 1:25 1n Nre/21/( 7/8) 
ws l-25y r,(2 vir )In [v/r,. Nre/2 . (35) 
\/(f/8)|— 0-625(1 — y/r,,) (3 — y/ry) 
1-25 In Nre/2/( f/8) — 127°8 
(NRey ( f/8)- ss 22.960[NrRe 
\/( f/8)]-* + 0-875 J 


Equation (35) ignores the influence of laminar 


sub-layer and buffer region. If the latter is con- 
sidered additional terms will appear in the 
numerator of the above equation. A detailed 
derivation has been given [33]. For the present 
analysis, equation (35) may be used for the entire 
cross-section without sacrificing accuracy. Fig. 
10 is a graphical representation of such distribu- 
tion for Nre ranging from 4 x 10° to 3-24 x 10°. 


/Ow 








Fic. 10. Radial g-distribution in fully developed 
turbulent pipe flow. 
—_—— q-distribution according to equation (35) 
— Martinelli’s distribution 
— — — — Simple distribution used in the present analysis. 


These correspond to the extremes of Nre used 
by Lyon. Calculated data for all intermediate 
Nre lie within the narrow loop bounded by the 
two solid curves. It is thus seen that for the 
realm of Nre considered, the ratio q/q,, may be 
closely approximated by a single curve express- 
ible by: 
q z y 1-75 = 

2| UZdZ = (1— =) Z'-75 (35a) 
qu 0 Py 
Lyon’s individually computed values agree well 
with this simple result. This is demonstrated in 
Table 2. 

That the g-distribution in turbulent pipe flowis 
insensitive to Reynolds number variation has 
also been confirmed experimentally by Isakoff 
[34]. 

With the foregoing simplification, equation 
(31) could be written as: 

1 Pa VAs 
= | dZ (36) 


NNu, » ol+(a €as/v) Npr 
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Table 2. Comparison of the numerical values of the integral | ZUdZ as reported by 
0 


Lyon and the suggested relation given by equation (35a) 


It is interesting to note that the corresponding 
expression used by Martinelli has the exponent 
of Z replaced by 3, since the rather crude 
assumption uv = u,, was adopted in his analysis. 


4.2. The ratio of eddy viscosity to kinematic 
viscosity, €u/v 

A rational calculation of the ratio €y,/v is not 
possible at the present time since no precise 
theory of turbulence exists. Consequently, 
one turns to experimentally measured velocity 
profile for the evaluation of «a7. After examining 
the several turbulent velocity profiles proposed 
by various investigators, namely, Prandtl [35] 
von Karman [36], Deissler [37] Reichardt 
[38] Rannie [39] Ross [40] and Pai [41], the 
writers came to the following conclusion. The 
semi-empirical velocity profiles proposed by 
various investigators may seemingly fit well the 
experimental data, it does not necessarily follow 
that the assumed model of turbulence is precise. 
ew Calculated from the directly measured velo- 
city gradient across the pipe may not be in good 
agreement with that computed from the semi- 
empirical equation which is supposedly to 
represent the velocity distribution. A detailed 
analysis and discussion is given in [33]. For 
fluids of relatively high Npr, any error introduced 
in the evaluation of ¢ , will produce only minor 
effect on the final result of Nusselt number 
calculations. This is no longer true for liquid 


i ZUdZ due to Lyon 


0-5000 
0-4158 
0-3384 
0-2679 
0-2045 
0-1487 
0-1006 
0-0608 
0-0299 
0-0089 
0 


metals. In view of these observations, it was 
decided to use Nikuradse’s data of ey,/v [31] 
which were evaluated directly from the measured 
velocity gradient. However, no data were report- 
ed by Nikuradse for y/r,, < 0-02. Extrapolation 
was then made with the aid of Karman profile as 
given by equation (34). For those cases of Nre 
for which no information was reported by 
Nikuradse, Deissler’s velocity profile [37] has 
been used for the determination of «yy. 


4.3. Result of Nusselt number calculations 

With a and e€,;/v known, the Nusselt number 
may be evaluated from equation (36), using 
numerical integration. For the purpose of com- 
parison, the Prandtl and Reynolds number 
selected were those used by Lyon, i.e. Npr = 0, 
0-001, 0-01, and 0-1 and Nre 4-34 104, 
3-96 x 10° and 3-24 x 10°. For the limiting case 
of Npr = 0, equation (36) may be readily inte- 
grated to give Nnu, , = 7. This limiting Nusselt 
number is independent of the Reynolds number, 
at least for the range considered in the present 
work. As Nre— ©, the flux distribution becomes 
linear which has been assumed by Martinelli. 
Consequently, the exponent of Z in equation 
(36) should be replaced by 3, which gives a 
limiting value of 8 as Npr — 0. 

Calculated values of Nusselt number for the 
four Npr and three Npe selected are listed in 
Table 3. Tabulated also are the results reported 
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Table 3. Calculated values of Nusselt number 


Nxu., 


Lyon’s theoretical 


by Lyon. A significant difference is seen to exist. 
For design computations, Lyon approximated 
his calculated results by equation (32) with a 
maximum deviation of 12 per cent. Lyon’s 
expression implies that viscosity has no effect on 
turbulent heat transfer in liquid metals. This, 
however, can not be confirmed by the present 
results. Fig. 11 illustrates the independent effect 
of Prandtl and Reynolds number on the Nusselt 
number. For Npr < 0-1, and Npe < 15,000, the 
theoretical results of the present analysis could 




















Fic. 11. Comparison of Lyon’s equation and the 
predicted Nusselt numbers according to the present 
analysis. 

— — — Lyon’s equation NNu,,» = 7 + 0-025Npe*'®. 


Present theory 


result equation (36) 


be represented by an interpolation formula 


of the form: 


Nyu, b (37) 


7 + 0-05 N87? NO-25 
which gives a maximum deviation of less than 
12 per cent. 

To ascertain the accuracy of equation (37), 
some of Lubarsky and Kaufman’s re-evaluated 
experimental data on mercury and lead—bismuth 
eutectic [1] were reproduced in Figs. 12(a, b. c) 











3 


e 


Fic. 12(a). Comparison of experimental Nusselt 
number for mercury due to Johnson, Clabaugh and 
Hartnett [1] with the present analysis. 

Npr = 0-022 

— — —Lyon 
Present analysis, equation (37). 
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Fic. 12(b). Comparison of experimental Nusselt 
number for mercury due to Trefthen [1] with the 
present analysis. 

Npr = 0-02 

— Lyon 
—__———— Present analysis, equation (37). 





Fic. 12(c). Comparison of experimental Nusselt 
number for mercury due to Stromquist [1] with the 
present analysis. 

Npr 0-02 

Lyon 
Present analysis, equation (37). 


and Figs. 13(a, b). Comparison is made to 
those predicted by equation (37) as well as to 
those of Lyon. The improvement over Lyon’s 
expression is obvious. However, according to 
the proposed theory, the lowest possible Nusselt 
number is 7 but the bulk of experimental data at 
low Peclet numbers indicate a value considerably 
less than 7. It is not clear at the present time 
whether this indicates a deficit in the theory or is 
due to errors in experimental data. In a dis- 


cussion of [24], Lyon pointed out that since most 
of the data in this range of Npe were obtained in a 
horizontal tube with dense fluids (mercury and 
lead—bismuth), the stratifying effect of thermal 
expansion might have been the cause. 

Having carefully examined published data on 
liquid metal heat transfer, Lubarsky and Kauf- 
man [1] proposed an empirical equation of the 
form: 


Nyu, » 0-625 Nee (38) 


Fic. 13(a). Comparison of experimental Nusselt 
number for lead—bismuth eutectic due to Seban [1] 
with the present analysis. 

Npr = 0-02 

Lyon 
Present analysis, equation (37). 
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N 
Fic. 13(b). Comparison of experimental Nusselt 
number for lead—bismuth eutectic due to Johnson, 
Hartnett and Clabaugh [1] with the present analysis. 
Npr = 0-023 
— — —Lyon 
Present analysis, equation (37). 
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which has been claimed to best fit most of the 
fully developed turbulent heat transfer data on 
liquid metals. It is shown plotted in Fig. 14 
along with the theoretical relation depicted by 
equation (37). Like Lyon’s expression, equation 
(38) does not involve viscosity. At the present 
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Fic. 14. Comparison of Lyon’s theoretical prediction, 
the empirical relation due to Lubarsky and Kaufman 
with the present analysis. 
— Lyon Nxu.» = 7+0-025Npe®® 
— Present analysis Nyy, = 7+0-05Npe?™ Npr?™ 
-— Lubarsky and 
Kaufman Nyxy., = 0°625Npe®"*. 


time, experimental data are not available to con- 
firm or to contradict the independent effect of 
Vpr as indicated by equation (37). 


4.4. Temperature profile 

If the dimensionless variable Z is introduced 
into equation (2), followed by using the q-distri- 
bution given by equation (35a), one obtains, 
upon integration, 


: 3 
-1+a(ens/v) Npr = 


Hence, the normalized temperature profile is 


t {8 {Z%75 dZ/[1 + aless/v) Npr]} 


Bea (49) 


+ a(em/v) Npr]} 


For the limiting case of vanishingly small Prandtl 
number, but finite Vre. equation (40) reduces to a 
simple form: 


Zi (41 ) 


which is independent of the Reynolds number, 
at least for the range considered in this paper. 
An interesting corollary is: For a fluid of very 
low Npr, say 0-001 or less, one might expect that 
the influence of Nre on both temperature profile 
and Nyxy., would be small. 

On the other hand as Npe-> ©, the velocity 
profile becomes flat, and the heat flux (q/A) 
distribution becomes linear. The temperature 
distribution is then given by: 

f.. t ic {ZdZ/ {1+ alens/v) Npr]} 
ty — t, {3 {ZdZ/[1+-aleas/v) Ner]} 


0 t 


(42) 


which has been indiscriminately used by 
Martinelli [9] for all Nre. If, furthermore, the 
condition Np;y—>0 is introduced into equation 
(42), there results, 


(43) 


which is a parabolic distribution. 

Several temperature profiles have been calcu- 
lated by numerical integration for the following 
cases for which experimental data are available 
for comparison: (i) Mercury of Npr = 0-0239; 
Npe = 1:19 x 10° and 3-73 = 10°. Data reported 
by Isakoff and Drew [15]. (ii) Mercury of 
Npr = 0°02; Nre = 2:5 x 10° and 6-6 x 10°. 
Data reported by Brown ef a/. [20]. Results of 
computation are shown plotted in Figs. 15(a, b) 





Np, >0-0239 


Nag 29x10 





Fic. 15(a). Comparison of measured temperature 
distribution in mercury by Isakoff and Drew [15] 
with calculated profiles. 

Isakoff and Drew Nre = 1:19 x 10° 
+ Isakoff and Drew Nre = 4:73 * 103 
— — Martinelli 
—_— Present analysis. 
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and Figs. 16(a, b). Included are Martinelli’s 
theoretical predictions. In general, Martinelli’s 
profile exhibits a steeper temperature change at 
the wall vicinity than that predicted by the 
present theory. This is to be expected since 
Martinelli’s analysis predicts Nusselt numbers 
which are too high. From the plotted results, it is 
seen that the temperature profile as calculated 
from equation (40) has somewhat better agree- 
ment with measured data than Martinell’s 


prediction. The difference, however, is not great. 








Fic. 15(b). Comparison of measured temperature 

distribution in mercury by Isakoff and Drew [15] 
with the calculated profile. 

Isakoff and Drew Npr = 0-0239, Nre 
— — — Martinelli 

— Present analysis. 


3-73 x 10° 





Fic. 16(a) Comparison of measured temperature 
distribution in mercury by Brown, Amstead and 
Short [20] with the calculated profile. 

Brown etal. Npr= 0-02, Nre = 2:5 = 10° 
_ ~ Martinelli 
— Present analysis. 
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Fic. 16(b). Comparison of measured temperature 
distribution in mercury by Brown, Amstead and 
Short [20] with the calculated profile. 

Brown etal. Npr= 0-02, Nre = 6:6 10° 
— Martinelli 
- Present analysis. 


In a discussion of a recent paper [24], Sleicher 
pointed out that normalization of temperature 
profiles often made it inadequate for comparison. 

It should be mentioned that the experimental 
data of Isakoff and Drew exhibit, in many cases, 
considerable scatter. Many of their data for 
Nre 4:73 x 10* fell below the limiting 
profile of Npr = 0 as shown in Fig. 15(a), which 
is most unlikely. As pointed out earlier, this 
consideration made the writers doubt seriously 
the accuracy of the a-values reported by Isakoff 
and Drew. In general, Brown’s data had less 
scatter and showed much better agreement with 
the theoretical results. 

Computed results on Nusselt number and 
temperature profile in fully developed pipe flow 
with constant wall temperature will be given in 
a subsequent paper. 
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Abstract—This paper reports an experimental analysis of the contact resistance in heat transfer 
between stagnant mercury and a solid metal surface. It is shown experimentally that there is a very 
small amount of contact resistance between chromium-plated copper and pure mercury. 


Résumé—Cet article décrit une étude expérimentale de la résistance de contact dans la transmission 
de chaleur entre du mercure au repos et une surface solide métallique. On montre expérimentalement 
que la résistance de contact entre cuivre chromé et mercure pur est trés faible. 


Zusammenfassung—Diese Arbeit behandelt eine experimentelle Untersuchung des thermischen 

Kontaktwiderstandes zwischen ruhendem Quecksilber und einer festen Metalloberflache. Es zeigt sich 

aus den Versuchen, dass ein besonders kleiner Kontaktwiderstand zwischen chromplattiertem Kupfer 
und reinem Quecksilber besteht. 


Abstract—B nacronueii CraTbe NpMBOAATCA DKCHeEPUMeHTAIbHbIe aHHble MO COMPOTHB.1eHITO 

Me*KLV HHePTHOM PTYTbHWO HM TREpMOil MeTaTAM4eCKOl MOBEPXHOCTbW B Mpotecce Tem1000MeHa 

Ha OCHOBaHNM OTBITHBIX aHHbIX MOKasbiBaeTCA, YTO TepMHYeCKOe COMpPOTHMBAeHHe MeAUlS 
1acTHuHOH 13 XPOMOBOL Me HW YNCTOM PTYTbW Mato 


NOTATION Subscripts 
cross-sectional area (m?); ( 
equivalent cross-sectional area of Hg 
mercury mass defined by equation M 
(2) (m?*); 
heat-transfer coefficient 


contact surface: 
mercury ; 
difference between two solid walls 


INTRODUCTION 


Nu 
Pe 


(keal/m? hr °C): 
Bessel functions of the first kind and 
zero- and first-order, respectively : 
thermal conductivity (kcal/m hr °C): 
heat transferred per unit time 
(keal/hr); 
radial distance from axis (m); 
radius of copper cylinder (m): 
inner radius of Dewar vessel (m): 
temperature (°C): 
clearance between solid surfaces (m): 
vertical distance (m); 
variable in Bessel function: 
Nusselt number: 
Peclet number. 


* Present address: Showa Denko Co. Ltd., Kawasaki, 


Japan. 


139 


IN RECENT years, great interest in the use of 
liquid metal as a heat-transfer medium has been 
stimulated. Martinelli [1] developed the analogy 
between heat and momentum transfer in the case 
of liquid-metal heat transfer, and derived a 
complicated theoretical equation. This equation 
was simplified by Lyon [2] as follows: 


Nu = 7:0 + 0-025 Pe®'® (1) 

On the other hand, various investigators have 
accumulated experimental data, most of which 
unfortunately do not agree with Lyon’s equation 
and are 30-40 per cent lower than the values 
predicted by the equation. Considerable num- 
bers of experimental and theoretical investi- 
gations have been done in order to give 
explanations of this discrepancy. 
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Most of these investigations can be classified 
as follows: 

(a) Thermal contact resistance between liquid 
metal and a solid surface (experimental study). 
These are completely covered by MacDonald 
and Quittenton [3]. 

(b) Gas entrainment phenomenon (experi- 
mental study). This was discussed by MacDonald 
and Quittenton [3] and Chelemer [4]. 

(c) Direct measurement of eddy-diffusivity 
ratio (experimental study). Isakoff and Drew 
[5]. Brown et al. [6] and Mizushina et al. [7] 
studied this subject. 

(d) Modification of momentum transfer 
analogy, assuming special models in_heat- 
transfer mechanism (theoretical study). Deissler 
[8] and Lykoudis [9] developed different 
theories, respectively. 

(e) Vorticity-transfer theory (theoretical study). 
Cope [10] discussed this subject. 

As mentioned above there might be many 
reasons for this discrepancy, among which, 
however, only the thermal contact resistance 
between liquid metal and a solid metal will be 
studied experimentally in this paper. Mercury 


purified chemically was used as a liquid metal. 


Chromium-plated copper, pure copper and 
nickel plate were used as solid metal surfaces. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


The experimental apparatus is shown 
schematically in Fig. 1. A and B are copper 
cylinders 20-5 cm long and 3-7 cm in diameter. 
The two end surfaces of A and B were polished 
on a surface plate to make them as flat as 
possible and then all surfaces were carefully 
plated with chromium. The thickness of the 
chromium deposit is less than ;4,5 mm. In order 
to measure temperature distributions in the 
cylinders, fourteen copper-—constantan thermo- 
couples were inserted in radial direction and 
fixed on the centre line of the cylinders. Thus, 
1-85 cm from the hot junction of each thermo- 
couple lead is left in an isothermal region. 
Furthermore each thermocouple lead is wound 
twice around the cylinders. A melamine resin 
coating protects them from corrosion by 
mercury. The axial locations of the thermo- 
couples are shown in Fig. 2. After the thermo- 
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Insulation of cellulose 
melamine resin 
A 


Thermocouple 


Mercury 
Insulation 


Fe 


E 


car 4 








| 
q 
xr cali —— 
ays 

<_< Water inlet 


Fic. 1. Experimental apparatus. 


Water exit <= 


couples were fixed in the cylinders, the whole 
cylinders were put in a 0-01°C thermostatted 
bath and the thermocouples were calibrated. 
C is an electric heater to supply heat to the 
upper end of A, and E is a water jacket to sub- 
tract heat from the lower end of B. D is an 
electric heater which serves as compensation for 
the heat loss from the main heater C. The 
cylindrical surfaces are doubly insulated ther- 
mally with cellulose-melamine resincoatingand a 
Dewar vessel F. The clearance between A and B 
can be freely varied with a screw at the top of 
cylinder A and measured accurately to ;4, mm by 
a cathetometer. The parallelness of the two 
surfaces was ascertained by measuring the 
clearance between the surfaces at three different 
points in every run. End surfaces of cylinders 
A and B being in contact with mercury, were 
carefully cleaned physically with benzene or 
ethyl alcohol before each experimental run. The 
space between A and B was filled up carefully 
with 99-999 per cent pure mercury. Not even a 
small bubble of gas was allowed to remain in the 
space. In some series of runs, a copper plate or a 
nickel plate was inserted in the middle of 
mercury layer between A and B at the beginning 
of runs. In such cases, the plate was supported in 
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a suitable distance with the needles fixed at the 
lower end of A. Since the thermal insulation was 
nearly complete, the full amount of the heat 
supplied to the upper end penetrates the whole 
system downwards without appreciable loss. 
This was confirmed by uniformity of the axial 
temperature gradient in the copper cylinders. The 
amount of the heat was measured as electric 
power to heater C with a voltmeter and an 
ammeter. The temperature distribution in the 
cylinder at the axis of cylinder was measured by 


Axial distance from the upper end surface of B, cm 
558 5 10 5 Ou. 





o 
| 


j 


Temperature, 
b 
uo 
Temperature, 








Axial distance from the lower end surface of A, 


Fic. 2. A typical measurement of the axial tempera- 
ture distribution in the copper cylinders A and B. 


thermocouples and a potentiometer to 0-01°C. 
A typical measurement of the axial temperature 
is shown in Fig. 2.* 

Every measured value was recorded after the 
steady state was reached. The end-surface 
temperatures of A and B were obtained by extra- 
polation. After each run, the clearance between 
A and B was measured as fast as possible to 
prevent the effect of thermal expansion or con- 
traction of the cylinders. 


* It may be interesting to compute, as a check, the 
thermal conductivity of the copper from this measure- 
ment. The value obtained was 274 kcal/m hr °C, which is 
lower than 330 kcal/m hr °C of the generally used value. 
The greatest cause of this discrepancy might be an 
inpurity in the copper. 


ANALYSIS 
Suppose that there is something like a boun- 
dary layer having resistance to heat transfer 
between the stagnant mercury and the solid 
metal. The layer could be an absorbed gas layer 














| 


Temperature 





Fic. 3. A schematic representation of the temperature 
profile in the vicinity of the contact interface. 


or a metallic oxide film or any other con- 
taminant. At steady state, the following equations 
are given (see Fig. 3): 
In mercury 

gq = Aug. kueg.(4t/4x)ug 


In boundary layer 
q A. kh... (4h, 


and 


(At)ug = (41), 2(41), 


From equations (2), (3) and (4) 


(41), (4x) 2 


— + (5) 
q Ang. kug Ah 


Since the thickness of the boundary layer 


(4x), is very small, 


(4x)Hg = (4X), 2(4x). = (4x), (6) 


As shown in Fig. 1, the cylindrical mass of 
mercury has a cross-sectional area larger than 
those of the copper cylinders. The former is 
1-37 « 10-3 m?and the latteris 1-075 = 10~-* m?. 
Thus, the heat flux curves slightly outwards in 
the mercury layer. Therefore, Ang in equation 
(2) should be an equivalent cross-sectional area 
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consistent with the representation of equation (2) 
and thus is affected by the geometrical condition. 
By solving a heat conduction problem, Ang for 
this case was given as 


Ang = 1075 = 10-3 (1 + 24-8 Axug) (7) 
where Apg and 4xp¢g are in square metres and 
metres, respectively. The calculations are shown 
in appendix. Hence, if the values of (47),,, g and 
(4x), or (4x)qg, are measured, one can obtain 
the values of /, and kyg by a graphical method. 
When the value of (41),,/q are plotted against 
(4x)Hg/ Ang, the intercept at (4x)Hg/Ang = 0 gives 
2/(A.A.) and the gradient d(4t,,/q)/d(4tug/Aug) 
gives ] kue. 

When a thin metal plate is inserted in the 
mercury layer parallel to the metal surfaces, two 
contact surfaces are added. Denote the contact 
area of the inserted plate A,’, and its contact 


heat transfer coefficient /;,”, thus 


(4x) 3 
Ah, 


At, 


q Aug. kug j se 
. (4x)piate (8) 
A,’ . K plate 
In this case the intercept at (4.x)Hg/Ang = 0 gives 
[2 (A.A.) Bt ad 2 A, i hs _ (4x)piate (A,.’ . k piate)]. As 
the last term can be calculated and the first term is 
determined by the experiment without inserting 
a plate, one can determine the resistance 2/(A,’h,’) 

between the mercury and the inserted plate. 


RESULTS AND DISCUSSIONS 


The plots in Fig. 4 show the experimental 
data of thermal contact resistance between pure 
mercury and chromium-plated copper as well as 
the case with a copper plate inserted. However, 
only the data of the former case was correlated, 
since the data of the latter scattered considerably. 


1. The contact resistance between chromium- 
plated copper and pure mercury and the thermal 
conductivity of mercury 
A least-squares line was put through the data 

as shown in Fig. 4. From the magnitude of the 

intercept and gradient, two unknown values 
of 2/(A.h.) and kyg in the equation (5) were 
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computed as 2/(A,h4,) = 0-009 hr °C/kcal and 

kyg = 8°46 keal/m hr °C. 
Since A, = 7 r} = 1-075 

mal contact resistance 1/h, 


hr °C/kcal. 


10-° m?, the ther- 
- 0-48 10-5 m* 


2. Runs in which a copper plate is inserted 

In order to examine the thermal resistance 
between copper and mercury, the runs in which 
a copper plate is inserted were also performed. 
The experimental results are plotted in Fig. 4. 
In this case the last term in equation (8) 





laf] 
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e 
Pure mercury and chromium e 
plated copper 
®@With o copper plate 


inserted in the middie a 
of the mercury layer 
e 


/(kcal/hr) 
oO 


°c 


Resistance (Jt) /q, 


Lf 


/ 


e | 2 





Clearance parameter, (4x), /A.,,, 


Fic. 4. The experimental data of the thermal resis- 
tance (4r),,/g vs. the clearance parameter. 
(4x H¢/ Ang) 


is negligible, since the thickness of the plate is 
very small (about 0-1 mm) and the thermal 
conductivity of the copper is much larger than 
that of mercury. If a correlating line is obtained, 
the intercept would correspond to twice the resis- 
tance between chromium-plated copper and mer- 
cury plus twice the resistance between copper plate 
and mercury. However, the data of these runs 
are not so different from the case of no copper 
plate insertion, but the former are slightly lower 
than the latter in thermal resistance (Jr),,g 
It may, therefore, be said that there is no thermal 
contact resistance between copper plate and 
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mercury and even that the decrease of the 
contact resistance between mercury § and 
chromium-plated copper occurs owing to the 
wetting effect by copper slightly dissolved in 
mercury. 


3. Other series of runs 

In addition to the data plotted in Fig. 4, several 
other series of runs were performed. Without 
the insertion of a plate, two other series of runs 
were performed and the following results were 
obtained, respectively: 


10-° m? hr °C/kcal. 
kg 8-8 kcal/m hr “C 


10-° m? hr °C/kcal, 
Kug = 8-25 kcal/m hr “C 


l/h, = 2-15 


1-88 


In another run, a thin nickel plate was inserted 
in the mercury layer. The increase of thermal 
contact resistance 2/(A,’h,’) was 0-024 hr “C/kcal. 
Since 
10-3 m?, 


10-° m? hr °C kcal. 


A, = 1°35 
l/h, = 1-62 


A nickel surface seems not to differ from a 
chromium surface in its character so far as the 
behaviour of contact with mercury is concerned. 
If the thermal resistance between the copper 
base and the plated chromium film is appreciable, 
the contact resistance between mercury and the 
chromium-plated copper should be larger than 
that between mercury and the nickel plate. Since 
this is not the case, it may support the assump- 
tion that there is no thermal resistance between 
the copper base and the plated chromium film. 

Thus, the magnitude of the thermal contact 
resistance 1/h, between pure mercury and a 
chromium or nickel surface, is in the range of 
0-48 to 2-15 « 10-° m? hr °C/kcal. 

Now the effects of various probable errors on 
the value obtained for the thermal contact 
resistance will be discussed. 

(1) Since the accuracy in measuring the clear- 
ance between the surfaces is about si, mm, the 
resulting error in the value of the interfacial 
resistance can be as high as 


(s5 * 10-*)/7-°9 = 0-6 x 10-° m* hr °C/kcal. 


However, as the probabilities of overestimation 
and underestimation can be assumed to be equal, 
a least-squares procedure may decrease the error. 

(2) It is difficult to determine the positions of 
the thermocouple junctions accurately. How- 
ever, the thermocouple holes were drilled care- 
fully and the error in determining the position of 
the junction might be about 0:2 mm, which 
corresponds to an error of 

0-7 « 10-* m* hr °C/kcal 
for the contact resistance. 

(3) As the thickness of the chromium deposit 
is less than ;45 mm, its thermal resistance 
is substantially negligible. 

(4) If a part of the heat supplied to the upper 
end of the cylinder was lost out of the system, 
one should estimate the magnitude of 4t/q 
slightly larger, and so also the value of the contact 
resistance. However, since the temperature 
gradient in the copper cylinders was substantially 
uniform, this effect may be small. 

(5) As the thermal contraction of the copper 
cylinder during the measurement of the clearance 
is inevitable, one might possibly overestimate 
the clearance. If the temperature descent of the 
copper cylinder during the measurement was 
1°C, the contraction of a copper cylinder of 20 
cm could reach 0-003 mm, which results in an 
error of 0-4 x 10-* m? hr °C/kcal in estimating 
the contact resistance. 

Consequently, the possible magnitude of 
accumulated errors in the contact resistance may 
be between 10-* and 10°-° m?® hr °C/kcal. 
Therefore, it may be concluded that there is a 
thermal contact resistance between a chromium- 
plated copper surface and pure mercury a few 
times 10-° m? hr °C/kceal at most. 

The heat transfer coefficient of mercury flow 
inside a round tube of 2 cm inside diameter at 
Peclet number = 1000 can be calculated by 
Lyon’s equation (1) as A = 5000 kcal/m? hr °C. 
If the value of the contact resistance between 
mercury and metal wall is assumed to be 
1 x 10-° m? hr °C/keal, the value of the heat 
transfer coefficient will decrease to 4750 kcal/m? 
hr °C. On the other hand, the experimental 
heat transfer coefficient at the same condition is 
about 3900 kcal/m? hr °C. Therefore, the 
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thermal contact resistance plays only a part of the 
role in the discrepancy between theoretical 
prediction and the experimental data of heat- 
transfer. 

Average temperature of the mercury layer 
was about 40°C and the value of kyg at this 
temperature is given as 7:9 kcal/m hr °C by the 
Liquid Metals Handbook [11], while Gehlhoff 
and Neumeier [12] gives 10 kcal/m hr °C at the 
same temperature. Experimental values of the 
present work are in the range of from 8-25 to 
8-8 keal/m hr °C, which is slightly larger than the 
data of Liquid Metals Handbook. This may 
partly be due to the small amount of heat loss 
out of the system from the upper cylinder and 
partly due to the heat transferred between the 
mercury and the cylindrical wall of the cylinders. 
If the former is taken into account, the estimated 
gq must decrease and 4?t/q must increase and 
consequently Ayg must decrease, while the latter 
makes the apparent magnitude of Ang somewhat 
larger and thus the value of ky¢g smaller. 

CONCLUSION 

There is a small amount of thermal contact 
resistance of the order of 10-> m? hr °C/kcal 
but less than a few times of that between a 
chromium-plated surface and pure liquid mer- 
cury. Its magnitude is, however, not so large as 
to explain the whole amount of discrepancy 
between the theoretical prediction and the ex- 
perimental data of heat transfer. 


ACKNOWLEDGEMENTS 


The writers wish to express their thanks to the Ministry 
of Education of Japan, and Asahi Glass Co. Ltd. for 
their Financial support, and to acknowledge gratefully 
the valuable contributions of T. Tsujino and H. Kami- 
mura in the construction of the apparatus and the 
preliminary work. 


REFERENCES 


. R. C. MARTINELLI, Trans. Amer. Soc. Mech. Engrs. 
69, 947 (1947). 

. R. N. Lyon, Chem. Engng. Progr. 47, 75 (1951). 

. W. C. MacDonaLp and R. C. QuITTENTON, Chem. 
Engng. Progr. Symposium Series 50, No. 9, 59 (1954). 

. H. CHELEMER, Ph.D. Thesis, University of Tennessee 
(1955). 

. S. E. Isakorr and T. B. Drew, General Discussion on 
Heat Transfer p. 405. Institution of Mechanical 
Engineers, London (1951). 

. H. E. Brown, B. H. Amsteap and B. E. SHort, 
Trans. Amer. Soc. Mech. Engrs. 79, 279 (1957). 


7. T. Mizusuina, S. lucHi, M. NAKAO and T, SasaNno’ 
Unpublished. 

8. R. G. DeissLeR, NACA RM E52F05 1 (1952). 

9. P. S. Lyxoupis, Ph.D. Thesis, Purdue University 
(1956). 

10. W. F. Cope, General Discussion on Heat Transfer 
p. 453. Institution of Mechanical Engineers, London 
(1951). 

. R. Lyon (Editor), Liguid Metals Handbook (2nd Ed.) 
p. 43. Atomic Energy Commission, Washington, D.C. 
(1952). 

. G. GEHLHorF and F. Neumeter, Ver. d. Phys. Ges. 
21, 201 (1919). 


APPENDIX 


Mathematical Estimation of Axg 
As represented schematically in Fig. 5 the 
complicated heat flow in the mercury layer can 
be analysed as a problem of the steady-state 
heat conduction in a cylinder which has the 
following boundary conditions: 


x =A4x r 
x=G r 


x = 4x ry 
0 rg 2 


f. Ax= 


ot/Cox 0 


0) 
ct/Ox 0 (10) 


ot/or=90 (11) 








A simplified model of heat conduction 
occurred in the experimental apparatus. 


Fic. 5. 
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The equivalent cross-sectional area of the 
mercury mass is affected by the geometrical 
condition and takes a value between 


1-075 1-37 


corresponding to the magnitude of the clearance. 

It is beyond the present attempt to solve this 
boundary value problem quite rigorously. How- 
ever, it is not difficult to solve the problem, if 
the temperature distribution at x = 4x and x = 0 
can be assumed reasonably instead of the 
boundary condition (10). The writers assumed 
the temperature distribution as follows: 


x = ay t=f,(r) 
t,(0<r<nr,) 
ty — Cty [I 


10-3 m? 


2 
Tl 


10-* m*and ar} 


(12) 
where f(r) 
(2/7) sin r,/r]}*, 

(7, <r < Po) 
x= t = fr) (13) 


0 (0 - 
Cty [I 


where /,(7) r<rj) 
) 


ry 
(2/7) sin-! r,/r], 


(rf) <r <P) 


A correction factor C in the above equations 
should be determined so as to satisfy the follow- 
ing equation: 


O=0Q' (14) 


a 


where O | " Qnkr (et Ox), 9dr (15) 


| Onkr (€t/éx), dr (16) 
The basic differential equation for the steady- 
state heat conduction in a cylinder is 


rex? + (/rjet/or + @t/er? =O (17) 

The boundary value problem denoted by 
equations (17), (9), (11), (12) and (13) can be 
separated into two somewhat simpler boundary- 
value problems whose solutions can be super- 
posed to yield the solution of the original 
problem. Consider the following two boundary- 


value problems: 

* When a circular region (r < r,) of the surface of a 
semi-infinite solid is kept at a constant temperature f) and 
the other region is insulated, the surface temperature 
distribution is given as f, (2/7) sin~ r,/r. 


AND A METAL SURFACE 


Ct, /ex® (1/r)ét,/er et,/er? = 0 
tr = f(r) (at x = 4x) 
t, =0 (atx = ©) 
ct,jor =0 (r = Pg) 


€*1,/€x® +- (1/r) t,/er + &t,/ér? = 0 
0 (at x = 4x) 
f(r) (at x = 0) 


0 (r = TPs) 


- (19) 


The analytical solutions of the two problems 
defined by equations (18) and (19) respectively, 
have already been solved and are described in 
standard text-books of heat conduction.+* 


2 XQ Vol A,, r/re) sinh (A,x/rs) 
5 < [Jo (A,)P sinh (A,,4x/rz) 


a 


| efile (“2”) di (20) 


a 


2 \Yo(An 1/Fa) sinh [A, (4x 
;: [J9(A,,)}® sinh (A,,4x/r.) 


X)/ls 


, 


| p fpJo (—"?) dp (21) 
0 's 
where A,, is the nth root of J, (A,,) = 0. 

Substituting /,(r) and /,(r) defined by equations 
(12) and (13) into equations (20) and (21), the 
solution of the original boundary value problem 
is obtained as follows: 


ty T ly 
Ax 


(t, x/4x) 4 ; > 


Cty 


’ 


i» 
p sin! ' dp | 
r, P 


| ie es - _. A,(4x — x) 
“i Jo ( sinh sinh 
I Is Ig 


J (A,)? sinh A,4x/rs 
Tile ry 
- J; | Ar, =) 
fre (2 : r A,, p 
: | | p sin~! rk dp 
r 7 pP Vo 


From equation (14), (15), (16) and (22). one 
obtains 

+ For example, H. S. Carslaw and J. C. Jaeger, Con- 
duction of Heat in Solids p. 188. Clarendon Press, 
Oxford (1950). 
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NO SAy 11/1") E+ cosh (A, 4x/r2)] 
[Jo(A,,)}? sinh (A,,4x/r) 


ilo 


re A 
- | p sin? do] (24) 
: p 


From equations (14), (23) and 24), the value 
of C can be determined. Let 
_wkr? 


O=-K ty 
= Ax ) 


(25) 


Thus. the values of K in equation (25) are com- 


0:0040 and 0-0045 m 
2:10. The results are 


puted for 4x = 0-0035, 
when r, = 1°85 and r, 
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shown in Table | in which the values of C are 
also shown. 


Table 1. The values of K in equation (25), and of C 
in equations (12) and (13) which satisfy equation (14) 


Since the assumptions of the temperature 
distribution of equations (12) and (13) are not 
reasonable when the value of 4x is too small, 
the calculations were limited to 4x > 0-0035. 
However, from inspection of the variation of K 
listed in Table 1, it may be assumed that the 
values of K between 4x = 0 and 4x = 0-0035 m 
can be correlated approximately by a linear 
function of 4x as follows: 


K = 1+ 24-8 4x (26) 


Consequently, 


Apg = Kar? = (1 + 24-8 4x) (ar?) (27) 


where K, 4x and Ang have dimensions (—), (m) 


and (m?), respectively. 
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LOCAL AND AVERAGE HEAT TRANSFER COEFFICIENTS AT 
AN AIR STREAM IN A TUBE WITH A POINTED INLET 


Vv. K. ERMOLIN 
The Polzunov Boiler-Turbine Institute, Leningrad 


(Received 23 January 1960) 


Abstract—This work adduces experimental data on local and average coefficients of heat transfer 
from air to the wall of a tube with a pointed inlet in the range of Re numbers including a transient 
region. 


Résumé—Ce travail apporte de nouveaux résultats expérimentaux sur les coefficients locaux et moyens 
de transmission de chaleur, pour lair, a la paroi d°un tube a entrée effilée, pour un domaine de 
nombres de Reynolds qui comprend la région de transition. 


Zusammenfassung— Diese Arbeit liefert weitere Versuchswerte Uber den Ortlichen und mittleren 
Warmeiibergangskoeffizient von Luft an die Wand eines Rohres mit scharfkantigem Einlauf in einem 
Bereich der Re-Zahl, der auch den Ubergangszustand enthalt. 


Abstract—B MIpPHBeeHbE IKCHEPUMeHTAIbHbIe aHHble MO JOKaIbHbIM MW CpetHiHM 
KOsPPUUMNeEHTAM TeMIOOOMeHa OT BOSLyYXa K CTeHKe TpyObl C OCTPbIM BXOJLOM B jIMamasone 


pavotTe 


yucer Re, BROOUAIOILeM Te peXO/TH V 10 oOOMaCTh. 


THE influence of //d on heat transfer was dis- 
covered by some investigators who suggested 
that the generalized heat transfer equation 
should take this influence into account [1, 2]. 

Other investigators who examined the heat 
transfer process under the heating conditions 
of a working media came to the conclusion that 
the influence of //d on heat transfer is negligible 
and that it should not be taken into account by 
the generalized equation. 

The well-known method of calculation [3] for 
determining the influence of the tube length on 
heat transfer coefficients by introduction of the 
factor (//d)~°°* into equations of such a type 
as Nu = c.Re"Pr™ contradicts the conditions of 
the experiment since an increase of //d gives an 
infinite decrease of heat transfer. 

Experimental data [4] were obtained when 
water was heated for the single case of an inlet. 
They are of a particular character and valid for 
the given conditions of the experiment. 

A horizontal, cylindrical steel tube with an 
experimental part 1236 mm long and an inside 
diameter 31-66 mm is the main element of the 
installation for the investigation of heat transfer 
in a tube (Fig. 1). 

The experimental tube was mounted between 
the reservoir (2) and a feeder of the ventilator. 


K 


The tube was joined to the reservoir by means of 
a coupling flange through the feeder (4), the 
diameter of which is equal to that of the tube. 
Heat transfer from the coupling flange was 
avoided with the help both of the heat insulation 
packing 8 mm thick, and the bolt plugs, which 
eliminated direct contact of the metallic surfaces. 

The room air entered the reservoir, which was 
divided by a fixed partition into two wells; then 
while passing the electric heater (3), mounted in 
the hoisting well of the reservoir, the air was 
heated, and having passed the drop well, made 
its way into the experimental tube, out of which 
it was sucked by the ventilator. The entrance to 
the tube from the reservoir side is a pointed one 
and answers the usual entrance conditions. 

From the outlet the experimental tube also 
had a coupling flange with an insulation pack- 
ing, a straight part 8d long, a bend of 90°, and a 
transition to the vertical part (10) 49-8 mm in 
diameter, where a double diaphragm for the 
measuring of air expanse was mounted. A 
regulating target was placed in front of the 
feeder. 

The experimental part of the tube was placed 
concentrically into the casing (6), made of a 
tube 89/80 mm in diameter. 

To receive the data on heat distribution along 
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The scheme of the experimental installation for the investigation of 


heat transfer in an annular pipe with a pointed inlet. 


the length of the experimental tube the annular 
space between the tube and the casing was 
divided by transversal partitions (5) into six 
compartments of different length. All the com- 
partments are joined and they are fed from both 
ends by the boiling water flowing out of the tank. 
The operation both of the tank and the casing 
is based on the principle of communicating 
vessels. 

The water level in the casing was maintained 
constant and exceeded the mark of the upper 
generating line on the outside surface of the 
experimental part of the tube by 6-7 mm: this 
ensured a constant submerging of the experi- 
mental part of the tube in the casing. 

The air was cooled while passing the experi- 
mental part of the tube, giving up its heat to the 
boiling water in the casing. The steam received 
from the separate parts was drawn off into the 
refrigerators (9), where it was condensed. In 
order to measure the condensate, it was drained 
out of each compartment through separate 
branches (8) into glass bulbs. The selection of 
steam from the compartments was carried out 
from the upper point of steam collectors (7) to 
avoid the priming of moisture by the steam. 


The experimental tube was safely isolated to 
decrease heat transfer into the external medium. 

Fig. 1 shows the tube division into the experi- 
mental parts and the geometrical characteris- 
tics are given in Table |. The beginning of the 
experimental tube is /, = 36mm distant from 
the entrance and therefore it is assumed that 
,=1, + Io. 

The points for measuring the balanced values 
whichcharacterize the state of flow at theentrance, 
at a distance / = 20d and at the outlet with 
| = 40d are depicted by cross-sections 0-0, I-I 
and II-II, respectively. 

The measurement both of the total pressure 
and temperature fields at the cross-sections I-I 
and IJ-II was made at two reciprocally perpen- 
dicular radii with the help of micropipes of total 
pressure, and with the help of microthermo- 
couples moving by means of a micrometer screw. 
The temperature of the heated air in the reser- 
voir at the tube entrance was measured by 
several thin thermocouples and was checked by a 
suction thermocouple. The measurement of 
the wall temperature along the tube was made 
by thin thermocouples (copper-constantan 
couples) 0:20 mm in diameter, placed at the 
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Table 1. A diagram of the division of the experimental tube into parts 


Designation 








The distance from the entrance to the 
middle of the experimental section x; (mm) 

, x; 

Relative length d 

The length of the tube experimental part 
from the beginning of the tube /; (mm) 


l; 
Relative length d 


The length of the experimental part from 
the entrance /’; (mm) 


I’; 
Relative length d 


points of average length in each compartment 
on the upper generating line of the experi- 
mental tube’s outer surface. The thermoelectro- 
motive force of all the thermocouples was 
measured by a potentiometer. The air discharge 
was registered by a twin diaphragm calibrated 
for cooled and for heated air. 

When the installation was set into operation, 
the measurements were made after the achieve- 
ment of a stationary regime after a time interval 
of 3-4 hr. 

The isothermal blowing of the experimental 
tube with the attached stabilizing part / = 46d 
long and a diameter equal to that of the 
experimental tube was carried out before the 
non-isothermal experiments took place. It was 
ascertained under these conditions for the 
experimental tube that the resistance factor 
obeys the well-known resistance law for smooth 
tubes which is expressed by the following equa- 
tion ¢ = 0-316 Re~®*. It proves that the experi- 
mental tube is technically smooth. 

The non-isothermal experiments were carried 
out without the attached stabilizing part and 
covered a range of variation of Reynolds num- 
bers from 3-9 x 10° to 19 « 10° including the 
transition region. The air temperature at the tube 
entrance was maintained within the limits 340 
to 421°C. 

The values of average and local coefficients of 
heat transfer by convection were determined 


Nos. of the experimental tube parts 
(2) (3) 


267 


from the heat balance equations for the tube 
section under consideration according to the 
amount of heat transferred per hour through the 
tube element, considered as a result of heat 
transfer between the air flow and the surface of 
the tube element [5]. 

On the other hand, the heat transferred by the 
air to the part of the tube under consideration 
is spent on the evaporation of water and on 
heat transfer into the external medium. 

The heat transfer from the experimental tube 
into the external medium was determined by 
direct measurements both of the isolation and the 
room air temperatures. During the whole period 
of the experiments the temperature of the isola- 
tion of part 0-I was 43-3°C and of part I-II it 
was 43-2°C. 

As the casing wall temperature along the 
length of the tube did not vary and was equal to 
the temperature of boiling water under atmos- 
pheric pressure then we consider the distribution 
of the heat transfer over separate elements of 
the tube proportional to their lengths. 

All the experimental data on local and average 
values of heat transfer coefficients were processed 
in the generalized equations: 

Od 
FAtx 

4G 
mdgy. 


Nu (1) 


Re 
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The local values of heat transfer coefficients are 
given in Fig. 2 as the dependence Nu, = c, Re". 

The local heat transfer coefficients vary in the 
range of the Reynolds numbers investigated at 
the air flow in a tube with a pointed inlet, and 
they have a sharp fall with the increase of the 
relative length to x/d = 5 at the beginning and 
then, while proceeding away from the entrance 


Fic. 2. The local and average values of the heat 
transfer coefficients for a tube with a pointed inlet 
without inside insertions. 


they vary very slightly at the approach to a definite 
value for the cross-section which is x/d > 40 
distant from the entrance. It is possible to deter- 
mine local values of heat transfer coefficients for 
the elements of the tube situated at a distance 
more than 40d from the following equation 


Nu = 0-0145 Re, 8? Pr ,%4 (3) 


The local values for cross-sections situated 
from the entrance at a distance less than 40d 
can be determined in accordance with the 
formula 


d 


Nu, = 0-0145 Rey Pr,*(1 + x. —) (4) 


where «, for x/d > 5 are given in Table 2. 


Table 2. 
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In Fig. 2 the experimental data for average 
values of heat transfer coefficients are given by 
the equation Nu = c Re". 

From the experimental results obtained we 
can see that the average values of the heat trans- 
fer coefficients vary in the investigated range 
of the Reynolds numbers up to a cross-section 
which is situated at a distance o: 40d from the 
beginning of the experimental tube. Thus with 
an increase of Re this distance gradually 
decreases. Beginning with a tube length equal 
to />40 the average values of heat transfer 
coefficients become practically constant and 
satisfy an equation of the following type 


Nu = 0-023 Re,®'® Pr,®4 (5) 


en; 


] 











l/d 

Fic. 3. The dependence of the c and n coefficients for 

the average values of Nusselt criterium on the 
relation //d. 


The meaning of the coefficient «, at various Reynolds numbers 
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</d 


Fic. 4. The dependence of the coefficient « at a pointed intake of gas on the 


relation //d for various values of Reynolds number: (1) 4 
12 10°; (4) 16 » 


which gives a satisfactory approximation for the 

present experimental data and for the theoretical 

formula which is valid at 0-6 < Pr; < 100 [6]. 
The equation 


Nu = 0:0202 Re®'® (6) 


was obtained for air. It is quite possible to 
use the numerical values of coefficients c and n 
for short tubes with the relative length of 
l/d — 40d given in Fig. 3. 

The influence of the tube length on the average 
heat transfer coefficient for tubes of //d < 40d 
can be accounted for by the principal heat trans- 
fer equation by an introduction of the error 
factor « which is a function of the number Re 


10°; (2) 8 10°; (3) 


10°; (5) 20 « 10°. 


(see Fig. 4). And the criterium for the average 
values of heat transfer coefficients will have the 
following form: 

d 


K 7 
] (/) 


Nu = 0-023 Re,’ Pr, | | 
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Abstract—The basic regularities of the thermal regular regime theory developed by G. M. Condratjev 
and its practical application to the thermotechnical measurements are discussed in this paper. 

Under the thermal regular regime of a body or a system of bodies one understood such a process of 
cooling or heating the system when: (1) the initial temperature distribution in the system does not 
influence the law of temperature change; (2) the law of temperature change is expressed in a simple 
mathematical form; (3) this law is general for all the points of the system. 

These regularities of the thermal regular regime permitted: (a) to work out a number of methods to 
determine the thermal characteristics of different materials; (b) to determine the thermal inertia of 
thermometers and pyrometers; (c) to obtain the relations to calculate the kinetics of cooling or heating 

the complicated thermotechnical apparatus and equipment. 


Résumé—Les conditions de régularité qui sont a la base de la théorie du régime thermique régulier 
développée par G. M. Condratjev et son application aux mesures thermiques de la technique sont 
précisées dans cet article. 

Par régime thermique régulier d'un corps ou d°un ensemble de corps, on désigne un processus dc 


refroidissement ou de chauffage du systéme tel que: 1° la distribution des températures initiales dans le 
systeme n‘influence pas la loi d’évolution des températures; 2° la loi d’évolution des températures 
sexprime dans une forme mathématique simple; 3~ cette loi est générale et s'‘applique en tout point du 
systeme. 

Ces conditions de régularité du régime thermique régulier ont permis: (a) d’établir un certain 
nombre de méthodes pour la détermination des caractéristiques thermiques des différents matériaux, 
(b) de déterminer linertie thermique de thermometres et pyrométres, (c) d’obtenir les relations 
permettant de calculer la cinétique de refroidissement ou de chauffage dans le cas d’appareillages tech- 

niques compliqués. 


Zusammenfassung—In dieser Arbeit werden die Grundziige der Theorie des regularen thermischen 
Zustandes, nach G. M. Condratjev, und ihre praktische Anwendung auf warmetechnische Messungen 
behandelt. 

Unter dem regularen thermischen Zustand eines KOrpers oder eines Systems von K6rpern versteht 
man einen Kiihlungs- oder Erwarmungsvorgang, bei dem (1.) die anfangliche Temperaturverteilung 
in dem System das Gesetz der Temperaturanderung nicht beeinfluBt, (2.) das Gesetz der Temperatur- 
anderung in einer einfachen mathematischen Form ausgedriickt ist, (3.) dieses Gesetz fiir alle Punkte 
des Systems giltig ist. 

Diese Grundziige des regularen thermischen Zustandes erlauben (a) eine Anzahl von Methoden zur 
Bestimmung der thermischen Eigenschaften verschiedener Materialien anzugeben, (b) die thermische 
Tragheit von Thermometern und Pyrometern zu bestimmen, (c) die Kinetik der Kuhlung oder Heizung 

von komplizierten warmetechnischen Apparaten zu berechnen. 


Abstract—B crarbe pacCMaTpHBalwTCA OCHOBHbIC 3aKOHOMePHOCTH TeOpiil Tem1OBOro pery- 
IApHoro pemuMa, paspadoraHube T. M. Konapatbesbim, MW e@ NpuMeHeHne B TpakTuke 
remoTeXHMN4YeCKHX H3MepeHHit. 

Ten0BbiM peryAApHbIM pevAKHMOM Tea ILM CHCTeMBI Te HasblBaeTCA Takoll Mpowecc eé 
HarpeBaHiA MAM OXla-wKeHHA Ip KOTOpOM: (1) Ha 3AKOH M3MeHeCHHA TeEMMepaTy phi He BAMACT 
HavalbHoe paciipeqesenne TeMMepaTypbl B cucTeme, (2) 3aKOH M3MeHeEHHA TeMMepaTypsl 
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MMeeT TIpOcToe MaTeMaATHYeCKOe BbIPAaMenHe, (3) VTOT BAKOH ABIIAeTCA OOUIUM JL. BCeX TOUeK 


CHCTeMBI. 


OTH 3aKOHOMECPHOCTH TeMJIOBOTO 


pery1ApHoro 


peekUMa TMOSBOLIMJIM: (a) paspadotaTb 


PA MeTOOB ONpeyeseHuA TeMJIOBBIX XapakTePHCTHK pas. 14H bX MaTepHaclOB , (0) onpeeUTb 


TeILIOBYIO HHeEPLNkO TepMOMeTPOB 


HM MNHpOMeTpoB, (B) 


MOTV4YNTh pacdeTHble COOTHOLIECHHA 


WIA MCCI€LOBAHUA KUHeTHKM OXIaAKeHNA WIM HarpeBaHNA COAHBIX TeMIOTeXHM4GeCKUX 
annmapatos HM ycTpoiicrs. 


CONDRATJEV has developed experimental 
methods serving to determine the thermophysical 
charactersitics of non-metallic materials. These 
methods are based on the general regularities of 
the unstationary temperature field of a body or 
system of bodies in cooling or heating processes. 
It is known that the general solution of the 
Fourier equation for the problem of cooling of 
a uniform and isotropic body of any configura- 
tion is expressed by an infinite series, the terms 
of which have been distributed along the rapidly 
decreasing exponential functions of time 
~ A,U; exp (—m,7) (1) 
0 
so that the positive numbers i», m;, .. . are the 
series of continuously increasing discrete num- 
bers 


<a << m < mm <... (2) 


U,, U;,... are the finite functions of body 
points co-ordinates: 

A», A, . are also finite and constant num- 
bers independent of time and co-ordinates. 
The functions of U, satisfy the boundary 
conditions 


cu 


cn 


- Af : (3) 


The functions of A, are determined from the 


initial conditions 


(4) 


The following symbols are assumed here: 
i (x, y, 2. 7) is the temperature of a 
body at the point (x. y, =) at the time 7; f, 
is the medium temperature: ¢CU,/cn is the 
derivative of the function U, along the external 
normal to the outside surface of the body S; 
f(x, y, z) is the function which characterizes the 
initial distribution of temperatures; / a/A, 


where a is the heat transfer coefficient and A is the 
thermal conductivity coefficient. For the latter 
coefficients we assume that they are independent 
of temperature as it is generally used in the theory 
of heat conduction. The kinetics of cooling a 
body has three stages. The first one is qualified 
by the strong influence of the initial state of a 
body upon its temperature field. In general, the 
initial state of a body is occasional and quite 
independent of both the system characteristics 
and the conditions under which the cooling 
process is going on. In the course of time the 
influence of the initial peculiarities of the tem- 
perature field upon further change is smoothed. 
From the “irregular stage” the process becomes 
“regular” and the influence of non-uniformity 
of the initial temperature distribution no longer 
has any effect; the law of change of the tem- 
perature field has the ordinary exponential form 
MoT) (5) 


os t, A, U, exp ( 


Condratjev gives a generalization of the 
above theorem for a system of bodies.* 

Suppose that the thermal characteristics: 
thermal conductivity A,;, thermal diffusivity a), 
specific heat c; and also the density y; depend 
upon the co-ordinates of the points of the given 
part (j) of the system (if the material, for 
example, is non-homogeneous) but it is assumed 
here that A,, a;, c;, y; are independent of tem- 
perature in the temperature ranges observed in 
the system during the process. 

Under these conditions the principle about the 
conversion from an irregular state to a regular 
regime, proved by Boussinesq for any uniform 
and isotropic body, is valid for the system of 
bodies as well. 


So we see that the rate of change of In 


+ By the system of bodies one may understand a whole 
complex of various solids which are in close contact. 
If the components of a system are liquids then we 
suppose that a field of temperature is uniform. 
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(t — t,) is the same for all the points of the 
system 
c 
a, In (t i.) m (6) 
Therefore the temperature field of a body will 
be expressed by co-ordinates 7, In (¢ — f,) after 
the regular regime has been established, and by 
the system of straight parallel lines with the 
negative angle coefficient equal to —m, as shown 
in Fig. 1. This is a typical feature of the regular 


| Me 





log (*-?7¢) 











rT 


Fic. 1. The temperature field of the system at its 
regular cooling or heating. 


regime and is only essential for it. m plays an 
important role in the theory of regular regime 
and it is known as the rate of cooling, since 
it characterizes the rapidity with which the body 
is cooled. 

The theoretical -and experimental researches 
dealing with the cooling of bodies in various 
mediums indicate that the rate of cooling 
depends upon the heat transfer coefficient, the 
thermal characteristics of a body, and its size 
and configuration. 

The rate of regular cooling of a uniform and 
isotropic body at the final value of heat transfer 
coefficient is proportional to the surface of the 
body and inversely proportional to its total 
heat capacity (C). 

The coefficient of proportionality is a product 
of the heat transfer coefficient a and the criterion 


y% which is decreasing monotonously as a is 
increasing. 


ays (7) 


S 
Cc 


pb - (8) 


where the criterion ~% characterizes the non- 
uniformity of the temperature field in a body 
and is numerically equal to the ratio of the 
average surface temperature of a body to its 
average volumetric temperature of superheating. 


If a(Bi) 
and a(Bi) > « 


0, then u& l 


lim m =m. which corresponds to Bi = « and 
the thermal diffusivity of the material are directly 
proportional: 

a = Kmz (9) 


where the coefficient of proportionality K depends 
only on the size and the form of a body. 

The coefficient K serves as a measure of thermal 
inertia of a given model: the greater the value 
of K the smaller is m and thus the slower the 
cooling of a body proceeds, irrespective of what 
material the body is made. 

K, in the theory of regular regime is called 
a coefficient of a body shape. This coefficient 
can be calculated in two ways: either at Bi > « 
or considering the boundary conditions 


U/s =0 (10) 


and we shall define m-~. In many works on the 
regular regime theory [2-4] the value of the form 
coefficient has been calculated for bodies of 
various configurations. 

The application of equation (7) was in prac- 
tice restricted by the difficulty of calculating the 
criterion &%. The methods of calculation used for 
this criterion have been developed only for 
bodies which have a simple configuration. 
Later on Condratjev and his followers Dulnev 
and Jaryshev proved that the equation (8) can 
be expressed in the more general form [5-7]: 

M = $H (11) 
mK/a is the criterion of 


where M m/m x 
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the body’s thermal inertia; H = (a/A)(KS/V) is 
the generalized Biot criterion; V and S are the 
volume and the body’s external surface. res- 
pectively. 

For bodies of various configurations an 
approximate analytic expression for the criterion 
ys has been found: 

l 


|, 9 
+= V+) 86 


The equation (12) defines the value of criterion 
y% for bodies of various configurations with 
an exactness sufficient for practical calculations 
[7. 8]. 

If we picture the dependence between the rate 
of cooling of a body and the coefficient of heat 
transfer (Fig. 2) then the curve will be of a non- 
general character which is valid for the concrete 





f 








% 


Fic. 2. The asymptotic law of m-rate increase for the 
regular body cooling when the heat transfer coeffici- 
ent increases. 


case where the configuration and the size of a 
body as well as the characteristics of the material 
are given. The dependence between the criteria 
M and H plotted in Fig. 3 is of a general type and 
it is valid with sufficient exactness for non- 
uniform isotropic bodies of various configura- 
tions and sizes which are made of solid or dry 
materials. 

(a) The thermo-insulating nucleus of any 
arbitrary form with a metallic cover round it.*+ 


+ The “‘thermo-insulating nucleus” is defined as a part 
of a body or a system with a non-uniform temperature 
distribution. The “thermo-insulating cover” is a part of a 
body or a system with a uniform temperature distribution 
for the given experimental conditions. 











8 
H 


3. The approximated universal dependence 
M(H) for regular cooling or heating of a body 
which has any configuration 


The previous criteria are valid for these sys- 
tems and to calculate them we can use formulae 
(11) and (12): 


M 


Km a a il OV ( - 
5) 


A V m Seov 


where Ceoy and Scoy are the total heat capacity 
and a cover external surface: m is the rate of 
cooling of the whole system and the other 
symbols relate to the nucleus. 

(b) A metallic nucleus with a thin thermo- 
insulating cover round it. 

Suppose we neglect the heat capacity of the 
cover (Ceoy) in comparison with the heat capacity 
C of the nucleus then the regular thermal regime 
can be expressed by: 


where m is the cooling rate of the whole system; 
C and S are the heat capacity and a nucleus 
surface; A; and 4; are the thermal conductivity 
coefficient and the thickness of the ith layer of 
the cover: a is the heat transfer coefficient of 
the system. 

(c) The simplest two-component bodies are 
spherical and plane bi-calorimeters. 


(14) 


* A cover may consist of several layers. 
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We shall define “bi-calorimeters of regular 
regime” as systems consisting of a metallic 
nucleus with a layer of close-fitting heat insulat- 
ng material, which has finite heat capacity. In the 
spherical bi-calorimeter the nucleus (1) and the 
sphere cover (2) are arranged concentrically (see 
Fig. 4). In the plane bi-calorimeter the flat- 
parallel plate has a heat insulating material of 
thickness 6, round it (see Fig. 5). 


<—_—_. - > 


Fic. 4. A spherical bi-calorimeter. 











5. A plane bi-calorimeter of a symmetric type. 


Let us introduce the following values: ¢ 
C,,S? is the nucleus constant; / R,/R, is the 
ratio of nucleus and cover radii: P, 6,/ Ay is 
the thermal resistance of the heat insulating layer 

nd some new criteria such as 


B = léP\m 


Ceo 


j md 


a 


IT 


Then a regular regime for all kinds of spheres 
with a metallic nucleus will be described by 
equation [2]: 


l lA NS* 


where A A(S) is a dimensionless parameter 
an expression of which is given in [2]. 

Note thatO<N<0w,0</<10<B<!1 
When we have such a case as N > 2, which is 
more frequently used, it is quite possible to 
reduce equation (15) to a simpler approximate 
form 

lIT— (I 
1+ (/ 


1+ [?)/3 (I1/N) 
IT)/N 


The dependence B = f(N,/) for all kinds of 
V and / has been plotted in Fig. 6. Analogous 


(16) 




















2 
V 
Fic. 6. The dependence B = f(N,e) for the spherical 
bi-calorimeter at a 


formulae have been derived for a plane bi- 
calorimeter [2]. Here we shall take only the 
formula for the case a 2. The criteria B and 
N for the plane bi-calorimeter are of the type 
C, 


cov 


B 4P.m, N (17) 


The graphical relation between criteria B and 
N has been presented in Fig. 6 and the curve 
corresponds to a plate for which / = 1. 


In 1954 Condratjev and Dulnev gave a 
generalization of the thermal regular regime 





THE THEORY OF THERMAL REGULAR REGIME 157 


theory for heating both of bodies and of systems 
under the action of the energy sources inside the 
body or at its boundary [11]. 

The theory is based on the following assump- 
tions: (a) the capacity of energy sources (or sinks) 
is constant in time; (b) the ambient temperature 
is also constant; (c) the heat transfer coefficient 
and material thermal properties are independent 
of the temperature. 

Analysing the exact solution of the problem+ 
of body heating under the action of the internal 
energy sources one may come to the following 
conclusion as to why in some time the process 
becomes regular, when the temperature at any 
point of the body is changing according to the 
simple exponential law, i.e. 


In (tx t) mr + G*(x.y.z) = (18) 


where m is the rate of heating and G* is the co- 
ordinate function. 

The analysis of the heating of a body of any 
arbitrary configuration under the influence of an 
energy source will bring us to the conclusion that 
the rate of heating has the following dependence 
on the heat transfer coefficient: 

m = a* . 
LW C 


(19) 


(fx T)s 
us* (20) 


where 
(fx ty 


the indexes S and V mean the average of the 
corresponding values along the body surface 
and its volume. 

(a) The rate of heating either a body or a 
system is independent of the sources of power 
and their location in the system and is numerically 
equal to the rate of cooling (the sources of power 
are equal to zero). 

(b) The rate of heating is independent of 
the co-ordinates. 

(c) The shape coefficient K of a body which is 
heated by energy sources has the same physi- 
cal meaning as the shape coefficient K’ of a body 
which is heated in the medium. K and K’ are 
equal. 

* Later on we shall speak about the body heating 
under the influence of energy sources. All conclusions are 
valid for the case of a body cooling under the influence of 
energy sinks. 


(d) The criteria %* and &% have a different 
physical meaning, but numerically they are 
equal. 

(e) The temperature f; at any point j of a body 
which is in a stage of regular regime, is 
subordinated to the following equation: 


] dt, ] 


- 21 
Met )o dr (tj)« en) 


where (f;) is the stationary temperature at the 
point j. Taking into account the first four results 
we can use the theory given above of a regular 
regime to calculate the numerical values of mm 
and /*, 

Now we can show that a stationary tempera- 
ture (t;)« of any point j of the system depends 
upon the sources of power in the following 
way [8]: 

n 
(1;) Xa 
i l 


P; F; (22) 


where P; is a total output, at i-region of the 
bodies system; » is a number of the system 
regions; F,;;, some coefficients which are inde- 
pendent of either temperature or the sources’ out- 
put. To determine these coefficients it is necessary 
to solve an ordinary system of equations for 
the stationary temperature field. 

If we consider the heating of a body under 
the influence of many energy sources we can 
obtain an approximated solution of a problem 
supposing that the temperature field becomes 
regular from time + = 0. In this case the tem- 
perature at any /-point will be determined by 
the approximated formula 
(23) 


exp (— 7) | 


The peculiarity of the above discussed regular 
regime lies in the fact that after the regular regime 


has already started the peculiarities of the 
initial state do not influence the temperature field. 
The same phenomenon of the regularization of 
thermal regime takes place in other cases. For 
example, if the temperature of the external 
medium f, changes at a constant velocity w = 0 
then after a lapse of time the temperatures of 
all the points of the system will change with a 
constant velocity equal to w. Such a regular 
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regime was called a regular regime of the second 
kind and its regularities for bodies and systems 
of bodies have been studied in detail [12-14]. 

The regularization of the temperature field 
of a body for the oscillating change of the 
external temperature has not yet been thoroughly 
studied.* In this case we also observe the follow- 
ing regularity: the temperature at any point of 
the system is in the range of a mean value and has 
the same oscillating period for the ambient tem- 
perature [2, 10, 14]. 

An analysis of various cases of temperature 
field regularization made it possible to calculate 
the general thermal determination of a regular 
regime. Under the expression the “regular 
thermal regime” of a body or a system of bodies 
one may understand such a regime for the 
change of a system’s temperature having the 
following properties: 


(a) In the course of time a system’s initial state 
does not influence the regularity of temperature 
change. 

(b) The regularity of a temperature change 
with space-time has a simple mathematical 
expression. 

(c) This rule is general for all points of the 
system. 


The practical application of the regular regime 
theory: The regular regime theory is useful in 
solving various problems of practical value; in 
particular this theory is the basis of a technique 
for the determination of the thermal character- 
istics of materials. 


(a) The determination of the material’s thermal 
characteristics 

The high speed methods based on this theory 
are fit for tests with any substance. Here we 
give only some of these methods. 

The experimental part of the work according 
to any method of regular regime lies in the deter- 
mination of the cooling rate m either of a body 
or of a system. For this purpose we generally use 
a differential thermocouple, one junction of 
which is in the body and the other in the 
medium. Observing the temperature change in 
space with time when a body is cooled in a 


+ The so called regular regime of the third kind. 


liquid or a gas it is not difficult to define the rate 
of cooling, m, graphically: 


In (t t.) = fir). 


The thermocouple junction can be at any point 
of a body since according to the theory the 
rate is independent of co-ordinates. 

If the experiment is carried out in conditions 
of intensive heat transfer and a > 25AV/KS, it 
is possible to consider the heat transfer co- 
efficient, assumed equal to infinity: using 
formulae (24) and (9) we find the rate of cooling 
and the thermal diffusivity of the material. 

Cooling at very low values of the heat transfer 
coefficient and with a body of small size the 
temperature distribution in the body will be 
uniform. The criterion % is near unity and 
taking formula (8) we shall find the heat capacity 
of the material. The possible sizes of a sample 
will be evaluated as: 


KS 0-03A 
V a 


Thus the error in the determination of the 
thermal capacity caused by non-uniformity of 
the temperature field will not exceed 2 per cent 
[10, 16]. If we know the rate of a body’s cooling 
at two different heat transfer coefficients, 
using formulae (11) and (12), we shall find the 
thermal characteristics of the material either (A 
and c) or (a and A). and the samples may be of 
any configuration [15]. 

In the cases discussed above it is not necessary 
to put samples into the apparatus. The exception 
is made only for dry substances and fibrous 
materials, which are usually put into metallic 
jars with thin walls. In this case we calculate 
using the formula (13), which takes into account 
the cover effect upon the rate of cooling. 

Bi-calorimeters based on the regular regime 
theory are being practised on a large scale to 
measure the thermal properties of solids and 
liquids (see item 4). Three types of bi-calori- 
meters have been developed: plane, spherical and 
cylindrical. All three have a massive metallic 
nucleus in the centre with a thermocouple placed 
into it. The material under test is put between 
the metallic nucleus and the metallic cover of 
the apparatus (Fig. 7). 
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The preheated apparatus is intensively cooled 
in a liquid and the rate of cooling is determined 
according to formula (24). 

Then the thermal conductivity of the material 
under test is determined by formulae (17) and 
(18) (see [9, 10, 16]). 




















Fic. 7. A spherical bi-calorimeter. (1) A porcelain 

two-channel! tube for a thermocouple. (2) An ebonite 

and textolite tube joined with the metallic nucleus 
(3). (4) A heat insulator under the test. 


The application of bi-calorimeters for testing 
heat protective properties of clothing and fabrics 
has to be studied separately. The apparatus used 
for this has a simple mounting: the bi-calorimeter 
enveloped in a fabric has air freely flowing 
through it (this can be quiet or flowing, rarefied, 
dry or humid, etc.). The methods for the deter- 
mination of heat protective properties of clothing 
and fabrics based on the regular regime theory, 
which is of a high speed by its nature, make it 
possible to collect information about the be- 
haviour of different fabrics, depending on 
meteorological data, in a short space of time [2]. 


(b) Determination of the heat transfer coefficient 
and total emissivity by the regular regime 
methods 
A new method for the determination of the 

heat transfer coefficient of various bodies, and 

total emissivity of any coverings has _ been 
developed using formulae (9) and (20). A model 


of high thermal conductivity material has been 
made to achieve this aim. Observing its process 
of cooling it is possible to determine the co- 
efficient of heat transfer depending on tempera- 
ture for a very short time. The total emissivity 
was measured analogically [10, 18, 19]. 


(c) Determination of thermal inertia of thermo- 
meters and pyrometers 

This problem is of great importance for 
meteorology, experimental physics and en- 
gineering measurements. Therefore from the 
very start of exact thermometrics attention was 
drawn to it and became a subject of numerous 
investigations which are not finished even now. 
The theory of a regular thermal regime made it 
possible to analyse the notion of a constant of 
heat inertia and gave a new method for its ex- 
perimental determination. It is rather easy to 
show that the value of « is a convenient measure 
of the thermal inertia characteristic of an 
arrangement; « m~', where m is the rate of 
cooling. Using equations (9), (10) and (20) we 
can find the dependence of the thermal inertia 
constant « upon the heat transfer coefficient and 
this dependence is called the characteristic curve 
of heat inertia. 

Recently Soviet scientists successfully com- 
pleted investigations on heat inertia of various 
engineering arrangements based on an applica- 
tion of the regular regime theory [2, 10, 19]. 


(d) Thermal calculations 

The theory of a regular thermal regime per- 
mits us to make approximate thermal calcula- 
tions for various complex arrangements. For 
example, using the formulae of Section 4[2] it 
is possible to calculate the heat insulation of 
different units (aggregates) operating in unsteady 
state conditions [2]. 

Formulae (9) and (10) serve to elucidate the 
influence of the shape and size of a body upon the 
rate of its cooling or heating which is of special 
importance for the theory of thermal treatment. 

The theory of regular regime, developed for 
bodies and systems with energy sources, has been 
used on a large scale for the last few years in 
the study of unstable processes in a complicated 
apparatus such as in a radio-electronic tech- 
nique, which is a complex of cables set in piles. 
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Abstract—A variational method is presented for solving eigenvalue problems which arise in connection 
with the analysis of convective heat transfer in the thermal entrance region of ducts. Consideration is 
given to both situations where the temperature profile depends upon one cross-sectional co-ordinate 
(e.g. circular tube) or upon two cross-sectional co-ordinates (e.g. rectangular duct). The variational! 
method is illustrated and verified by application to laminar heat transfer in a circular tube and a 
parallel-plate channel, and good agreement with existing numerical solutions is attained. Then, appli- 
cation is made to laminar heat transfer in a square duct as a check, an alternate computation for the 
square duct is made using a method indicated by Millsaps and Pohlhausen. The variational method 
can, in principle, also be applied to problems in turbulent heat transfer. 


Résumé—Une méthode variationnelle est présentée pour la résolution des problémes de valeurs 
propres qui se présentent dans l’analyse de la transmission de chaleur par convection dans la région 
d’entrée des conduites. On considére les deux cas dans lesquels le profil des températures dépend soit 
dune seule coordonnée dans la section droite (c’est-a-dire tuyaux circulaires) ou de deux coordonnées 
(tuyaux rectangulaires). La méthode est vérifiée par application a la transmission de chaleur laminaire 
dans un tuyau circulaire et dans un canal a faces planes paralléles, on obtient un bon accord avec les 
solutions numériques existantes. Une application est faite ensuite a la transmission de chaleur laminaire 
dans une conduite carrée. A titre de contréle, un calcul différent pour la conduite carrée est effectue 
en utilisant la méthode indiquée par Millsaps et Pohlhausen. Cette méthode variationnelle peut égale- 
ment étre appliquée aux problémes de transmission de chaleur turbulente. 


Zusammenfassung—Zur L6sung von Eigenwertproblemen des konvektiven Warmeiibergangs beim 
thermischen Einlauf in Kandle wird eine Variations-methode mitgeteilt. Es wird sowohl der Fall 
betrachtet, dass das Temperaturprofil von einer Querschnittskoordinate (z.B. Kreisrohr), als auch 
jener, bei der es von zwei Querschnittskoordinaten (rechtwinkliger Kanal) abhangt. Die Variations- 
methode wird erlautert und auf den laminaren Warmeiibergang im Kreisrohr und im ebenen Spalt 
angewandt, wobei mit den bestehenden numerischen Lésungen eine gute Ubereinstimmung gefunden 
wird. Sodann wird die Methode auf den laminaren Warmeiibergang im quadratischen Kanal 
angewendet und mit einer Iterationsrechnung nach Millsaps und Pohlhausen verglichen. Prinzipiell 
kann die Variations-methode auch auf Probleme des turbulenten Warmeiibergangs angewendet werden. 


Abstract—_ laércx 3apMaMMOHHb MeTO pelleHMA Baad OTLICKAHMA COOCTBeEHHEIX 3Ha 
4YeHHit YpaBHeHHA, OCHOBAHHBIi Ha aHajIM3e KOHBEKTHBHOPO Tem00OMeHa BO BXOMHOT 
oONacTH KaHaJiosB. PaccmMaTpiBalwTca JIBa Cyan: OTH, KOriia TeMiMepaTy publ mpomiu Ib 
3aBHCHT OT OWHOM KOOPAMHAThI NonepeywHoro CceyveHnA (HaNpuMep, Kpyriad TpyOa), Mm BTOpoli 

OT TBYX KOOpuHAT ToMepedwHoro CeYeHHA (HallpuMep, KaHaJl IPAMOYVTO.IBHOLTO mpo pr ll 
BapualuonHnlii MeTO, ManOCTpupyeTcA M NOATBepAaeTCA TIpMMeHeHHMeM ero K CyuanM 
Ten000MeHa TIP JaMMHapHOM oTOKe B Kpyraioii TpyOe M B MIOCKO-MapaliedbHOM 
KaHale; MouyuaeTcH Xopomee COBMaweHMe C CYIICCTBYIOWMMM YNCCHHBIMI pelieHiAMit 
SatTeM, TOT MeETO], MPHMeHAeTCA K TeMIOOOMeHY B YCJIOBNAX JaMMHApHOrO MOTOKA B Kabat 
€ KBajipaTHbIM mpodusiem. B nocueqHeM Ciy4ae WIA KOHTPOTA MpoOBecIM pacueT MO YRASaHHOMS 
Muascancom u IloupxayseHom metoyxy. B npunnune BapMalioHHbit MeTO], MOAKHO TakiKke 

IIpHMeCHHTb HK SajlauaM TemIooOMeHa B YCA0BHAX TYpoOy.1eHTHOTO WoToOKAa 
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NOMENCLATURE 

constants in eigenfunction equation (8): 
half-height of parallel plate channel; 
half-length of side of square duct; 
coefficients in temperature distribution; 
specific heat at constant pressure: 

tube diameter, 2r,: 

functions of cross-section co-ordinates 

~* in equations (4a) and (10a): 


integrals used in the variational pro- 
cedure; 

variational expression, /, 

thermal conductivity: 

normal direction: 

index number of eigenvalue; 

Prandtl number, v/a; 

number of terms in eigenfunction equa- 
tion (8): 

heat transfer rate per unit length: 

heat transfer rate per unit area: 

tube Reynolds number, Wd/v: 

channel Reynolds number, Wa/v: 

nth eigenfunction: 

functions in eigenfunction equation (8): 
radial co-ordinate: ry, tube radius: 
static temperature; 7,,., wall temperature; 
T,. bulk temperature: 7), entering 
temperature: 

axial velocity distribution: WW. 
velocity; 

cross-section co-ordinate; 
cross-section co-ordinate; Y 
axial co-ordinate: Z = z/a; 
thermal diffusivity, k/pc,; 

nth eigenvalue: 


average 


. cross-section co-ordinates: 


kinematic viscosity; 

density; 

fully developed temperature distribution 
in square duct: 


Subscript: 
fd. denotes fully developed condition. 
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INTRODUCTION 

IN a previous paper [I], it was shown that 
variational methods could be successfully applied 
to the computation of the fully developed heat 
transfer characteristics for forced-convection 
flow in passages. Here, attention is directed to 
the thermal entrance region of flow passages. 
Our aim is to formulate and apply a variational 
procedure which may be used to determine 
entrance-region heat-transfer results. To illus- 
trate the method and to establish confidence in 
its predictions, variational calculations are first 
carried out for the circular tube and the parallel- 
plate channel, and comparisons are made with 
exact (numerical) solutions available in the 
literature. Then, the variational method is 
applied to the square duct, for which there are no 
entrance-region calculations in the literature and 
for which an exact solution has not been possible.* 
In all the examples considered, the flow is 
laminar and fully developed, while the heat input 
is uniform along the length of the passage. 
However, the variational method may also be 
applied to the isothermal-wall boundary condi- 
tion and to turbulent flow. 


DESCRIPTION OF THE VARIATIONAL METHOD 
General remarks 

As early as 1885, it was demonstrated by 
Graetz [2] that the temperature solution in the 
thermal entrance region of a passage could be 
formulated as an eigenvalue problem. His 
analysis was concerned only with fully developed 
laminar flow in a circular tube having uniform 
wall temperature. Later, it was found [3-7] that 
the eigenvalue formulation would provide 
entrance-region results for both fully developed 
laminar and turbulent flows in circular tubes and 
parallel-plate channels for either uniform wall 
temperature or uniform wall heat flux. The same 
sort of formulation will apply to other non- 
circular ducts, as will be shown in a succeeding 
section. 


+ added in proof: A paper, which appeared after this 
work was completed, gives some approximate results 
for rectangular ducts with boundary conditions different 
from those treated here. This work by S. C. R. Dennis, 
A. McD. Mercer, and G. Poots, appeared in Quart. 
Appl. Math. 17, 285 (1959). 
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To illustrate the way in which eigenvalues 
arise in the entrance-region heat transfer analy- 
sis, consider the problem of laminar flow in a 
circular tube with uniform wall heat flux. As 
shown in [6], the longitudinal variation of the 
wall temperature corresponding to the pre- 
scribed wall heat flux g may be written as 


T.—T, 11 
Gr o/k 24 


4-1, 
Re Pr 


hy al a Br 

DZ, CoRalre) exp | Re Pr 3 (1) 
, l 

where 7, is the temperature of the fluid entering 
the tube and z is the distance measured from the 
entrance of the heated section. In the expression, 
8? and R,,, respectively, represent the eigenvalues 
and eigenfunctions of the following equation: 


ro d r dR 
d(r/ro) [ro d(r/ro) | 


Be? [ -| 
ro 


t 


dR,/dr =Oatr 


Solutions of this homogeneous equation with 
homogeneous boundary conditions are possible 
only for a discrete, though infinite number of £? 


values. Each $2 which permits a solution is 
called an eigenvalue. 


O andr = ry 


and the function R,, 
associated with the eigenvalue is called an eigen- 
function. Equation (2) is a special case of the 
general Sturm-Liouville type. From Sturm- 
Liouville theory, it is noted in [6] that: 


(r r)*] [( r; re)? 
7 24] R,, dr ro) 
(r/ro)®)R? d(r/ro) 


“1 o/p 
{9 ['/ro 
Lir/ry)* 


5 [r lg 


G (3) 


From this, it is seen that once the eigenfunctions 
R,, are known, the coefficients C,, of equation (1) 
may be evaluated. So it is apparent that a know- 
ledge of the eigenvalues and eigenfunctions of 
equation (2) holds the key to the temperature 
solution (1). Since the f? are all positive, it is 
seen that the series contribution to equation (1) 
dies away for large values of z. Thus, the series is 
only important in the entrance region and 
consequently, the eigenvalue problem is of 


interest only in connection with entrance-region 
heat transfer results. For the uniform wall 
temperature problem, the knowledge of eigen- 
values is not only necessary in the entrance 
region, but also in the fully developed domain.* 

Our goal here is to present and apply a varia- 
tional procedure for solving eigenvalue problems 
which may arise in connection with entrance- 
region heat transfer computations. The varia- 
tional method is especially advantageous for 
the lower eigenvalues, and because of this, it 
serves to compliment the approximate tech- 
niques of [8-10] which work best for higher 
eigenvalues. 

Consideration will be given to two general 
types of eigenvalue problems which may be of 
heat transfer interest. The first type arises when 
the temperature profile depends only on one 
cross-sectional co-ordinate, for example, the 
radial position in a circular tube or the distance 
from the center line of a parallel-plate channel. 
We will call this the one-dimensional eigenvalue 
problem. The second type arises when the tem- 
perature profile depends upon two cross-section 
co-ordinates, as in a rectangular duct. We will 
call this the two-dimensional eigenvalue prob- 
lem. Separate presentations and examples will be 
given for each of the two types of problems. 


The one-dimensional eigenvalue problem 
We direct our attention to the Sturm 

Liouville eigenvalue problem, which will include 
as special cases all heat transfer situations in 
which the temperature depends on only one 
cross-section co-ordinate. The Sturm—Liouville 
problem with which we are concerned is to find 
the eigenvalues+ f? and eigenfunctions R,, of the 
following equation: 


aR, 


e 
¢ 1 7) 


- fR,, (4a) 


a 


dy 
with the condition that on the boundary surface 
R,, = 0 or dR,,/dy = 0 (4b) 
The functions e, f and g may depend upon the 
* The first eigenvalue, at least, is necessary in the 
fully developed region. 


+ Only positive eigenvalues will arise in the problems 
of interest here. 
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independent variable ». Now, according to the 
calculus of variations (e.g. [11] ), there corre- 
sponds to equation (4) the following variational 
expression J: 


(5) 
I, = J? [e(dR,,/dn)? — fR?\dy (6) 
I, {?gR® dy (7) 


n 
The variational expression J has a very special 
property, namely, that it takes on a stationary 
value, i.e. 6J = 0, when evaluated using a f? 
and an R,, which satisfy equations (4a) and (4b). 
This characteristic suggests a procedure for 
obtaining approximate solutions for the eigen- 
values and eigenfunctions of equations (4a) and 
(4b) by using the variational expression J. The 
procedure is based on the Ritz method. Accord- 
ing to this approach, a set of functions R,,, 
R,., . . . is selected, each of which satisfies the 
boundary condition (4b). With these, the »th 
eigenfunction R,, is written as 


R, =. + AneRne +. . 2 A, R,; (8) 
i 

where the A,;, Ayo. are constants which 
remain to be determined. As explained later in 
detail, these unknown constants are found by 
imposing the condition that J take on a stationary 
value. An additional condition which must be 
satisfied by the eigenfunctions is that they are 
mutually orthogonal with respect to the weight- 
ing function g, i.e. 


I, = [° gR,Rm dyn = 0, 
m=n—I1,n—2,...,1 (9) 


Thus, for the nth eigenfunction, there are n — | 
orthogonality equations. As a consequence, it is 
necessary to have at least n terms in the eigen- 
function expression (8) to insure that the varia- 
tional procedure can be fully carried through. 
For each eigenfunction, the variational pro- 
cedure may be reapplied successively using an 
increasing number of terms in the series (8) 
until convergence to a desired accuracy is 
achieved. The convergence is hastened by 
choosing the form of the R,,; in accordance with 
any intuition or knowledge one may have about 
the problem. We now turn to describing the 
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detailed steps by which the variational procedure 
is applied. 

First eigenvalue: We begin by writing an 
expression for R, in the form of equation (8), 
selecting each function R,; in the series to satisfy 
the boundary conditions. With this, the integrals 
I, and /,, equations (6) and (7), are evaluated, 
and the variational expression J, equation (5), is 
constructed. For the first eigenfunction, the 
orthogonality condition (9) need not be con- 
sidered, since there are as yet no other eigen- 
functions. To find a stationary value of J, the 
expression is differentiated successively with 
respect to each A,, and each resulting equation 
is set equal to zero. This provides a set of p 
linear, homogeneous (right-sides equal zero), 
algebraic equations involving the A,,, Ajp, . 
A,,. A solution to such a homogeneous set is 
possible only if the determinant of the coefficients 
is equated to zero, and from this, there arises 
a polynomial of which {7 is the smallest root. 
Then, returning to the p homogeneous algebraic 
equations, it is possible to find p — 1 of the 
constants A,,;. The last coefficient is found by 
some other condition such as normalizing, i.e. 
setting /, = 1, or else by assigning some arbitrary 
value to R, at some particular value of 7. As has 
already been noted, the procedure can then be 
repeated using a larger number of terms in the 
series (8) until a desired accuracy is attained. 

Higher eigenvalues: The variational method 
for higher eigenvalues follows a path similar 
to that outlined for the first eigenvalue, except 
that the orthogonality condition (9) must now 
be incorporated into the procedure. This con- 
dition requires that the eigenvalues and eigen- 
functions be found in ascending order; since the 
computation for the mth eigenfunction R,, 
assumes that all preceeding eigenfunctions are 
known. By employing the orthogonality con- 
ditions (9), it is possible to solve for n — 1 of 
the A,,; in terms of all the others. Then, turning 
to the expression for /, these particular A,,; may 
be eliminated by direct substitution. Thus, the 
number of A,,; remaining in J is reduced to 
p — (n — 1). The stationary value of J is found 
by differentiating successively with respect to 
each of the remaining A,,, and equating each of 
the resulting equations to zero. From these 
p — (n — 1) linear homogeneous equations, the 
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eigenvalue 8? can be found in a manner identical 
to that described in connection with the com- 
putation of the first eigenvalue. Then, the 
constants A,; are computed using these 
p —(n— 1) equations and the orthogonality 
conditions. Because these equations are homo- 
geneous, there will still be one undetermined 4,,, 
and this can be found by imposing additional 
conditions as previously described. The process 
can then be repeated, taking additional terms 
in the series (8) until a suitable result for 8? and 
R,, is achieved. 

To help fix these ideas, illustrative examples 
will be given in a later section. 


The two-dimensional eigenvalue problem 
For the situation where the temperature 
depends upon two cross-sectional co-ordinates, 
the two-dimensional eigenvalue problems which 
lend themselves to solution by the variational 
technique are given by the following equation 
[12]: 
C CR, C 
(“4 


“ae 
on ONe2 Ne 


= 
on 


(10a) 


with the condition that on the bounding surface 


R, 0 or CR,/eN 0 (10b) 


In this equation, the functions e, f and g may 
depend on both co-ordinates y, and 7. In a 
manner parallel to the one-dimensional case, 
there exists a variational expression J which 
corresponds to the eigenvalue problem defined 
by equations (10a) and (10b). Rephrasing the 
findings of [12], J may be written as 


J=I1,— Bl, 
OR, \* ea 


C72 


(11) 


fr | dn, dn. 
(12) 


a, | 


I, | | gR® dy, dnp 


area 


(13) 


As before, the variational expression has the 
particular property that it takes on a stationary 
value when evaluated with an eigenvalue and 
eigenfunction of equations (10a) and (10b). 
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This characteristic basis of an 
approximate method for finding the f? and R,, 
which is essentially identical to that which has 
already been described for the one-dimensional 
case. In applying the procedure to the two- 
dimensional case, it is to be remembered that the 
functions R,,; which make up the series (8) may 
now depend upon the two co-ordinates », and 
72, instead of on the single » as before. Also, for 
the two-dimensional situation, the orthogonality 
condition takes the form 


I, f i) gR,Ry, dy, dno Q, 


area 


serves aS a 


ee; 


m n ln 


With these modifications, the detailed directions 
for using the variational method in the one- 
dimensional problem also apply here, and hence 
they need not be repeated. 

An entrance-region heat transfer computation 
for a square duct will be carried out in a later 
section, and this will aid in further clarifying the 
application of the variational procedure to the 
two-dimensional case. 


APPLICATION TO A CIRCULAR TUBE 

As a first illustration of the application of the 
variational procedure, we consider the problem 
of laminar flow in a circular tube with uniform 
wall heat flux. The solution for the wall tem- 
perature as a function of position along the tube 
length has already been given in equation (1), 
while the associated eigenvalue problem is 
defined by equation (2). Now, for the uniform 
heat flux problem, it is well known that the first 
eigenvalue §? is zero, while R, is a constant 
usually taken as unity. It is also easy to show 
from equation (3) that C, = 0. So, with 6? and 
R, known, we turn our attention to finding the 
second eigenvalue $} and its corresponding 
eigenfunction R,. 

To apply the variational method, we first 
compare equation (2) with the general form (4) 
and find that 


U) r/'o, @ , 
With this, the integrals /,, /, and /, become 


I, = fon — 7)R,R», dy = 9, 


m=n—Il1,n—2,. 





166 E. M. SPARROW and R. SIEGEL 


I, {) AAR,,/dn)® dn, 


I, = fh n(1 — 2)R2dy (16) 


The next step is to write R, as a sum of terms in 
the form of equation (8). In selecting the func- 
tions R,,, we take cognizance of the boundary 
conditions (2) and of the fact that the eigen- 
functions can have both positive and negative 
lobes between 7» = 0 and 7» 1. Functions 
which immediately suggest themselves for the 
role of R,; are cos Orn = 1, cos 77, cos 277, etc. 
So as a first approximation for R, in the form 


(3), we write: 


R, = Ay 


Ayo COS 77 (17) 


Then, substituting in equations (15) and (16) and 
carrying out the integration yields :* 


Ay, 1 12 
Io = + An(=s = 0 (18a) 
A?, x 
L, = (18b) 
4 
4,0 12\ A, 3 
at Aa 1) g (! =) 


(18c) 


Now, using equations (18b) and (18c), we can 
construct the variational expression 


J=1,— Bh 


Then, by the orthogonality condition (18a), Ao, 
can be eliminated from J, giving 


Atm? (12 =«1)2 
J = —* — 44%, (4-4) 
A3, 3 
rt -)| (19) 
To find the stationary value, we take cJ/CAg. = 0, 
and from this it follows that 


g2 — 28-997 (20) 


Considering the simplicity of the approximation 
and the relative ease of computation, this result 
is in surprisingly good agreement with the exact 
value [6]: 

£5 = 25-6796 (21) 


* It is to be remembered that R,_, = R, = constant. 


The constants A,, and A,. remain to be deter- 
mined. From the condition cJ/CA. = 0, there 
is obtained an algebraic equation which tells us 
nothing about the constants. But, from the 
orthogonality condition (18a), we have the 
ratio Of Ay, to As. With this, the eigenfunction 
expression (17) becomes 


Ry = Asgo(0-087482 + cos 7) (17a) 


As expected in accordance with what has been 
said in the general presentation of the varia- 
tional method, there remains one undetermined 
constant which must be found from other con- 
ditions. To facilitate comparison with [6], we 
impose the condition that R(0) = 1, and with 
this, equation (17a) becomes 


R, = 0-080445 — 0-91956 cos m (17b) 


The value of R at r=r,y (y = 1) plays an 
important role in the wall-temperature com- 
putation, as may be seen from equation (1). 
The first approximation, equation (17b), gives a 
value R,(1) 0-83911, as opposed to 

0-49252 from the exact solution. This compari- 
son strongly suggests that a higher variational 
approximation be carried out for Rs. 

As a logical refinement of equation (17), we 
add on a term cos 277 and write 


R, = Ag Ay COS 277 (22) 


Ago COS 77 
Proceeding as before, /,. /, and /, are computed 
by integration of equation (22). From the 
orthogonality condition, /, =—0, there is 
obtained 


Ay, = 0:087482 Ay. + 0303964 4,, (23) 


Using J, and /,, the variational expression 
J = 1, — B3l, is evaluated to be 


J = 2:46740 Aye 
- 9-86960 = A3, 


0:0121336 Ay Ao5 - 
0:25 A3,] (24) 


82[0-0870045 A3, 
+ 0-115501 A, 
A, can be eliminated from this expression by 


using equation (23), leaving only A,. and A,3. 
The stationary value of J is achieved by taking 
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CJ/CAs. = 0, 0. From this, there 


results : 


CI/CAgs 


, 
0—> (4-93480 — 0-170182 82)Ag. + | 


(— 3-55556 + 0-0254293 62) Ay; 


C 
CAyy 
0 —> (—3-55556 + 
+ 0:0254293 82)4,. + (19-7392 

0:184805 82)4y, — 0J 


CAg3 


A nontrivial solution of this pair of linear, 
homogeneous equations is possible only if 


(4-93480 — 0-170182 f2) 
(—3-55556 — 0-0254293 82) 


(— 3-55556 + 0-0254293 f3) 
(19-7392 — 0-184805 3) 


This determinant yields a quadratic equation for 
83, the smallest root* of which is 

B2 = 25-6956 (26) 
This is in remarkably close agreement with the 
value 25-6796 from the exact solution. Now, 
turning to the determination of the constants 
A,;, there is first obtained from either of equa- 
tions (25) the ratio Ay3/ As». Next, from equation 
(23), the ratio A ,/As. is found. Finally there is 
imposed the condition that R,(0) = 1. With this 
information, all three constants may be calcu- 
lated and the expression for R, becomes 


R, = 0-109207 + 0-746309 cos m7 


0: 144484 cos 277 


(22a) 
The value of R, at the tube wall (7 = 1) has 
been already noted as playing an important role 
in the heat transfer results. Equation (22a) 
gives a value R,(1) 0-49262, which is in 
excellent agreement with the result —0-49252 
from the exact solution. In addition to R,(1), the 
solution for the wall temperature variation as 
given by equation (1) depends on the coefficients 
C,,. These constants can be computed from the 
quotient of integrals given in equation (3). 


*Since the value of £,° associated with the exact 
solution is an absolute minimum, it is clear that the best 
result is achieved by selecting the smallest root. 
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Utilizing equation (22a) for R,, the coefficient C, 
is computed as 0-40680, which deviates by only 
0-8 per cent from the value 0-40348 given by the 
exact solution. 

This illustration demonstrates that the varia- 
tional procedure is capable of providing excellent 
heat transfer results. The high level of agreement 
indicates that there is no need to refine R, 
further. However, if an exact solution had not 
been available for comparison purposes, it 
would have been necessary to take a higher 
approximation for R, to establish the level of 
accuracy. 

If desired, the variational method could now 
be applied to the computation of the next eigen- 
function R;. No essential changes in the method 
are necessary, except that the expression for 
R, in the form of equation (8) would likely 
contain additional cosine terms. Also, in the 
orthogonality condition (15), we would use 
equation (22a) for the known eigenfunction R,, 
while R, is a constant. However, since our 
purpose in considering the circular tube has 
only been to illustrate the variational method, 
the computation for the higher eigenvalues will 
not be carried out. 


APPLICATION TO A PARALLEL PLATE CHANNEL 

As a second example which may serve to 
establish confidence in the variational procedure, 
we turn to the problem of laminar flow in a 
parallel-plate channel with uniform wall-heat 
flux. Corresponding to the prescribed heat 
flux, the variation of the wall temperature along 
the length is given by: 


z/a 


ee 


a (27) 
Pr a 


‘ bi C,, R,(a) exp (3/2) Re 


l 


The eigenvalues R,, and eigenfunctions f, are 
found from the following homogeneous system: 


aR, 


d(y/a)* 


R,B? (1 —(y/a?]=0 = (28a) 


dR,,/dy = Oat y = Oandy =a (28b) 
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while the coefficients C,, are computed from the 
ratio: 
C, 
itl 1(y/a)* — 39/280]R,, d(v/a) 
(v/a)?]R? d(y/a) 


(v/a?) [3Qv/a/? 
fo U 
(29) 
Here again is a problem ideally suited for the 
variational procedure. Comparing equation 
(28a) with the general one-dimensional form 
(4a), it is seen that 


=. 0, g 
and the integrals /,. /,; and /, become 


7 v/a, e 7 l n? (30) 


I, i ( ] ”*)R, rR... dy 0, 


m n lin Do dell 


I, = |} (dR,,/dyy? dy, 1 7?)R® dy (31b) 


(31a) 
fod 
Since we are dealing with the case of uniform 
wall heat flux, it follows that 8? = 0, R,; = con- 
stant, and C, = 0. So, attention can immedi- 
ately be directed to the second eigenvalue R,. 
Drawing upon our experience with the circular 
tube, we start out by writing R, in the form of 
equation (22). Following through the operations 
as before, it is found that 

p2 = 18-39, R, 0-3157 


1-124 cos wy + 0-1924cos2zy =(32) 


The numerical solution of [7] yields a value of 
18-38 for £2. For R(1), which is needed in the 
wall-temperature computation, [7] gives — 1-27 
as compared to —1-25 from the variational 
solution (32). No results for C, are provided in 
[7] and so this computation is omitted here. 

From the excellent level of agreement which 
has been demonstrated, one can draw a real 
feeling of confidence in the utility of the varia- 
tional procedure. 


APPLICATION TO A SQUARE DUCT 
For the previous examples which have been 
presented, there exist numerical solutions in the 
literature. These illustrations have been useful 
in establishing a feel for the accuracy which 
could be achieved by the variational] method. 
Now, we turn to a situation for which there are 
no entrance-region calculations in the literature. 
Consideration is given to a laminar flow in a 
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square duct, Fig. 1, having a heat flux which is 
uniform both along the length and around the 
periphery. Since this physical problem is not 
treated elsewhere, we start from first principles. 


Fic. 1. Co-ordinate system for square duct. 


The energy equation appropriate to the fully 
developed laminar flow of an incompressible, 
constant property fluid is 


oT 


where axial heat conduction has been neglected 
compared to transverse conduction. Far down 
the duct, ¢7/ez becomes a constant and the 
condition of fully developed heat transfer is 
achieved. A solution for the temperature distri- 
bution in the fully developed regime has been 
found by variational means in [1] as follows. 
T—T, 2Z 
O/8k Re, Pr 


y? 


d (34a) 


0-16032 [(¥2 


2] —0-13290 
1(y?— DP 


where 7, is the temperature of the fluid entering 
the duct, Q is the heat transfer per unit length 
and XY, Y and Z are dimensionless co-ordinates. 

Now. turning to the entrance-region, we 
propose a solution in the following form which 
will apply anywhere throughout the duct: 


[(X? 0-06803 (34b) 


T —T, 2Z 
O/8k Re, Pr 


d 
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In this equation, R,, depends on both cross-sec- 
tion co-ordinates X and Y. To find the governing 
equation for R,, (35) is introduced into the 
energy equation (33), from which it follows that: 


Bw/w)R, =O (36a) 


It is also easy to show that: 


dR/dX =Oat X + 1, 


dR/dY =—Oat Y +] (36b) 
So, once again we have an eigenvalue problem. 
The first thought about solving equation (36) is 
to try separation of variables, i.e. to suppose that 
R,, is a product of a function of XY and a function 
of Y. However, this approach is not successful 
since the velocity distribution w/W is not in a 
product form. Hence, it is necessary to deal with 
equation (36a) as it stands. 

The eigenvalue problem as represented by 
equations (36a) and (36b) is well-suited to be 
attacked by the variational procedure. Com- 
paring equation (36a) with the general two- 
dimensional form (10a), it is seen that: 


un X, Ne i 1, f=0, g=w/wW (37) 
With this, the integrals /,, /,; and /, as given by 
equations (14), (12) and (13) become 

I= 4 [i [2 (w/W)R,R,, dX dY = 0, 


m n a 
I, 4/ ft (OR, /oX ? + (ER, /CY dX dY (38b) 
I, = 4 [2 (PQw/w)R? dX dY (38c) 


Since we are dealing with the uniform heat flux 
case, the first eigenvalue §? is zero, while 
R, constant and C, = 0. So consideration 
can be immediately given to the second eigen- 
value R,. In selecting a trial function for R,, we 
are guided by prior experience with the parallel- 
plate channel. For that configuration, an eigen- 
value expression in the form of equation (22) 
proved to be quite satisfactory. Generalizing 
equation (22) to the two-dimensional case, we 
write 


Ry = Ag Ag. COS 7X cos 7 Y 


(39) 


+ Ay, [cos 7X cos 27 Y + cos 27X cos 7 Y] 


where the constants A,,, Ao. and Ay, remain to be 
determined by use of the variational method. 
The first step is to compute the / integrals of 
equations (38). To carry out the integrations, a 
knowledge of the velocity distribution w/\? is 
required. An accurate velocity profile has been 
determined by variational means [1] as follows: 


(X? — 1)(¥? 
+ 0-29181 (X? + 


1) [20983 
Y2) + 087546 X22] 


w/W 


(40) 


Utilizing this expression in conjunction with 
equation (39), the J integrals are found to be 
I, = Aa, + 0-082665 Avo 


0-0432577 A, =0 (4la) 


5A33] (41b) 


44, + 0-83989 43, 


2:0001 A2, + 1:16410 Ay.495 (41) 


Then, the variational expression J I, B31, 
is constructed. Utilizing equation (4la), it is 
possible to eliminate A,, from J, leaving only 
Ag, and Ass. The stationary value is found by 
setting CJ/CAs. = 0 and CJ/CA,, = 0. From this, 
there is obtained 


0 —> (39-478 — 1-6251 62)Ayo 


(1:1927 83)A,, =O (42a) 


0 — (—1-1927 f3)A., 4 


(197-39 — 3-9852 62)4,, —0 (42b) 


By setting the determinant of the coefficients 


equal to zero, there results a polynomial in §3, 
the smallest root of which 


B2 = 20-929 (43) 


provides the second eigenvalue. Next, the 
constants Ay,, Ay and A,, are found by utilizing 
either of equations (42) in conjunction with 
(41a) plus an additional condition. In this in- 
stance, as a matter of variety, we will impose the 
condition that the eigenfunction be normalized, 
le. I, 1. There is thus sufficient information 
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to determine all the constants, and the final ex- 
pression for the eigenfunction R, becomes: 


R, = 0-:067685 — 0-92477 cos 7X cos 7 Y 
0-20252 [cos 7X cos 27 ¥Y + 


+ cos 27X cos7Y¥] (44) 


The last bit of information needed to compute 
temperature distribution results from equation 
(35) is the constant C,. Imposing the condition 
that 7 = 7, at the entrance section (Z = 0), 
equation (35) becomes 


x 


> CR, d 


(45a) 


Then. multiplying through by (w/wW)R,, and 
integrating over X and Y from 0 to 1, it follows 
by use of the orthogonality condition (38a) that 


“1 
e - a (45b) 


0. 


[3 Ov/P)R,b dX d¥ 
fh (w/W)R? dX dY 
Carrying out the integration for R,, it is found 
that 


C; 0-2467 (46) 

This completes the computation for the second 
eigenfunction. To check the level of accuracy of 
the results, the variational procedure might be 
reapplied to an expression for R, which contains 
additional terms. But, we have decided instead 
to redo the problem using a completely different 
approximation procedure. The method is a 
modification of an idea presented by Millsaps 
and Pohlhausen [13] and its application to the 
current problem is discussed briefly in the 
Appendix. The results of this alternate compu- 
tation are in very good agreement with those of 
the variational method. 

With the second eigenvalue at our disposal, 
we can now turn to a discussion of the heat 
transfer results. The temperature distribution 
corresponding to the prescribed heat flux is 
given by equation (35), where ¢ represents the 
fully developed solution as written in equation 
(34). while C,, R, and 63 are given by equations 
(46). (44) and (43), respectively. Since we have 
only one term of the series (C, = 0), attention 
must be directed to that portion of the duct near 
the fully developed region. When the heat flux 


is prescribed, the information of greatest 
interest is the resulting wall temperature. In this 
instance, where the heat flux is everywhere 
uniform, the wall temperature will vary around 
the periphery in any cross-section, as well as 
along the length. Because of the symmetry of 
the problem, consideration need only be given toa 
typical part of the wall: Y¥=1,0< Y< 1. 
The wall-temperature result can be put in a 
convenient form by first introducing the bulk 
temperature 7;,: 


..t. oe 
QO/8k — Re, Pr 


and then, it may be observed that under fully 
developed conditions 


(47) 


(T - Ty )ye 
O 8k 


With these, equation (35) can be rephrased as: 


d (48) 


7 Se 
( ti T)sa 


Finally, at the wall (4 
is obtained 

 — 7; 
fg Ty) 5a 


_ [Re | B > (50) 
0<Y<1J 


where the series has been truncated after n = 2. 
The group C,(R,/¢),_, as evaluated from the 
variational method has been plotted as a solid 
line on Fig. 2. In the region near the mid-wall 
(Y = 0), the group has negative values; while 
near the corner, the group has positive values. 
Using this information in conjunction with 
equation (50), it is seen that for locations near 
the corner, the wall-to-bulk temperature differ- 
ence is greater in some part of the entrance- 
region than it is in the fully developed region. 
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Fic. 2. Shape of temperature distribution along wall. 


Of course, without additional terms in the 
series, it is not possible to know the extent of the 
entrance region where (7, — T,) > (Ty, — T»)ya: 
This finding is somewhat surprising in view 
of previous experience with one-dimensional 
geometries such as the circular-tube and parallel- 
plate channel. In those configurations, where 
peripheral variations are absent, 7, T,, in the 
entrance-region is always less than the fully 
developed temperature difference. In the present 
instance, where there are peripheral variations, 
it is the feeling of the writers that 7, i,k 
not the governing driving force for heat transfer 
at local positions around the periphery. Hence, 
there would be no reason to expect that 
the longitudinal variation of 7,,— 7, should 
follow the same trend here as was found in the 
simpler geometries. The fact that the longitudinal 
temperature variations are different in different 
parts of the cross-section suggests that there is 
little utility in computing average Nusselt 
numbers. 

The findings derived from the variational 
method are closely confirmed by the alternate 
computation of the Appendix, as may be seen 
from the dashed line of Fig. 2. This good agree- 
ment increases our confidence in the results, but 
ultimate confirmation awaits some more exact 


solution, an approach to which is currently not 
apparent to the writers. 
CONCLUDING REMARKS 

The examples considered here are meant to 
illustrate the method and by no means exhaust 
the problems to which the variational technique 
can be applied. 

Although the illustrations were concerned 
with the uniform heat flux case, solutions fo: 
uniform wall temperature are obtained with 
equal facility. In the latter case, the functions 
R,,, which make up the eigenfunction expression 
(8) would be selected to have zero values at the 
wall, rather than zero derivatives as in the forme 
It is also worth noting that the first eigenvalue 
for the uniform wall temperature situation wil! 
not be zero, nor will R, be a constant. Aside 
from these matters, the method is applied exactly 
as has been illustrated. 

In principle, the variational procedure could 
be applied to problems in turbulent heat transfer 
However, no work has thus far been done along 
these lines. 


APPENDIX 


Alternate Eigenvalue Calculation 
According to the idea of Millsaps and Pohl- 
hausen [13], the eigenfunctions for a laminar 
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convective, heat transfer problem are expanded 
in terms of the eigenfunctions of the slug-flow 
problem. For the square duct, such an expan- 
sion for R, which is truncated after three terms is 
R, = D, cos 7X cos 7Y 

Dcos 7X cos 27 Y + cos 27X cos7Y) 


D,(cos27X cos27Y) (51) 


where D,, D, and Ds; remain to be determined. 
Introducing this expression into the governing 
equation (36a) gives: 


27°D, cos 7X cos 7Y + 
5z* Dcos 7X cos 27 Y 
cos 27X cos 7!) 


—~&z*D,(cos27X cos 27 Y) = B3(w/W) Re 


Then, equation (52) is multiplied through by 
cos 7X cos7Y and integrated over Y and Y 
from 0 to 1. Next, equation (52) is multiplied by 
(cos 7X cos 27 Y + cos 27X cos 7 Y) and inte- 
grated over the same range. Finally, this same 
procedure is carried through with cos 27X 
cos 27 Y. The result of these operations is three 
linear, homogeneous, algebraic equations for 
the D;. D, and Ds. the coefficients of which 
contain £3. To obtain a nontrivial solution, the 
determinant of the coefficients is equated to 
zero, and this gives: 


3 — 1-779 
p2 = 20-22 


which is rather good agreement with equation 
(43) from the variational procedure. The 
D-values are then found by returning to the 
homogeneous algebraic equations, from which 
two of the three D’s can be determined in terms 
of the third one. The third D value may be left 
unspecified or else arbitrarily assigned. This will 
have no effect on the final result for the desired 
quantity C,R, (see equation (35)), since a 
change in the level of R,, will be automatically 
compensated by a corresponding change in C,,. 
Then, turning to the computation of C;, the R, 
expression (with D-values now known) is intro- 
duced into equation (45b) and the integration 
carried out. With this, the final result for the 
C,R, product is 
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C,R, = 0:2140 cos 7X cos 7 ¥ 4 
+0-01740 cos 27 X cos 27 Y 
+-0-04698(cos 7X cos 27 Y 


+cos27X¥cos7Y) (54) 


Since the form of (54) is somewhat different 
from that of the variational eigenfunction, 
comparisons are best made by evaluating the 
expressions at specific Y- and Y-values. Fig. 2 
shows a comparison made along the wall, 
xX =1,0 Y < 1, with quite good agreement. 
A similar comparison has been made along the 
center-line in the fluid, Y = 0, 0 Y < 1, with 
about the same level of agreement. 
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Abstract—An analysis is made of the velocity, temperature and pressure distributions in a turbulent 
vortex with radial and axial flow. For making the calculations the vortex is divided into a core and an 
annular region, each with a different uniform axial mass velocity, although the equations obtained are 
applicable to an arbitrary axial mass velocity distribution. Tangential velocity, temperature and 
pressure distributions, as well as curves for overall energy or temperature separation, are presented and 
compared with experiment. 

Using the analytical results, the causes of the energy separation are studied. It is concluded that the 
most important factor affecting the total temperature of a fluid element in a compressible vortex is the 

turbulent shear work done on or by the element. 


Résumé—Une analyse est faite des distributions de vitesses, de températures et de pressions dans un 
tourbillon turbulent a écoulement radial et axial. Pour faire les calculs, le tourbillon a été divisé en 
deux régions: noyau et région annulaire, chaque région possédant une vitesse axiale uniforme 
différente, bien que les équations obtenues soient applicables a une distribution arbitraire des vitesses 
axiales. Les distributions de vitesses tangentielles, de températures et de pressions, ainsi que des 
courbes pour la séparation d’énergie et de température de Il’ensemble, sont présentées et comparées 
a l’expérience. 

Les causes de la séparation d’énergie sont étudiées a partir des résultats analytiques. En conclusion, 
le facteur le plus important affectant la température totale d'un élément de fluide dans un tourbillon 

compressible est le travail de cisaillement turbulent effectué sur, ou par, l’élément. 


Zusammenfassung— Die Verteilungen der Geschwindigkeit, der Temperatur und des Drucks in einem 
turbulenten Wirbel wurden fiir radialen und axialen Strom untersucht. Hierzu wurde der Wirbel in 
einen Kern und einer Ringzone eingeteilt, wobei fiir jede eine verschiedene, aber einheitliche axiale 
Massengeschwindigkeit angenommen wurde, obwohl die erhaltenen Gleichungen auch fir eine 
beliebige Verteilung der axialen Massengeschwindigkeit gelten. Die Verteilungen der Tangential- 
geschwindigkeit, der Temperatur und des Druckes wurden ebenso wie die Kurven fiir die Trennung 
der Gesamtenergie oder der Temperatur angegeben und mit dem Experiment verglichen. 

Unter Benutzung dieser Rechenergebnisse wurden die Ursachen fiir die Energietrennung untersucht. 
Es wird geschlossen, daB der wichtigste Faktor, der die Gesamttemperatur eines Fliissigkeitselementes in 
einem kompressiblen Wirbel beeinfluBt, die turbulente Scherarbeit ist, die an einem oder durch ein 

Element geleistet wird. 


Abstract—Ocnosnoii 3aqaueii nacronuleii padoTh ABIAeTCA UCCueqoOBaHHe pacipeyereHnA 
CKOPOCTH, TeMMepaTypbI HM aBleHuA B TYpPOYIeHTHOM BUXxpe. B ocHoRne analiusa MOa0meHO 
cxeMaTHueckKoe TpelCTaBIeHHe O pasleleHHuM BUXpPA Ha Apo HM HapyaHywW oOnacTh. Nankan 
OOTaACTh UMeeT CBOIO COOCTBCHHYVWO TIOCTOAHHHYIO CKROPOCTh TepeMelleHHA MaCCbI BLO.Ib OCH, 
XOTA MOJTV4YCHHbIe VpaBHeHHA MO*KHO TIPMMCHHTh JVI CLY4aA MpOMsSBOAbHOrO pacipeseleHuA 
CKOpOCTH HM WBMsKeHHA Macchl 10 ocAM. IloryueHnbl rpapuku pacnpeereHuA TeMMepaTyph, 
WaBeHHA, MOTeCHIMAIbHON CKOpPOCTH, a Tak Ke MONA TeMMepaTypbl HM dHeEprult, KOTOPLIe 
CONOCTABIECHbI C DKCHCPUMECHTAIbHbIMM aHHBIMM. Ha ocHoBe aHasluTnyueckoro HCC1eqOBaHnA 
aBTOPHI MPHIL K 8aKOUeHHWO, YTO HalOouee BaxKHbIM (PARTOPOM, BIIMAKOULMM Ha TOLTHY10 
NOKaIbHYW) TeMMepaTypy (as0-*KUTKOCTHOrO C+KMMAaeMOrO BUXPA, ABLIAeTCH paboTa Typ- 
OvaeHTHOrO TepeMelleHHsA. 
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NOMENCLATURE 
specific heat: 


substantial derivative; u 


- 
dr 


here; 


parameter J wa(") . | [Ww 


thermal conductivity ; 

Mach number based on tangential 
velocity at outer radius; 

Stagnation or total pressure: 

static pressure; 

Reynolds number, —u,r;;/ pe: 
Reynolds number based on outer 
radius; Re; W/W,: 

nondimensional distance along radial 
co-ordinate, r/r,: 

total and static temperatures: 
nondimensional total and static tem- 
perature, 7/(v*/2c,), t/v?/2c,: 

mean total temperature of fluid leav- 
ing core: 

mean total temperature of fluid enter- 
ing vortex tube; 

mean total temperature of fluid leav- 
ing annulus; 

', radial, angular and axial components 
of velocity: 

total mass flow entering system: 

mass flow leaving core: 

mass flow leaving annulus: 
nondimensional angular velocity, v/v;; 
distance along axial co-ordinate: 
ratio of specific heats: 
eddy diffusivity: 

time: 

dimensionless time: 
viscosity ; 

density: 

turbulent shear stress. pe(dv/dr—v/r): 
dimensionless turbulent shear stress 


1 (dv vo’ 
Re, (a yd ; 
turbulent dissipation 
pe(dv/dr — v/r)?: 
dimensionless turbulent dissipation; 
Aig wv 
Re, | 


(u,;/r,)0: 


dr’ y’ 


Subscripts 
i, pertaining to core or reference radius: 
0. pertaining to outer radius of vortex. 


INTRODUCTION 

Tue problem considered here is that of the 
velocity and temperature distributions in a tur- 
bulent compressible vortex with radial and axial 
flow. That problem occurs, for instance, in 
connection with the Ranque—Hilsch vortex tube 
[1]. In that apparatus gas enters a tube tangen- 
tially through nozzles so as to form a vortex 
within the tube. Cold gas can then be withdrawn 
axially from the region near the center of the 
tube and hot gas from the annular region at 
larger radii. A total temperature or energy 
separation thus occurs within the vortex. The 
vortex tube should be useful for obtaining 
quantities of either hot or cold air. The feature of 
no moving parts might make it especially 
attractive for applications where extreme tem- 
peratures are desired. For instance, a vortex 
tube might conceivably be used to obtain higher 
propellant temperatures in a nuclear rocket than 
could be obtained by the nuclear reactor alone. 
which is limited in temperature by the reactor 
materials. The walls of the vortex tube could be 
cooled to prevent melting, and the cold stream 
from the vortex could be reheated in the reactor. 

A great deal of work, both experimental and 
analytical, has been done in connection with the 
phenomenon described above. A summary of 
the work done between 1931 and 1953 is given in 
[2]. Some additional investigations since that 
time are given in [3, 7, 12]. Although many of the 
important factors in the phenomenon have been 
considered in one or another of the previous 
papers, it appears that all of the analyses neg- 
lected at least some of the important factors. 
Also, a more thorough discussion of the causes of 
the energy separation would be desirable. The 
present writers in a preliminary study [5], of 
which the present paper is a refinement and 
extension, have attempted to include the per- 
tinent terms in the compressible laminar and 
turbulent momentum and energy equations. 
Only the turbulent case is considered herein. 
inasmuch as it was shown in [5] that the energy 
separation in actual vortex tubes cannot be 
accounted for by considering a laminar vortex. 
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(Energy separation can also occur in a laminar 
vortex but the radial flow must be extremely 
small.) The effect of energy diffusion due to the 
expansion and contraction of the turbulent 
eddies as they move radially in a pressure gradi- 
ent is included in the equations. 

The model considered (Fig. 1) is an axially 
symmetric vortex in which the tangential 
velocity and temperature are independent of 
axial position. The tangential and radial veloci- 
ties, as well as the temperature, are specified at a 
reference radius. In addition, the axial mass 


Fic. 1. Vortex model used in analysis. 


velocity is specified as a function of radius and 
axial position. As will be shown, only a linear 
variation of axial mass velocity with axial 
position is consistent with the assumption of a 
tangential velocity independent of axial position, 
but the variation of axial velocity with radius can 
be arbitrary. For the present calculations a 
uniform axial mass velocity (pw), in a region 
near the center and a different uniform axial 
velocity (pw), in the remaining annular region 
were assumed. The analysis predicts the tangen- 
tial velocity and temperature as functions of 
radius. For calculating the temperature distribu- 
tions it was assumed, in order to make the 
equations tractable, that squares of axial and 
radial velocities are small compared with squares 
of the tangential velocities. 


VELOCITY DISTRIBUTIONS 


In the present model the flow is taken to be 
axially symmetric and steady state with no body 
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forces. For that case the compressible Navier 
Stokes equation for the tangential component 
of the velocity [8], reduces to 


ov puu 
OU Tt 
f ! 


cU 
“ph 
ar \ ae 


For turbulent flow the increased shear stress due 
to the turbulence can be accounted for by 
replacing » by » — pe in the momentum equa- 
tion. The quantity pe is the eddy viscosity and 
depends on the turbulent mixing at a point. 
Except near boundaries, or at low Reynolds 
numbers, » is small compared to pe and can be 
neglected. Although pe is in general a variable, 
it appears reasonable to assume that it can be 
considered constant for a vortex with radial 
flow. This assumption is in agreement with the 
experiments in [6] for incompressible flow. 
Because of lack of information on compressible 
vortex flow, and because of the considerable 
simplification obtained, we will assume that ps 
can be considered constant also for compressible 
flow and then attempt to justify the assumption 
by comparison of the results with experiment. 

Inasmuch as our model assumes that v is 
independent of z=, equation (1) becomes, for 
turbulent flow: 


d*v 
dr 


dv puv 
pu - pé 
¢ 


Ir r 
Essentially the same result could have been 
obtained by dividing the instantaneous velocities 
and densities in equation (1) into mean and 
fluctuating components, taking time averages, 
and setting the Reynolds stress 


uv e(dv/dr v/r) 


by analogy with the laminar shear stress. Note 
from equation (2) that the assumption that vr is 
independent of = implies that pu is also inde- 
pendent of z. The general solution of equation 
(2) is: 


c Y pu 
v=— i exp | | dr) dr 
7. J pe 
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Using the boundary condition that the velocities 
at the axis of the vortex cannot be infinite, 
equation (3) can be written in dimensionless 
form as 


OY ee } 
dr |r 


pé 


where the subscript / refers to values at a refer- 
ence radius and the primes indicate that the 
quantities have been divided by their values at 
Pg 

In order to relate the radial flow to the axial 
flow, we use the continuity relation 


c (rpu) Cc (rpw) 


0 (5) 


cr CZ 


Integrating equation (5) between the axis and 
the radius r results in 


" O( pw) 


r pu r dr (6) 


Jo OZ 
Inasmuch as pu is a function only of r, equation 
(6) shows that ¢(pw)/cez is a function only of r. 
Therefore 
pw = [pw(r)]o fir)z (7) 
where the subscript zero refers to values at 
z= @. 

In order to make numerical calculations it is 
necessary to assume a variation of ¢( pw)/Cz or of 
pw with r. The vortex is divided into two regions, 
a core with radius r,, and an annular region with 
inner and outer radii r; and r, (Fig. 1). In each of 
these regions pw, and thus c(pw)/cez (equation 
(7) ), is assumed independent of r, but there can 
be a step change in pw at the interface between 
the two regions. Note that it is not necessary for 
the axial flow to be in the positive direction in 
both regions. 

Consider first the core region. Dividing 
equation (6) by the same equation evaluated at 
r;, and integrating, show that 


pu/ pu; = r/r; (8) 
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Equation (4) then becomes 
l 
(| 


Re, 


exp ( 
exp ( 


Re,r®? (9) 


Re,/2) 
where ; 
pur, 

pé 


The negative sign is included in the definition of 
Reynolds number because u; is negative in the 
cases of interest here. Equation (9) was obtained 
by Einstein and Li [6]. For very large radial 
flows, equation (9) reduces to v’ = 1/r’ (inviscid 
flow) except close to the center, whereas for 
small radial flows, v’ = r’ (wheel flow). 

For calculating velocities in the annulus, with 
pw independent of r, one can break the integral in 
equation (6) into two parts, one with limits 0 and 
r;, the other with limits r; and r. Dividing the 
equation by r;p,uv,;, integrating and making use 
of equation (7), result in 


rpu 


1 + K(r? — 1) (10) 


r; p,u,; 
where : rc 
W,,/W. 


(11) 
(ro/r;)? I 


and W,, and W., are the total axial flow out of the 
annulus and the core, respectively. Breaking the 
integrals inthe numerator of equation (4) into two 
parts, substituting equations (8) and (10), and 
carrying out the integrations, result in the follow- 
ing equation for v’ for the annulus. 


yp’ Re; (K—1)+1 


exp (Re,/2)— lr 


Re, exp (Re;K 2) | \. ; 


l 
exp (— Re, Kr’*/2) dr’ + - (12) 


Equations (9) and (12) automatically satisfy the 
condition that dv’/dr’ is continuous at r’ = 1. 
Equation (12) can be integrated numerically. 

Typical predicted tangential velocity distribu- 
tions for several values of turbulent Reynolds 
number and of axial mass-flow ratio are pre- 
sented in Fig. 2. In these curves Re, rather than 
Re, is used as a parameter, where 


Rey = Pollo’ o/ pe = Re; W/W, 
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W is the total flow out of both the core region 
and the annulus. (A possible method for pre- 
dicting the turbulent Reynolds number will be 
discussed in the next section.) These curves were 
calculated for a radius ratio r,/r; of 2-2. Other 
radius ratios give similar results, but the peaks of 
the curves fall closer to the center of the vortex 


sor 


R@o, Wo/W, 
3, 26 4 aaa 
, Reo *@ (INVISCID PROFILE) 





ie) ‘2 


r/r 
i 


Fic. 2. Tangential velocity distributions in vortex. 
. " 5.9 
oil > 


for higher radius ratios. The radial flow in these 
figures, as well as in all of the subsequent 
figures, is toward the center of the vortex. It 
should be mentioned that these curves apply to 
laminar flow if pe in the Reynolds number is 
replaced by pm. 

The curves for large values of W/W and small 
Reynolds number behave similarly to those for 
large values of Reynolds number and small 
W/W. The limiting curve for a radial flow 
Reynolds number of zero corresponds to wheel 
flow, whereas the curve for Re, © corre- 
sponds to inviscid vortex flow. Except at the 
lower Reynolds numbers the curves tend to 
approach the inviscid flow line (v/vg = ro/r) in 
the outer region, whereas they approach wheel 
flow near the center. That is, it appears that the 
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flow in the outer region is governed by inertia 
effects, whereas near the center the viscous 
effects become more important. This can be seen 
more clearly if we write the momentum equation 
(equation (2) ) in the following form: 


p Dv’ pu vw dr’ 
Pp; DA’ 


: 
J 


p,u, , dr’ 


where 6’ = —u,6/r; is a dimensionless time, 


tr = (dv'/dr’ v'/r’)/Re (14) 
is a dimensionless shear stress, and Re, is the 
radial flow Reynolds number evaluated at some 
reference radius. The terms on the right side of 
this equation give the contributions which go to 
increase or decrease the tangential velocity of a 
particle at a given radius, as it moves toward the 
center of the vortex. The first term on the right 
side represents an inertia force per unit volume 
and tends to accelerate the particle in order to 
maintain constant angular momentum. The 
second term represents the net viscous shear force 
acting on the particle and tends to slow it down. 
These terms, together with the term on the left 
side of the equation giving the net rate of change 
of velocity of the particle, are plotted in Fig. 3 
for the case where the axial velocity is uniform 
throughout the vortex. This case is shown for 
illustrative purposes; other axial velocity distri- 
butions should give qualitatively similar results 
It is seen that in the outer regions (or for high 
Reynolds numbers) the net viscous force tending 
to slow the particle down is negligible compared 
with the inertia effect, so that constant angular 
momentum is preserved in that region. (Note 
that the curve for the inertia term also represents 
the tangential velocity profile in this particular 
case.) The fact that the net viscous shear force 
on the element is negligible means only that the 
tangential shearing forces on the sides of the 
element cancel, although they may be individu- 
ally appreciable. In the region closer to the center 
(or for lower Reynolds numbers) the inertia and 
viscous forces become of the same order of 
magnitude, and at the center the ratio of viscous 
to inertia terms approaches 2. Thus the fluid 
particle decelerates in that region. Inasmuch as 
the radial velocity goes to zero at the center, 





R. G. DEISSLER and M. 


one might have expected the ratio of viscous to 
inertia terms to approach infinity rather than 2 

that point. However, it should be pointed out 
that the viscous stress exists only because of the 
nertia effect: for wheel flow there would be no 
viscous stress. It is the deviation from wheel flow 
produced by the inertia effect which gives rise to 

viscous shear stress. 
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Fic. 3. Terms in momentum equation (equation (13) ) 

contributing to local rate of change of velocity of 

fluid element with respect to time. Uniform axial 
mass velocity. 


In order to determine whether the analytical 
method gives velocity distributions in reasonable 
agreement with experiment, the data of Hartnett 
and Eckert [7] were used. Those investigators 
measured velocity and temperature distributions 
at various axial positions in a vortex tube. Most 
of the axial flow occurred in the outer regions of 
the vortex, inasmuch as there was no opening at 
the vortex center. Although the axial mass 
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velocity was not uniform in the outer region, it 
was assumed for purposes of comparison with 
the analysis, that the vortex could be divided into 
an outer region with uniform axial mass velocity, 
and an inner core, where the axial velocity is 
zero. It would have been possible to work out the 
analysis using the experimental axial velocity 
distributions, but the above simpler procedure 
was adopted. The data closest to the inlet 
nozzle are compared with analytical results for 
W ./W = 0 in Fig. 4. For calculating the analyti- 
cal curves, it was estimated from the data that 


Fic. 4. Comparison of analytical tangential velocity 
profiles with experiments in [7]. 
W/W = 0, ro/r;= 1°54. 


the radius ratio for the outer and inner regions 
is about 1-54. This value gives approximately no 
net axial flow in the core for the experimental 
data. The shapes of the analytical and experi- 
mental curves agree reasonably well, indicating 
that the turbulent radial flow Reynolds numbers 
Re, lie between 10 and 50. These values are 
probably too high, however, because the effect 
of viscosity tends to make the velocities low near 
the tube wall. Viscous boundary layer effects 
are, of course, neglected in the analysis. 


TEMPERATURE AND PRESSURE DISTRIBUTIONS 

The steady-state energy equation for the 
compressible, axially symmetric flow of a perfect 
gas is [8] 
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Cp 
Ww 5 


rer z z l 
‘(ou\? :  ! . + (5) 


Cz 


u 
3 \er r | é@ J 
Assuming that ¢ and v (and consequently u) are 
independent of z, neglecting squares and pro- 
ducts of small quantities, where u and w are 
considered small compared to v, and combining 
equation (15) with the three momentum equations 
so as to eliminate the pressure gradients, result in 


Ct C (v?/2) C (r Ct/er) 


rpu k 


c,pur — 
cr j cr 


> (16) 


In laminar flow with small radial velocities, or 
large viscosity, equation (16) shows that 
t = constant, that is, the static temperature is 
uniform because of conduction. For large radial 
flow or small viscosity ¢ » = constant, 
or the total temperature is uniform. 

The energy equation (16) can be adapted to 
turbulent flow by replacing » and k by pe and 
pC,€n, respectively. The quantities e and e, are 
the eddy diffusivities for momentum and heat 
transfer. Inasmuch as the assumption ¢ = &, 
has given good results for flow through tubes, 
that assumption will be retained here in the 
absence of other experimental information. 
Adding a term to account for the effect of 
radial pressure gradient on the turbulent heat 
transfer, which will be discussed in the next 
paragraph, equation (16) becomes 


dv? 
dr 

j dt 1 dp 
: | PE 9® (7 pc, dr 
d [{ dv 


< perv 
, ? 


v?/2¢ 


rpu 


dr r 
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As in the case of the equation of turbulent 
momentum, equation (17) could have been 
obtained by breaking the instantaneous tem- 
peratures, velocities, and densities into mean and 
fluctuating components and setting 


e(dt/dr — (1/pc,) dp/dr) 


and ue e(dv/dr — v/r). 


The term —(1/pc,) dp/dr is added to dt/dr in 
equation (17) inasmuch as the turbulent heat 
transfer appears to be a function of pressure 
gradient as well as of temperature gradient. 
That assumption has been made by several 
authors [4, 7, 9]. When the turbulent particles 
move radially to regions of different pressure 
they expand or contract so that they arrive at the 
point of mixing at a temperature different than 
they would have had in a uniform pressure field. 
It was found in [10] that turbulent particles 
appear to move adiabatically except at low Peclet 
or Reynolds numbers, where the effect of con- 
duction to a particle may become appreciable. 
Assuming the isentropic expansion or contrac- 
tion of eddies, one would expect that for the case 
of no net heat transfer, the temperature distribu- 
tion should be isentropic rather than isothermal.* 
That is, the relation between temperature and 
pressure should be given by 


dt dp 


(18) 
dr 


const. pY’~ ¥, or 
which is identical to equation (17) for the case of 
no radial heat transfer. The addition of the term 
(1/pc,) dt/dr to equation (17) therefore appears 
to be justified. The term can also be obtained by 
means of a modified mixing-length theory which 
is given in the Appendix. 

The above assumption concerning the expan- 
sion and contraction of eddies also appears to 
receive strong support from  meteorlogical 
observations. An isentropic relation between 
temperature and pressure as altitude increases 


* Although irreversible effects are operative in the 
fluid as a whole, it appears that the expansion or contrac- 
tion of an individual eddy might be considered isentropic, 
inasmuch as the normal viscous stress is usually negligible 
in the absence of shock waves. The assumption is sup- 
ported by experiment, especially by meteorological 
observations. 
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has been found for highly turbulent atmos- 
pheres, whereas for quiescent conditions the 
atmosphere is isothermal [11]. 

For small radial and axial velocities the 
momentum equation for the radial direction 
reduces approximately to 


dp 
dr 


Substituting equation (19) into (17) one finds 
that for large radial flows or small turbulent 
diffusivities the total temperature is constant as 
in the case of laminar flow. On the other hand, 
for small radial flows or large turbulent diffusivi- 
ties tf — t; = (v;7/2c,r,*) (r? — r;2), in contrast to 
the laminar case, where the static temperature 
was uniform. The static temperature difference 
in the turbulent case is caused by the expansion 
and contraction of the eddies moving radially 
as discussed above. As in the case of the velocity 
distributions pe is considered constant. 

If we divide the vortex into an annular and a 
core region, each with a uniform mass velocity 
as before, we obtain, for the core 


Re,/2 | 
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it was assumed that dt’/dr’ cannot be 
0. For the annular region 
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where (dt’/dr’),_, is obtained from _ the 
solution for the core. Equation (21) was inte- 
grated numerically. The derivatives of v’ are 
obtained from the solutions for the velocity 
equation. The quantity ¢’ can then be obtained 
by numerical integration of the equation 


oe Jar : 
| (<.) ar 


Jl 


t' —t,’ (22) 


In equation (20) we can see that 


t'{1 — exp (— Re,/2) }?/Re, 

is a function only of ,(Re,)r, so that the 

equation can be integrated once for all Reynolds 

numbers. The dimensionless total temperature 

difference can be obtained from the static 

temperature by the equation 
Tl’ —T; =t —t; —1+0" 

Typical total and static temperature distribu- 
tions are plotted in Figs. 5 and 6. The total 
temperature distributions are probably of more 
direct interest in connection with energy separa- 
tion, inasmuch as the fluid will eventually be 
brought to rest outside the vortex; the static 
temperature distributions are included for com- 
parison and also indicate the direction of heat 
flow by conduction. The limiting curves for zero 
Reynolds number 


{((T — T,)/(v3/2c,) 


2(r/r,? — 1} 
and for infinite Reynolds number 
((T —T,)/(v2/2c,) = 0} 


are shown dashed. 

The total temperature curves indicate con- 
siderable energy or temperature separation, the 
temperatures first rising (for large W/W) and 
then dropping as the center is approached. (For 
the curves where the total temperatures con- 
tinuously fall as the center is approached, an 
overall energy balance on the vortex tube, to 
be discussed in the next section, indicates that 
the region of increasing temperatures lies 
between the vortex analyzed here and the tube 
wall.) As in the case of the velocity distributions 
the curves for low Re, and high W,/W are 
somewhat similar to those for high Re, and low 
W/W. This is apparently due to the fact that 
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Fic. 5. Total temperature distributions in turbulent vortex. ro/r; 


the flow out of the core region, which seems to 
control the shape of the curves, tends to be the 
same in both cases. The static temperature 
curves indicate that in all cases the heat conduc- 
tion due to temperature gradients is toward the 


Fic. 6. Static temperature distributions in turbulent 


vortex. ro/r; = 2:2. 


center of the vortex. Thus the cooling at the 
center cannot be caused by conduction due to 
temperature gradients; it may be caused by the 
expansion and contraction of the turbulent 
eddies or by viscous shear. The causes of the 
energy separation will be considered in detail 
in a later section. 

For purposes of comparison with the pre- 
dicted static temperature distributions in a 
vortex, temperatures obtained for an isentropic 
relation between static temperature and pressure 
(pressures from Fig. 8) are plotted as points in 
Fig. 6. For small radial flows the temperatures 
are in approximate isentropic equilibrium with 
the pressures because of expansion and con- 
traction of eddies. For larger radial flows the 
deviation of the vortex temperatures from the 
equilibrium temperatures increases. For very 
high radial-flow Reynolds numbers the distribu- 
tions are again isentropic. However, there is no 
total temperature separation in that case. The 
same result is obtained for laminar flow. 
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To check the temperature results against 
experiment we again use the experimental data 
of [7]. The same assumptions as were used in 
comparing the velocity results are used here. The 
comparison is shown in Fig. 7. The shapes of the 
analytical and experimental curves agree reason- 
ably well, indicating lower turbulent Reynolds 


o 6 
r/f 


Fic. 7. Comparison of analytical total temperature 
profiles with experiments in [7]. 
W/W = 0, 7./r 1-54. 


numbers than were indicated for the velocity 
profiles. As was mentioned in connection with 
the velocity profiles, the indicated turbulent 
Reynolds numbers there might be too high 
because of boundary layer effects near the tube 
wall. 


Turbulent Reynolds number 

Thus far the turbulent Reynolds number Re, 
has been considered as a free parameter in the 
analysis, and no attempt has been made to 
predict its value. The unknown quantity in that 
parameter is, of course, the eddy diffusivity or 
eddy viscosity. It is of interest to attempt to 
predict the eddy diffusivity by using von 
Karman’s similarity hypothesis, which has been 
successful for flow through tubes. The expression 
will first be modified for circular flow as follows: 
For purposes of analysis it is assumed that the 
turbulence at a point is dependent only on the 
shearing deformation at the point and in the 
vicinity of the point; that is, it is a function of 
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the deformation and its derivatives. If we 
exclude derivatives higher than the first, then 
€ =f {(dv/dr — v/r), d/dr(dv/dr — v/r)}. Applica- 
tion of dimensional analysis then gives 


v/r )3 
v/r )}? 


2 . - 
K? (dv/di (23) 

[d/dr (dv/dr — 
The derivation for equation (23) can also be used 
to obtain the usual Karman expression for the 
case of rectilinear flow. For the outer portion of 
the vortex, except at the lowest Reynolds num- 
bers, the tangential velocity is given approxi- 
mately by v = vgr,/r. The expression for e at the 
outer edge of the vortex then becomes 


KU gi'9/2, OF 


Uo 


Re, (24) 


In the present analysis it is assumed that Re, is 
uniform (pe = constant), so that equation (24) 
is applied throughout the vortex. For flow 
through a tube or channel, « has been found to 
lie between 0-3 and 0-4. If we take « = 0-3, then 
for the experiments in [7], the following values 
of Re, are calculated from equation (24): For 
inlet pressure p = 10 Ib/in® gauge, Re, = 6°9, 
for p=15, Re,~=67. and for p = 20, 
Re, = 7-1. Comparison of these values with 
those indicated by the experimental and analyti- 
cal temperature distributions in Fig. 7 indicates 
reasonable agreement. However, more work 
should be done to prove or disprove the general 
validity of equations (23) or (24). It appears that 
in some cases the turbulence in the vortex might 
be influenced by the presence of the tangential 
nozzles in the wall. 


Pressure distributions 

In order to obtain an idea of the pumping 
power required to force the fluid through the 
vortex, the pressure distribution in the vortex is 
required. Both the static and total pressures will 
be calculated, inasmuch as part of the rotational 
kinetic energy leaving the vortex can probably 
be recovered. To calculate the static pressure 
distributions we use equation (19) and the 
perfect gas law to obtain 
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exp 
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(v/v,)? dr’ 


. 3, | (25) 
to)/(v2/2c,) 


1)M; 


2/(y oF. 
Thus in order to plot the pressure distributions 
the parameters M, and y, in addition to those 
required for the velocity and temperature 
distributions, must be used. Total pressure 
distributions can be obtained from the static 
pressure distributions by the relation 


ty)/(v2/2c,) 
2/{(y— 1) M23} 


~{(v/v9)?/[(t 


(26) 


Note that for these equations to apply the 
quantity ¢ — f,/(v?/2c,) + 2/(y 1)M* must be 
greater than zero, inasmuch as the pressure 
(and temperature) will go to zero as that quan- 
tity approaches zero. 

Static and total pressure distributions for 
some typical cases are plotted in Figs. 8 and 9. 
For Re, = © the total pressure is uniform, 
inasmuch as the flow is inviscid for that case, 
although the static pressure drops sharply as the 
center is approached. However, for realistic 
Reynolds numbers the differences between the 
Static and total pressure curves are not nearly as 
great. 
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Fic. 8. Static pressure distributions in turbulent 
vortex. rp/r; = 2:2, y = 1:4. 
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Total pressure distributions in turbulent 


vortex. rp/r 2:2, y 1-4. 
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The curves for Re, = 2 and M, = 1-0 corres- 
pond approximately to Hilsch’s vortex tube 
data for inlet to outlet pressure ratios of 6 and 
10 (Fig. 10). (Hilsch’s data will be discussed in 
the next section.) It is difficult to compare the 
pressures in the vortex with those measured by 
Hilsch outside the vortex because of uncertainty 
in the losses between the vortex and the environ- 
ment. However, the pressure distribution curves 
in Fig. 8 and 9 indicate both static and total 
pressure ratios between the outer radius and 
some average radius in the core of the same order 
of magnitude as the pressure ratios obtained by 
Hilsch. (Inlet pressure in atmospheres on 
Fig. 10 is equivalent to pressure ratio between 
inlet and outlet.) 


Ranque-—Hilsch tube 

In comparing the analytical with 
experimental results obtained in actual vortex 
tubes, one cannot consider the containing tube 
to be coincident with the outer radius of the 
vortex which has been analyzed. The velocity 
at the tube wall is zero, whereas that at the outer 
radius of the vortex is finite. Also, the heat 
conducted through the tube wall can be neg- 
lected, whereas that conducted across the outer 
radius of the vortex is not negligible. In addition, 
the presence of tangential nozzles in the wall for 
the entering fluid will tend to destroy the axiai 
symmetry of the flow near the wall. It is there- 
fore assumed that there is a region of fluid 


results 
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between the outer radius of the vortex and the 
tube in which there is no axial flow. The flow 
in this region will be complicated and no 
attempt will be made to analyze it in detail. 
However. the difference between the total 
temperature of the fluid entering the tube 
through the tangential nozzles and the tempera- 
ture at the outer radius can be obtained from an 
overall energy balance on the system as 


rT, ~7, (WJ) 7, — 7, 


(1 — W./W)(T, — To) 


where the specific heat is assumed uniform and 
the tube is adiabatic. The temperature 7, in 
general differs from the total temperature at the 
outer radius of the vortex. The temperatures 
T, and 7, are the integrated mixed mean 
temperatures of the fluid leaving the system 
axially from the core and from the annulus of 
the vortex and are obtained from the total 
temperature distributions and the following 
equations: 


T,)rdr’ 


(T — T,)r'dr'’ 
7: 8 
(r,/r,)* l (<8) 
Predicted of (7, T,,)/(vz/2c,) and 
(T T,)/(v§/2c,) are plotted in Fig. 10 as 
functions of the ratio of axial mass flow through 
the core to total mass flow and turbulent 
Reynolds number for a radius ratio of 2:2. 
The upper and lower sets of curves are relate 
by the overall energy balance 


values 


W, ; : 
(1 yr) (Tr — Te) = 0 (29) 
The limiting curves for Re, = 0 are given by 
(T, — T.)/(v2/2c,) = W/W 
and 
(T T,)/(v?/2c,) 
xandW,u 


T,—T,=fT, 


For Re, 
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The curves indicate that the total temperature 
separation between the two streams emerging 
from the vortex increases as the turbulent radial 
flow Reynolds number Re, increases, but that the 
value of W,./W for maximum temperature 
depression approaches zero for large Rey.* 
For very large values of Re, no total temperature 
separation will occur between the hot and cold 
streams except for values of W,/W essentially 
equal to zero. This result indicates why turbu- 
lent rather than laminar flow is necessary to 
explain the energy separation in actual vortex 
tubes. (The curves for turbulent flow are 
qualitatively similar to those for laminar flow 
when pe in the Reynolds number is replaced 
by uw.) The laminar Reynolds numbers in vortex 
tubes are several orders of magnitude higher 
than the values of Re, shown in Fig. 10. Thus if 
the vortex is laminar, the effective Reynolds 
number will be so high that essentially no energy 
separation can take place. 

For a given Reynolds number the curves 
indicate that the energy separation could be 
increased by increasing the tangential velocity 
vy or by decreasing c,. The optimum value of 
Re, for favorable energy separation for a range 
of values of W/W appears to be about 6. 
Comparison with the velocity distribution curves 
in Fig. 2 indicates that the velocity gradients 
and viscous shear are reasonably large through- 
out the vortex for a Reynolds number of 6. 
As will be seen later, the energy separation is 
related to the viscous shear. The viscous shear is 
also large for much larger Reynolds numbers, 
but for those Reynolds numbers the fluid does 
not remain in the vortex long enough for 
appreciable energy separation to take place 
(except very close to the center). 

Note that in general low total temperatures in 
the cold stream are obtained at low values of 
W’./W, whereas high temperatures in the hot 
stream are more readily obtained at large 
values of W/W. 

Experimental data obtained by Hilsch [1] 
are plotted in Fig. 10 as dashed lines. His 
apparatus consisted of a tube with a nozzle 

* The difference between the appearance of these curves 
and corresponding curves in [5] is due to the fact that 
the Reynolds number in [5} was based on the inside 
rather than on the outside radius. 
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through which air could enter tangentially so as 
to form a vortex within the tube. Hot air could 
then be withdrawn through an annular valve 
at one end of the tube and cold air through an 
orifice at the other end. The entrance nozzle was 
near the end of the tube where the orifice was 
located. In comparing the analytical and experi- 


mental results it was assumed that the air 
entered the tube at Mach |, inasmuch as the mass 
flow was independent of the exit valve setting 
for a given inlet pressure. The experimental 


W/W 


Predicted overall energy separation for turbulent vortex tube and comparison 
with experiments in | 


1]. ro/? 2:2. 


curves for various inlet pressures shown in 
Fig. 10 should therefore correspond to our curves 
for various Re, Pollol’o/ pe if it is assumed that 
pe is a function only of entering conditions and 
is thus independent of W/W. The radius ratio 
in the analysis was taken as 2-2, corresponding 
to the ratio of the tube to orifice radius in the 
experiment. 

Good agreement is indicated between the 
analytical curve for Re, = 2 and the experi- 
mental curves for inlet pressures of 6 and 10 atm 
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except at the lower values of W/W. However, 
if we calculate the cold-stream temperatures 
from the experimental hot-stream temperatures 
and the energy balance equation (equation (29) ), 
the results agree closely with the analytical 
curve for all values of W/W. Thus, the experi- 
mental cold-stream temperatures are probably 
too high because of thermal conduction radially 
along the tube end wall or from the atmosphere 
to the stream. This possibility was mentioned by 
Hilsch. The fact that the curve for an inlet 
pressure of 1-5 atm (low flow rate) lies above the 
curve for Re, = 0can probably also be explained 
by external conduction. 

In order to study the effect of radius ratio, 
curves for total temperature separation at 
various radius ratios are plotted in Fig. 11 for a 


We/W 


Fic. 11. Effect of radius ratio on overall energy 
separation for turbulent vortex tube. Rey = 4:0. 


Reynolds number of 4. A considerable increase 
in temperature separation is indicated as the 
radius ratio increases from 1-1 to 6. This is 
apparently due to the fact that the total tem- 
perature drops as the vortex center is approached 
(Fig. 5). A narrow cold stream will therefore 
have a lower average total temperature than a 
wider one. 


CAUSES OF THE TOTAL TEMPERATURE 
SEPARATION 


Although a considerable amount of dis- 
cussion exists in the literature concerning the 
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causes of the temperature separation in the 
vortex tube, no general agreement seems to have 
been reached. In the present section the causes 
of the separation are studied by examining the 
magnitudes of the various terms in the energy 
equation. 

In order to determine whether compressibility 
in a fluid is necessary for temperature separation 
to occur, the incompressible case will first be 
considered. For this case it is convenient to 
consider static, rather than total temperatures, 
inasmuch as the total or stagnation temperature 
depends on the process by which the fluid is 
brought to rest. If the fluid is brought to rest 
isentropically, the total and static temperatures 
will be equal. In other cases the total temperature 
will be higher because of friction. 

For an incompressible fluid the static tem- 
perature change of a fluid element depends only 
on the heat added to the element by conduction 
and by dissipation. The energy equation thus 
can be written as 


Ll 2 dt ’ 
Peres. a! i) r? 


(30) 


where the first term is the rate of change of 
internal energy per unit volume of the element, 
the second term is the rate at which heat is being 
transferred into the element by turbulent con- 
duction, and the last term is the dissipation. If it 
is assumed that the rate of production of turbu- 
lent energy at a point equals the rate of turbulent 
dissipation, the expression for ¢ can be written 
as ¢ = pe(dv/dr — v/r)*. In dimensionless form 
the energy equation becomes 


Dt’ l dt’ 2 /de’ 


Dé’ Rev’ dr’ \' dr’) ~ Re, (a ) On 
The terms in the incompressible energy equation 
are plotted in Fig. 12 for the case of uniform 
axial flow. As a fluid element moves toward the 
center the dissipation term tends to increase the 
temperature of the particle, as would be expected. 
Because of the higher temperatures near the center, 
the center portion then tends to lose heat by con- 
duction and the outer regions gain heat. How- 
ever, the net result (shown dashed) is that the 
particle continuously increases in static tem- 
perature as it spirals inward toward the center. 





FLOW AND ENERGY SEPARATION 


The total temperature at any radius will never 
be lower than the static temperature, as dis- 
cussed earlier. Therefore for an incompressible 
fluid there appears to be no possibility of 
obtaining an energy separation in which the 
total temperature at the center of the vortex is 
lower than the entering temperature. 

O5- x Re,/\\- e7Rav/2y 


Fic. 12. Terms in incompressible energy equation 

(equation (31) ) contributing to rate of change of 

temperature of fluid element with respect to time. 
Uniform axial mass velocity. 


Thus the first requirement for energy separa- 
tion to take place in a vortex is that the fluid be 
compressible. It should be remembered, however, 
that the expansion of a compressible fluid does 
not always produce a cooling of the fluid. As is 
well known, the expansion of a perfect gas 
flowing through an adiabatic tube or nozzle does 
not result in a total temperature drop. In order 
for cooling to take place, it is necessary that the 
fluid do work while it expands, as in a turbine, or 
that heat be transferred out of the fluid. Similarly. 
for the total temperature increase, work would 
have to be done on the fluid, or heat transferred 
into it. In order to see how these observations 
apply to the vortex, we rewrite the energy 
equation for a perfect gas (equation 17) ): 


IN A TURBULENT VORTEX 


l d = dt 
r ar | ad at” * 


D 
p> De | . 


| djrpe dp) 1 d 
= 
r ar | ap FP?) (32) 


p dr 
The left side of this equation can be written as 
pc, DT/ Dé. Equation (32) shows that the rate 
of change of total temperature of a fluid element 
as it spirals toward the center depends on the 
following contributions: 


ar dt 


{ rp ve , turbulent heat transfet 
r dr dr 


into fluid element by 
temperature gradients; 


turbulent heat transfer 
into fluid element by 
pressure gradients (by 
expansion and _ con- 
traction of eddies); 


l d e *) 


rdr\ p adr 


d 
di 


turbulent shear work 


done on element. 


(rut), 


Equation (32) can be written in dimensionless 
form as 
p DT’ l d 
. Fer a 
d 
Re,r’ dr’ 


dt’ 2 dv" 
.) Re,r di 
_. (dv i 

li 7, a 


where equation (19) was used for (1/ p)dp/dr, and 
the turbulent shear stress + was set equal to 
pe(dv/dr — v/r). 

In order to illustrate the magnitudes of the 
contributions to the rate of change of total 
temperature of a particle we again consider the 
case of uniform axial flow. Other axial flow 
distributions should give qualitatively similar 
results. The various contributions are plotted 
in Fig. 13. Although the terms for turbulent 
conduction due to temperature gradients and to 
pressure gradients are individually very large. 
especially near the vortex center, they tend to 
cancel. That is, the conduction of heat into the 
core region by temperature gradients is about 
equal to the heat conducted out by pressure 
gradients, or by expansion and contraction of 
eddies. Thus the shear work term produces most 
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of the energy separation. This is indicated by the 
fact that the curve for the sum of the contribu- 
tions to the total temperature change (shown 
dashed) follows fairly closely the contribution 
due to shear work. Although the net conduction 
effect on d7 dé is reasonably small. it is negligible 


oo , TURBULENT CONDUCTION DUE TO 
TEMP GRADIENTS 
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iG. 13. Terms in compressible energy equation 

equation (33) ) contributing to rate of change of 

total temperature of fluid element with time. Uniform 
axial mass velocity. 


only for very small radii or radial flow Reynolds 
numbers. More will be said about this limiting 
case later. At very large radii the shear work 
done on a fluid element is essentially zero 
because of the small tangential velocities and 
velocity gradients in that region. At slightly 
smaller radii the shear work becomes positive 
and the total temperature of a fluid element 
increases with time. At still smaller radii the 
shear becomes negative and the total tempera- 
ture of an element decreases with time. Com- 
parison of these curves with the tangential 


velocity profile curve in Fig. 3 indicates that the 
region of positive shear work or of increasing 
total temperature corresponds to the region in 
which the velocity profile is still essentially 
inviscid (v oc r~*). Then as the fluid element moves 
to smaller radii the viscous or turbulence effects 
cause the velocity profile to depart from the 
|/r variation. In that region the shear work done 
on the element becomes negative due to the 
slowing-down tendency of the turbulent vis- 
cosity, and the total temperature drops. Thus the 
energy separation is dependent on the tangential 
velocity profile. The overall result is that the 
fluid in the core region does shear work on the 
fluid in the outer region as it expands while 
traveling toward the center. Thus energy 1s 
transferred from the core region to the annular 
region with a _ resultant total temperature 
separation. A smaller additional energy transfer 
is effected by the expansion and contraction of 
eddies in a radial pressure gradient. 

Inasmuch as the shear work term in the com- 
pressible energy equation gives the most import- 
ant contribution to the change in total tempera- 
ture of a fluid element as it moves radially, it is 
instructive to determine the contributions of 
various other physical processes to that term. 
This can be done by multiplying the momentum 
equation (2) by v and combining with the other 
momentum equation (19) to give 
l d 

dr wr) 

1 dp 


. J} 
pP di j 


(34) 


That is, the shear work is distributed between a 
dissipation term, a kinetic energy term and a 
potential or pressure energy term. In the region 
where the shear work term and DT/dé are 
positive, the velocity distribution is approxi- 
mately that for inviscid flow (v <r~*). Thus the 
kinetic and potential energy terms nearly cancel 
(substitute equation (19) for dp/dr), so that the 
important contribution to the shear work in that 
region is the dissipation. The increase in total 
temperature with time of a fluid element in the 
annular region is therefore due principally to 
viscous (or turbulent) dissipation. The dissipa- 
tion can be important in a region where the 
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velocity profile is approximately that for inviscid 
flow because the shear stresses on the sides of a 
fluid element, although individually large, 
nearly cancel. Thus the shear stress can have a 
negligible effect on the velocity profile and still 
produce significant dissipation. 

In the region near the center, where the shear 
work and DT/dé are negative, wheel flow is 
approached, and the dissipation becomes less 
important. The important contributions to the 
negative shear work, and thus to the drop in 
total temperature of a fluid element in that 
region are then the kinetic and the potential 
or pressure energy terms, both of which are 
negative. For wheel flow the two terms are equal. 

For the special case of no radial flow (Re, = 0) 
Fig. 13 apparently yields no pertinent informa- 
tion; for that case D7/dé for a fluid particle is 
zero. Nevertheless the total temperature at the 
center of such a vortex is lower than that in 
the outer region (Fig. 5). In that case we can 
consider the total temperature separation to 
take place somewhat as follows: For purposes of 
discussion we first neglect conduction due to 
expansion and contraction of eddies. The static 
temperature will then tend to be uniform, 
inasmuch as conduction due to temperature 
gradients will iron out any temperature differ- 
ences (no external heat transfer). Also, for no 
radial flow the fluid rotates as a solid body 
(v xr). Thus since the static temperature is 
uniform, the total temperature will be lower near 
the center because of the lower velocities there. 
If turbulence occurs in the vortex, the total 
temperature near the center will be lowered still 
more because of heat conducted toward the 
outer regions by expansion and contraction of 
eddies in a pressure gradient. 

If the radial flow is not zero but very small, 
the above picture will still apply, inasmuch as 
the very small radial flow should not alter the 
velocity and temperature distributions appreci- 
ably. In this case we could, of course, also con- 
sider the cooling of a fluid element as being due 
to the shear work as discussed earlier in con- 
nection with Fig. 13. The two ways of looking 
at the energy separation are closely related, 
imasmuch as the shear work can be divided into 
a kinetic energy term and a pressure gradient 
term (equation (34) ) the dissipation term drops 
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out for wheel flow). The pressure gradient in 
turn is related to the temperature gradient by 
equation (18). Thus the drop in total temperature 
of a fluid element as it moves slowly toward the 
center can be thought of as being due either to 
the shear work done by the particle or to the 
lower velocities and static temperatures of the 
fluid near the center. The static temperatures are 
lower near the center because of the heat trans- 
ferred to larger radii by pressure gradients. 

It should be noticed that, although a long 
tube extending considerably beyond the location 
of the tangential nozzles for the entering fluid is 
usually used in investigations of energy separa- 
tion, the present model makes no mention of 
such a tube. The energy separation is assumed 
to take place entirely within the vortex where the 
tangential nozzles are located. This is in agree- 
ment with the experiments in [7], where the 
greatest energy separation was found to take 
place in the tube cross-section near the tangen- 
tial nozzles. In addition, some recent experiments 
by Savino and Ragsdale [13] indicate that 
considerable energy separation can take place 
in a vortex contained between two flat disks 
without an attached tube. The flow emerged 
from an opening at the center with a diameter on 
the order of the plate spacing. Most of the energy 
separation took place near the opening. 

The energy separation in vortex tubes is 
sometimes attributed to unsteady effects (other 
than the turbulence effects considered here). 
Although such effects might augment the 
energy separation under certain conditions, the 
present analysis indicates that considerable 
separation can be accounted for by considering 
only steady-state effects. 


CONCLUSIONS 

The analysis indicated that the dimensionless 
tangential velocity and temperature distributions 
are functions of the following parameters: The 
ratio of axial flow out of the core of the vortex 
to the total mass flow, the ratio of the core radius 
to the radius of the vortex, and a turbulent radial- 
flow Reynolds number which contains the eddy 
viscosity rather than the molecular viscosity. For 
the pressure distributions it was necessary in 
addition to specify the Mach number at a 
given radius and the ratio of the heat capacities. 
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The importance of turbulence for energy 
separation was found to be twofold: First, it 
causes the effective Reynolds number to remain 
low (where energy separation can take place), 
even when the laminar Reynolds number is high. 
This is because the turbulent viscosity may be 
several orders of magnitude higher than the 
molecular viscosity. (However, it would not pay 
to increase the turbulence level indefinitely, 
inasmuch as an optimum turbulent Reynolds 
number was obtained.) Secondly, there is an 
additional energy separation in the turbulent 
case due to the expansion and contraction of the 
eddies as they move radially in a pressure 
gradient. The predicted curves for velocity and 
temperature distributions, as well as for overall 
energy separation. closely resembled experi- 
mental curves, so that it appears that the model 
analyzed displays most of the features of actual 
vortex tubes. 

In analyzing the causes of the energy separa- 
tion it was determined first that the fluid must 
be compressible, since the total temperature of a 
particle in an incompressible vortex can only 
increase, Owing to the dissipation. By consider- 
ing the magnitudes of the terms in the com- 
pressible energy equation, it was found that the 
terms for turbulent conduction due to tempera- 
ture gradients and to pressure gradients. 
although individually large, tended to cancel. 
Thus most of the total temperature change of a 
fluid element as it spiraled toward the center was 
due to the shear work done on the element 
(positive in the outer region, negative in the core). 
Therefore the energy separation depends on the 
tangential velocity profile, in particular, on the 
deviation of the profile near the center from that 
for inviscid flow. The overall effect is that the 
fluid in the core region does shear work on the 
fluid in the outer region with a resultant total 
temperature separation. The shear work term 
was further divided into a dissipation term, a 
kinetic energy term and a potential or pressure 
energy term. In the region of high total tem- 
peratures the dissipation term was found to 
produce most of the heating of a fluid element. 
The decrease of total temperature of an element 
as it moves in the core region was due princi- 
pally to the kinetic and pressure energy terms, 
both of which are negative in that region. 
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APPENDIX 
Derivation of Pressure Gradient Conduction Term 
hy Modified Mixing-length Theory 

Although the mixing-length theory may be an 
oversimplification of the actual turbulent trans- 
fer in a vortex, it provides a convenient way of 
arriving at the pressure gradient conduction 
term in equation (17). In the following analysis, 
eddies are assumed to move transversely in the 
vortex between cylindrical surfaces (1) and (2) 
which are separated by the small distance /, the 
average mixing length at a particular radius. 


Eddies also move axially and tangentially, but 
these should not affect the radial heat transfer. 
The eddies originate from an instability at either 
surface (1) or (2) and travel to the other surface 
where they mix with the fluid. Consider an eddy 
of fluid which originates at the inner surface (1), 
where it has the time average temperature and 
pressure of the fluid at surface (1). As discussed 
in the body of the text the eddy is assumed to be 
compressed isentropically as it moves to the 
region of higher pressure at (2). As the eddy 
arrives at surface (2), conservation of mass 
requires that an equal mass of fluid must leave. 
The net heat transported to surface (2) is then 
equal to the mass of the eddy multiplied by 
c,(t; — t), where ft, is the temperature of the 
eddy as it arrives at surface (2) and f, is the 
temperature of the surrounding fluid. The turbu- 
lent heat transfer per unit area per unit time 
from surface (1) to surface (2) is then given by 


gq, = C,pfu'(t, — ty) (Al) 


where / is the fraction of surface (2) on which 
eddies are arriving, and w’ is the average velocity 
of the eddies. Equation (Al) can be written as 


4t, 


™ 
] (A2) 


—: 
qi c,pfu I ] 
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where 47, is the change in average fluid tem- 
perature between (1) and (2) and Jr, is the 
corresponding change in eddy temperature. In 
differential form equation (A2) becomes 


os: on * 
i —<aee | dr dr 


For an isentropic compression equation (18) 
can be substituted to give 


(A3) 


dt 1 dp 


G: — ) é 
, of ( dr 

where the eddy diffusivity « was substituted for 
jul. This expression for turbulent heat transfer 
is the same as the expression for turbulent heat 
transfer in equation (17). 


dr pe 


Dp 
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Abstract—It is shown that, provided that certain relations exist between the transport properties, 
every mass transfer problem, including those with simultaneous heat transfer and chemical reaction, 
can be expressed by relations of the “‘"Ohm’s Law” type: m g. B, where m” is the required mass 
transfer rate through the surface, g is a surface conductance dependent on aerodynamic factors, and 
B is a dimensionless driving-force dependent on the thermodynamic properties of the main stream, 
of the fluid in contact with the phase boundary, and of the transferred substance. 

The standard formulation is derived from the differential equations of conservation and flux and by 
reference to a wall-flux boundary condition. Thereafter examples are given of methods of calculating 

g, followed by examples of expressions for B valid for particular cases. 


Résumé—A condition que certaines relations existent entre les propriétés de transport, on montre que 
tout probleme de transport de masse, méme s‘il comprend a la fois transfert de chaleur et réaction 
chimique, peut étre exprimeé par des relations du type de la loi d’Ohm: m”’ = g. Bot m’” est la densite 
de flux de masse transportée a travers la surface, g est la conductance de surface qui dépend des facteurs 
aérodynamiques et B est la force agissante, sous forme adimensionnelle, qui dépend des propriétés 
thermodynamiques de l’écoulement principal, du fluide en contact avec la surface de séparation, et 


de la substance transporteée. 
La formulation générale est obtenue a partir des équations aux dérivées partielles de conservation 
et de transport, rapportées aux conditions aux limites du transports a la paroi. 
Des exemples sont donnés ensuite pour les méthodes permettant le calcul de g, et sont suivis par 
différentes expressions de B valables dans des cas particuliers. 


Zusammenfassung—Es wird gezeigt, dass jedes Problem der Stoffiibertragung einschliesslich derer mit 
gleichzeitiger Warmeibertragung und chemischer Reaktion in Form eines Ohm’schen Gesetzes 
m g . B ausgedriickt werden kann, sofern gewisse Beziehungen zwischen den Transportgréssen 
bestehen. Es bedeutet m’’ die gesuchte Mengenstromdichte an der Oberflache, g eine Oberflachenleit- 
fahigkeit, abhangig von aerodynamischen Faktoren und B eine dimensionslose treibende Kraft, die von 
den thermodynamischen Eigenschaften des Hauptstroms, der Fliissigkeit im Kontakt mit der Phasen- 
grenzflache und des iibertragenen Stoffes abhangt. Aus den Differentialgleichungen der Erhaltung und 
der Str6mung unter Bezugnahme auf eine Grenzbedingung der Wandstr6mung wurde eine einheitliche 
Formulierung abgeleitet. Beispiele fiir die Methoden zur Berechnung von g werden mitgeteilt und 
schliesslich werden die Ausdriicke von B fiir besondere Falle angegeben. 


Abstract—IlokasaH0, 4TO pm YCIOBMM CyleCTBOBAHHA ONpeyeceHHBIX COoTHOWeHnit 
Me*KLY XapakTepucTMKaMM Tepenoca KakjlaA Bajlaya Mepenoca, BKTMOYVaA TaksKe 3aault C 
OMHOBPeMeHHO TIPOMCXOJAULIMM XUMMYeCKOI peakiMeil M MepeHocoM Tella, MOKeT ObITb 
BLIpawkeHa JIpi MOMOUMI COOTHOMEeHHIt, MOMOOHEIX BakOHY Oma: m” = g.B, rye m”—Tpe- 
OyveMaA CKOPOCTb TlepeHoca MaCCbI Yepes MOBeEPXHOCTb, g—NOBePXHOCTHAA TMpPOBOMMMOCTH, 
sABMCAIMAAH OT adpO;MHaMHdecKHx (pakTOpOB, B-Gespa sMePHAaA ABIAKYVINAaAH Cilla, 3aBlicH- 
lan OF TePMOJMHAMMYeECKHX CBOHCTB OCHOBHOrO TOTOKA, AMAKOCTH, COMpMKacawilelicA C 
MNOBEPXHOCTbW pasyeda (bas, a TakAKe MepeHocumolt cyOcTaHmMM. 

OOman MocTaHOBKa B8aaun MWodyyena M3 aHalnsa udpepenMardbHEIX ypapnennit 
coxpaHeHiA MH moTOKa © y4érom yeuopnit Ha rpanuue cCMeHHOra MOoMOKa IT pnBoysares 
MeTOJ[bI BLIMHNCICHHA g, COMpOBOAaeMble IpMMepaMM BbIpawennit WIA B, cipapeueBbrx 

JIA YACTHBIX CLV 4aes. 


+ Professor of Heat Transfer. 





NOTATION 

dimensionless transferred property, 
equation (28); 
dimensionless driving force for mass 
transfer (= bg — bs), equation (33); 
specific heat of fluid mixture at 
constant pressure (B.t.u./Ib °F);+ 
diffusion coefficient (ft?/hr); 
mass fraction in fluid mixture of one 
component in a two-stream flow, 
regardless of state of chemical aggre- 
gation (dimensionless); 
function of B and p/y 
equation (36): 
surface conductance for mass trans- 
fer, equations (34) and (34a), 
(Ib/ft®hr): 
value of g when B= 0, 
(45), (Ib/ft®hr): 

vectorial total mass flux at any point 
in fluid (Ilb/ft®hr): 
“mass velocity” at reference point in 
stream (1b/ft®hr); 
specific enthalpy of mixture 

= XY mj/h,). (B.t.u./Ib): 


of 


appearing in 


equation 


partial enthalpy substance / 
(B.t.u./Ib): 

“latent heat” of phase change of 
transferred substance (B.t.u./Ib); 
heat of reaction of “fuel” at constant- 
pressure (B.t.u./Ib); 
thermal conductivity of 
(B.t.u./ft hr °F); 

function of B and p/y appearing in 
equation (36), equal to ordinate of 
Fig. 2; 

typical dimension of body (ft): 

mass of / in unit mass of mixture 
(dimensionless) ; 

total mass flux across phase boun- 
dary into considered phase (Ib/ft®hr): 
mass flux of substance /j across 
control surface S into considered 
phase (Ib/ft®hr) ; 

mass flux of chemical element a into 
considered phase (Ib/ft®hr); 


mixture 


+ The abbreviation for the pound mass is Ib, and for 
the pound force Lb throughout the paper. 


Mh, 


Subscripts 
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volumetric rate of generation of 
substance / by homogeneous chemi- 
cal reaction (lb/ft®hr); 
mass of chemical element a in unit 
mass of mixture (dimensionless): 
mass of chemical element a in unit 
mass of substance / (dimensionless): 
conserved property, equation (26); 
conserved property, equation (16): 
conserved property, equation (20): 
conserved property, equation (21): 
heat flux away from considered 
phase across the L control surface, 
Fig. 3 (B.t.u./ft®hr): 
heat flux away from considered 
phase across the S control surface. 
Figs. | and 3, (B.t.u./ft*hr); 
heat flux across S per unit mass 
transfer, equation (54), (B.t.u./Ib): 
mass of “oxidant” combining with 
unit mass of “fuel” in simple chemi- 
cal reaction (dimensionless) : 
distance of location on surface from 
axis of symmetry, equation (36) (ft): 
temperature (°F); 
distance along surface in stream-wise 
direction (ft); 
distance normal to surface (ft): 
surface heat transfer coefficient 
(B.t.u./ft?hr °F); 
“exchange coefficient”, 

Dp (1b/ft hr): 
“thermal exchange coefficient” 
= k/c (lb/ft hr); 
dynamic viscosity (lb/ft hr) 


chemical element: 

inert chemical compound ; 
chemical compound; 

reactant in a simple reaction, 
fuel; 

reactant in a simple reaction, 
oxidant ; 

product in a simple reaction, 
product; 

steel ; 

coolant gas in transpiration-cooling: 
iron; 

carbon; 
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state of fluid mixture in main stream: 
state of fluid mixture at S control 
surface : 

state of transferred substance, see 
Section 2.2: 

state of fluid mixture at LZ control 
surface : 

state of transpiration coolant in 
supply reservoir: 
reference state: 

main stream at 
boundary layer. 


“edge” of 


© 


outer 


1. INTRODUCTION 
1.1. Purpose of the paper 
THERE are many methods available for the 
calculation of mass transfer rates in particular 
circumstances. The notation, generality, and the 
physical and mathematical exactness of the 
methods currently differ according to the 


industry in which the problem has arisen. Thus, 
to name just two examples, chemical engineers 
calculating absorption rates use molal concen- 
trations, the “stagnant-film” idealization, and an 
empirical equation for the surface conductance: 


while aeronautical engineers concerned with 
transpiration cooling use mass concentrations 
and exact or approximate theoretical solutions 
of the laminar boundary-layer equations. 

It is the aim of the present paper to outline a 
formulation of the mass transfer problem which 
is sufficiently flexible and general to accommo- 
date all mass transfer processes and sufficiently 
simple in use to be accessible to design engineers. 


1.2. Outline of the proposed method 

The Ohm's law of mass transfer. The aim of 
convective mass transfer theory is to calculate 
the rate of transfer of material across a stream 
boundary. We give this quantity the symbol 
m’’, with units: Ib/ft®hr. 

The laws governing mass transfer processes 
permit the mass transfer rate to be related to the 
stream and boundary properties by an equation 
of the Ohm’s law form, namely: 


(34) 


where B is a dimensionless driving force, depen- 
dent for its value on the composition 
and temperature of the main stream, of 


mw’ =g¢.8 


the fluid in contact with the surface. 
and of the transferred substance; 

is a surface conductance (units - 
lb/ft?hr) expressing the influence of 
fluid-mechanical factors: stream velo- 
city, surface shape, etc. 


Methods of calculating the conductance g are 
discussed in Section 2.5 below. The whole of 
Section 3 is devoted to the evaluation of the 
driving-force B in particular circumstances. 

Range of applicability of the method. The 
method is valid for both gases and liquids in 
laminar or turbulent steady flow. Chemical 
reaction may occur. In the latter case, however, 
the permissible transport-property variations 
are restricted. These restrictions are discussed in 
Section 2.3. 


1.3. Relation to earlier work 

Origins. The present method arose out of 
studies of the work of Hatta [1] on liquid-phase 
reactions, as presented in the book by Sherwood 
[2]. and of the work of Nusselt [3] and Burke 
and Schumann [4] on the combustion of carbon. 
The emphasis on concordance with boundary- 
layer theory was stimulated by the work of 
Eckert and Lieblein [5] but, by a fruitful acci- 
dent, mass concentrations were used rather than 
molal ones. 

The first presentations of the general method, 
using the differential equations of atomic and 
energy conservation [6] and with derivation of 
corresponding approximate solutions of the 
laminar boundary-layer equations [7] were 
made in connexion with studies of the com- 
bustion of liquid fuels. The first exact solutions 
of the boundary-layer equations in the present 
terms were published by Emmons [8]. The 
formulation was later somewhat elaborated 
[9, 10] particularly in the direction of the use of 
constructions on enthalpy-composition dia- 
grams for the solution of simultaneous-transfer 
problems [11, 12, 13]; the latter are not discussed 
here. 

The present paper represents a development 
of the above work, being improved as regards 
rigour of derivation, note having been taken of 
the criticisms of Merk [14]. A more careful 
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definition of the concept of the “transferred 
substance” has permitted extension of the 
method to processes, common in chemical- 
engineering equipment, in which substances are 
transferred through the phase boundary in both 
directions simultaneously. 

Parallel work. The ideas and techniques which 
will be presented have also been independently 
invented and exploited by many other authors. 
It is only possible to mention the main contribu- 
tors here. 

An important stream of related work is that 
started by Busemann [15] and continued by 
Bosnjakovic [16-20]. The latter author has 
made particularly extensive use of graphical 
methods for transfer calculations, and has made 
a thorough study of the simultaneous processes 
of mass transfer, heat transfer and chemical 
reaction which occur in the gas producer. 

The simplifications which can be made to the 
differential equations when equality exists 


between the diffusivities of matter and heat have 
long been exploited in the theory of gaseous 
flames. Particular mention must be made of the 
early contributions in this regard by the Russian 
workers, Zeldovich and Frank-Kamenetsky [21] 


and Schwab [22]. These authors studied the 
system designated “simple chemical reaction” 
below (simplifying assumptions (iii), (iv), (v), (vil), 
(viii) and (ix) ), but did not consider mass trans- 
fer across a phase boundary. 

Since World War II, numerous theoretical 
studies have been made of the combustion of 
liquid-fuel droplets in oxidizing atmospheres; 
workers who use methods similar to the author’s 
include Varshavskii {23}, Goldsmith and Penner 
[24], and Agafanova er a/. [25]. A generalization 
has been made by Coffin and Brokaw [26]. 

Still more recently, interest in simultaneous 
mass transfer and chemical reaction has been 
awakened among aerodynamicists concerned 
with the cooling of the surfaces of high-speed 
missiles. The most extensive theoretical study of 
this subject is that of Lees [27]. Related publica- 
tions are those of Sutton [28], Hartnett and 
Eckert [29], Bromberg and Lipkis [30], and 
others too numerous to mention. 

Remarks on notation. The notation used by 
the above authors naturally exhibits wide 
deviations from that used here, and cannot be 


N 


reviewed in detail. However, 
remarks may be of assistance. 

In the chemical-engineering literature (see, for 
example, Sherwood and Pigford [31] ), the 
symbol k¢ for gas-side surface conductance is 
equivalent to g, used here, divided by (absolute 
pressure times local mixture molecular weight). 
The symbols ky, and k, are equivalent to g 
divided by local mixture density. Many of the 
symbols for surface conductance used by other 
authors have the latter significance. 

Our surface conductance g is equal to the 
surface heat transfer coefficient a divided by the 
constant-pressure specific heat of the mixture c, 
if enthalpy transfer is in question. Therefore 
g //(k/c) has the significance of a Nusselt number. 
where / is a reference dimension of the body and 
A is the mixture thermal conductivity. The 
writer finds it preferable to introduce the 
symbol I’ for k/c, and the symbol y for Dp 
where D is the diffusion coefficient and p the 
local density. 

The driving force B, was referred to as the 
“transfer number’ in the writer’s previous 
work. The symbol B’ used by Lees [27] has the 
same significance. 

In the present work the mass fraction, m,, will 
be used as the measure of concentration, 
regardless of the phase of the mixture. Thus, in 
the present notation, m, signifies the mass of 
chemical compound / to be found in unit mass 
of local mixture. 


the following 


1.4. Guide to the remainder of the paper 

Sections 2.1, 2.2, 2.3 and 2.4 contain, in 
condensed form, the analysis leading from the 
laws of physics to the standard differential 
equation and boundary condition of mass 
transfer; the various sets of essential simplifying 
assumptions appear in Section 2.3. A// these 
sections can be skipped by readers interested onl) 
in the use of the method. 

Section 2.5 explains how the surface conduct- 
ance g can be calculated in a variety of practical 
cases; the formulae are stated but not derived. 
Section 2.6 then summarizes the calculation 
procedure which is recommended for predicting 
mass transfer rates. 

Section 3 shows, by way of a series of 
examples, the manner in which the driving force 
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B can be calculated. The examples are chosen so 
as to cover processes arising in chemical, aero- 
nautical and mechanical engineering. 


. SIMPLIFICATION, STANDARD FORMULATION, 
AND SOLUTION OF THE DIFFERENTIAL 
EQUATIONS 
2.1. Differential equations of conservation and 

flux 

The experimental laws governing the distribu- 
tion of (time—mean) concentration and enthalpy 
in a non-uniform steady fluid stream can be 
represented by differential equations. The laws 
comprise the conservation of matter, the First 
Law of Thermodynamics, the Fick Diffusion 
Law, and the Fourier Law of Heat Conduction. 

“Coupling” of the fluxes is disregarded, i.e. 
it is supposed that no diffusion of mixture- 
component / occurs in the absence of a gradient 
in the mass fraction of 7, m;, and that no heat 
transfer occurs in the absence of a temperature 
gradient. The barycentric co-ordinate system is 
used; this means that the diffusion flux of mix- 
ture-component / is defined as equal to the total 
mass flux vector of j at the point in question 
minus the convective mass flux vector of /: the 
latter quantity is defined as m,;G, where m; is 
the local mass fraction of j, while G is the net 
mass flux vector, i.e. the sum of the total mass 
flux vectors of all the components of the mixture. 

The equations are written in vector form for 
the sake of compactness :* they are: 


* Some readers may like to be reminded that, in 
Cartesian form, equation (1), for example, would read: 


em 
ww 


where x, y and z are the Cartesian co-ordinate directions; 
u, v and w are the local fluid velocities in these 
directions, defined so that, if p is the local fluid 
density, then 
pu, pv and pw are the components of the total 
mass flux vector G. 


The other equations can be similarly translated; 
although the presence of the summations, ©, renders them 


rather unwieldy. 


for a chemically inert substance, i 
G.V(m,) — ViydVm,;)} = 0 (1) 
for a substance j, which may enter into a chemi- 
cal reaction 
G(Vm,) — Viy<¥m,)} m; ( 
where m’’’; is the rate of generation of sub- 
stance j by chemical reaction (units, lb/ft*hr) 


For a chemical element a: 
G. (Vn,) Vit yim, 


(Ym,;)} =—0 (3) 


is the mass of chemical element a 
contained in unit mass of chemical 
compound /; 


where 7,, 


_is the mass of chemical element a 
contained in unit mass of local 
mixture. 

For the enthalpies, when shear work, 
kinetic energy, gravitational potential energy 
and electrical and magnetic effects can be 

zlected : 


G.(Vh) 0 (4) 


V ity h;(Vm,)} — Vilc(Vr)} 

where /:; is the partial enthalpy of component / 
in the local mixture (B.t.u./Ib); 

h is the specific enthalpy of the mixture 
(= Lh\m;). 


In equation (4), the first term represents the 
convective enthalpy flux, the second term repre- 
sents the enthalpy flux associated with diffusion, 
while the third represents the heat flux (since 
['c =k, the thermal conductivity. The reason 
for preferring the use of J’ should become 
apparent later when the simplified forms of the 
equation are dealt with). 


2.2. The wall-flux boundary condition 

Consider an element, illustrated in Fig. 1, of a 
surface separating the fluid under consideration 
from a neighbouring phase; this surface can be 
termed variously “phase boundary”, “‘interface”’ 
+ At high velocities, the enthalpy / in the first term 
must be replaced by the stagnation enthalpy of the mix- 
ture, and a further term must be added expressing the 
shear work per unit volume. Details are given in the 
Appendix. 
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or “wall”. The surface is pervious to material; 
we shall relate the magnitude of the mass flux 
through it, m’’, to the gradients in stream pro- 
perties measured at the control surface S which 
is in the fluid immediately adjacent to the inter- 
face. To do this we must consider two states: the 
S-state and the 7-state. 





Fic. 1. Control volume used in deriving the boundary 
conditions, equations (9), (10) and (11). 


The S-state is the state (time-mean com- 
position, temperature, etc.) of the fluid mixture 
at the control surface S. The quantities m,,s, 
ts, hs, etce., can in principle be measured by the 
usual sampling and analysis instruments. 

The T-state, i.e. the state of the transferred 
substance, may be regarded as a fictitious mix- 
ture state: it does not exist at any particular 
point, but is defined as follows. Its composition 
is sufficiently defined in terms of the mass 
fractions m;.7. Mm,.7r. ete., via the equations 
involving mass fluxes: 


m7 =m" /m" (5) 


where m’’, is the total (i.e. convective plus 
diffusive) mass flux of the inert substance / into 
the fluid phase; and 

(6) 


where mm’, is the total mass flux of the chemical 
element a into the fluid phase, irrespective of the 
chemical compounds in which a happens to find 
itself, 

The state of chemical aggregation of the trans- 
ferred substance is not completely specified by 
these definitions; it is not required. The quan- 
tity m'’, is conveniently evaluated in terms of the 
total mass fluxes of the various substances, 
m'’; s, through the control surface S, by way of 
equation: 

(7) 


In contrast to the practice for m’’; and m’’,, a 
suffix (here S) has to be appended to m’’ 

because, in general, j may take part in a chemical 
reaction; thus an evaluation of m’’,; at the con- 
trol surface L of Fig. 3 would, in general, yield a 
different value from an evaluation at S. But of 
course 
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=n,.3 mm’ 


must be equal to 


=n,,; Mm" 5.4 


because chemical elements are neither created 
nor destroyed. Evaluation at the S control sur- 
face is preferable for present purposes because 
this surface lies in the fluid under consideration. 

The enthalpy of the transferred substance, hr, 
is defined for similar reasons by the equation: 


hy m"’ = Th;,5 m"';,s —q''s (8) 
where g‘’s is the heat flux caused by the tem- 
perature gradient across the control surface S, 
directed outward from the fluid under considera- 
tion. 

The 7-state may thus be interpreted as that 
which must prevail at the lower surface of the 
fictitious control volume of Fig. | if the conser- 
vation laws are to hold and if there is no diffusion 
or heat transfer across this surface. 

Application of the conservation and flux laws 
underlying equations (1), (3) and (4) to the 
control volume of Fig. | now yields the follow- 
ing boundary conditions: 

For the chemically inert substance /: 

f. ~ 
nn’? — A” (em,/Cy)} s 


Ms — M7 


where y is the distance normal to the wall. 
For the chemical element a: 
x {yiMa, 


(cm,/CV) } s 


For the enthalpy: 


{Te (ét/ey)} s 


LX {yjh; (€m,/ey)} ss 


1] 
hs — hr a) 


No such boundary condition is available in 
general for the chemical substance / since the 
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state of chemical aggregation of the trans- 
ferred substance is not specified (j may react at 
the phase boundary). 


2.3. Simplifications necessary if reaction-kinetic 
considerations are to be avoided 

Because of the term appearing on the right- 
hand side of equation (2), evaluation of which 
involves knowledge of the reaction kinetics of 
the fluid phase, solution of the equations (3) and 
(4), with boundary conditions (10) and (11), is 
not possible unless simplifying assumptions are 
made. The validity of these assumptions will not 
be examined here, but it should be remarked 
that those relating to the transport coefficients 
are close to reality for all fully turbulent fluids 
and for gases containing components of roughly 
uniform molecular weight. The simplifying 
assumptions represent alternatives. 

Simplifying assumption (i). When, at any 
particular point in the stream, all the y,’s of 
substances containing element a are equal to 
ach other, equations (3) and (10) reduce to: 


G. (Vn,) — Viv.lVn.)} 0 (12) 


and 


mr’ : ; (13) 


where y,, is the common value of the set of y,’s. 

Simplifying assumption (ii). When, at any 
particular point in the stream, all the y,’s are 
equal to each other and to the quantity I’, 
equations (4) and (11) reduce to: 


G. (Vh) — Vil(VA)} =90 (14) 
and 
sia LI’ (ch/ey)}s 
m (15) 
hs — hr 

Simplifying assumption (iii). Suppose that two 
substances, designated ‘fuel’ and “oxidant” for 
concreteness, take part in a simple chemical 
reaction to produce a third substance (product) 
without intermediate transformations; suppose 
further that the quantities yr, and yox are equal 
to each other at every point in the stream then, 

if we define a quantity P,, through: 


P, = Mty — Mox/r (16) 


where r is the mass ratio of oxidant to fuel in the 
stoichiometric equation, then the recognition 
that, for this reaction, we can put: 


mtg = mM" ox/F (17) 
permits us to deduce from equation (2) that: 


The quantity P;,7 can be evaluated, since it 
does not entail knowledge of the state of chemical 
aggregation of the transferred substance. Con- 
sideration of the control volume of Fig. | now 
yields the boundary condition: 

a” v1 (CP)/CV) } 8 (19) 
Pis — Pigs 
y, is of course the common y of the substances 
designated “fuel” and “oxidant”. Obviously, 
despite the use of the latter terms, the analysis is 
in no way restricted to combustion reactions. 

As alternatives to the assumptions leading to 
(18) and (19), two further cases may be con- 
sidered, namely: 

(iv) If the y’s of fuel and product are equal to 
each other at every point in the stream. having 
the common value y.: and if a quantity P, is 
defined by: 


P, = My 


Mpyroa/(1 + r) (20) 


then equations (18) and (19) hold with the sub- 
script (2) in place of subscript (1). 

(v) If the y’s of oxidant and product are equal 
(to y,) at each point, and P, is defined by: 


Ps = Mox/l + Mproa/(1 + r) (21) 


then the equations (18) and (19) hold with the 
subscript (3) in place of subscript (1). 

Simplifying assumption (vi). When chemical 
reaction is absent, the fluid mixture is ideal, and 
the specific heat of the fluid is uniform, equations 
(4) and (11) again reduce to (14) and (15). The 
enthalpy / can in this case be expressed in terms 
of temperature, at any rate within the phase 
under consideration, via: 


h = c(t — fo) (22) 
where f, is an arbitrary reference temperature. 


No restriction on the y’s need be imposed. 
Simplifying assumption (vii). When a single 
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simple chemical reaction takes place, of the 
type described under (iii). if the fluid mixture is 
otherwise ideal with uniform specific heat, and 
if further the y of fuel is equal to I’ at every point 
in the mixture, equations (4) and (11) again 
reduce to equations (14) and (15). This time the 
fluid-phase enthalpy can be expressed as: 


h=my, H — c(t — to) 23) 


where H is the heat of reaction per unit mass of 
fuel. 

Alternative simplifications are clearly possible, 
as follows: 

(viii) If, instead of yr, = I, we have yox = I 
at every point, equations (14) and (15) now 
hold with: 


h = mox H/r + c(t — ty) (24) 


(ix) If, alternatively, yproa = I’, equations 
(14) and (15) hold with the fluid-phase enthalpy 
defined through: 


h = — Mproa H/(1 (25) 

Further simplifying assumptions. The above 
nine cases do not exhaust the possibilities. Other 
simplifications involving a different mixture of 
restrictions on the transport properties and 
restrictions on the thermodynamic properties 
can be easily envisaged: they may be convenient 
in the analysis of particular cases. 

Generalization. Comparison of the pairs of 
equations (1) and (9), (12) and (13), (14) and 
(15), (18) and (19). shows that they have a 
common form which we may write as: 


G. (VP) —VinlVP)} =90 (26) 


and 
ly (eP/cy)}s 


27) 
Ps Pr ( 


where P = m,, n,.h, P,, P., P3, or any other con- 
served property,*+ and y may be replaced by I if 
enthalpy is in question. 


+ Fluid properties obeying equation (26) might be 
called “‘conserved properties of the second class” to 
distinguish them from “conserved properties of the 
first class” which are conserved in adiabatic steady-flow 
mixing processes. 


OF STEADY CONVECTIVE 


MASS TRANSFER PROBLEM 199 


2.4. Re-arrangement for the case of uniform 
S- and T-states 

All the solutions of the equation (26) which are 
known to the author (except those for m’’ = 0) 
relate to cases in which the state of the fluid in 
contact with the surface and the state of the 
transferred substance are uniform over the 
boundaries of the field of integration through 
which mass transfer occurs. This means that Ps 
and Pry are constants in the integration pro- 
cedure. 

In such cases it is convenient to reduce all 
mass transfer problems to a common form by 
introducing the new variable 4, defined as: 

> 
— F Ps 


(28) 
Ps Pr 


Equations (26) and (27) then reduce to: 


G. (Vb) — Vin(V4)} = 0 (29) 


“4 


mi’ | y (30) 
c vy 

Nature of the mathematical problem. We now 
see that, whatever the nature of the conserved 
property which is under consideration, the task 
of predicting mass transfer rates reduces to the 
solution of equation (29) with, as boundary 
conditions at the wall, equation (30) and: 


bs = () (31) 


Since G and y appear in (29), solution of this 
equation requires prior (or sometimes simul- 
taneous) solution of the momentum and con- 
tinuity equations for the fluid stream, and also a 
proper accounting for the dependence of y on 
the fluid state, i.e. on d. 

Behaviour of the solution. Without treating any 
particular configuration of surface and stream, 
it is possible to conclude, from dimensional 
analysis and other general considerations, that 
the solution to any forced-convection mass 
transfer problem with uniform S- and 7-states 
can be cast in the form: 

voll rl B. Gl to 
G , f Ho Yo 


(32) 


where G is the mass velocity in the main stream, 
say at entry; 
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is an apparatus dimension; 

is the fluid viscosity measured at some 
reference state: 

is the corresponding value of the 
exchange coefficient of the relevant P; 
= he, the value of b in the main 


stream. 


The latter definition leads to the important 
relation: 


(33) 


Further thought about the solution reveals 
that it may be convenient to introduce a quantity 
g (units, Ib/ft?hr) via the definition: 

(34) 
and to express the solution to equation (29) in 
the form: 


m'’ =gB 


The quantity on the left-hand side of (35) is akin 
to the Stanton number; G//u, is a Reynolds 


number; and jo/y) is a Prandtl or Schmidt 
number according to the nature of the conserved 
property appearing in B. Alternatively, the 
group, gi/y,) a sort of Nusselt number, may 
appear on the left-hand side. 

By comparing equations (30) and (34), we see 
that g is obtained from the solution of equation 


(29) via: 
op 
dy < |? 
cv. \ 


2.5. Some solutions or calculation procedures for g 

Solution for the flat plate in laminar flow. As an 
example, Fig. 2 presents a plot, based on the 
exact boundary-layer solutions of Mickley er ai. 
[32], of (gx/y)/\/(G,x/u) vs. B for the flat plate in 
a laminar stream. The transport properties 
and y are supposed uniform: x is the distance 
from the leading edge at which g prevails, and 
G, is the uniform mass velocity of the stream. 
Each curve is valid for a particular j./y (Prandtl 
or Schmidt number). 

Exact solutions are not available for very high 
or very low values of «/y. However, for high 


(34a) 
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. 2. Exact solutions of the boundary-layer equations for the flat plate in laminar flow [32]. 
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values with B lying between —0-5 and + 1-0, the 
asymptotic solution of Merk [33] can be used 
for the ordinate of Fig. 2: it is 


0-3387 (ju/y)!3/(1 + 0-566 B). 


Other solutions for laminar boundary-layer 
flows. Surprisingly, only a handful of exact 
solutions of the laminar boundary-layer equa- 
tions are available for other cases than the flat 
plate. Spalding and Smith [41] have recom- 
mended that mass transfer through two-dimen- 
sional or axi-symmetrical laminar boundary 
layers in general should be calculated from an 
approximate quadrature formula which, in the 
present terms, runs: 


1/2 


K(y/u?) ( R°GE/j* RGF dx) (36) 


is the stream-wise distance from the 
location at which mass_ transfer 
begins; 
is the distance of the section in ques- 
tion from the axis of symmetry (N.B. 
the R’s disappear for a two-dimen- 
sional flow): 
is the mass velocity at the outer 
“edge” of the boundary layer at 
location x; 
is the surface conductance, defined by 
(34), valid for location x; 

K isa function of B and p/y (in fact it is 
equal to the ordinate of Fig. 2); 

F isa function of B and p/y. 


Interpolating in exact solutions tabulated by 
Livingood and Donoughe [35], Spalding and 
Smith have deduced some values of K and F 
valid for u/y — 0-7; these values are contained 
in Table 1. At other values of «/y, K may be 
obtained from Fig. 2: F tends to 3-8 for all B 
at high ju/y. 


Table | 


0-5 1-0 2-0 3-0 40 5-0 
0-213 0-169 0-120 0-0930 0-0770 0-0670 
307 3-43 3-73 4-04 4:36 4-43 


BO 
K 0-292 
F 2-68 


There is a great need for extended tables of K 
and F, covering both positive and negative B 
values and a wide range of ,/y. Thereafter the 
influence of variable » and y needs to be 
thoroughly investigated; only a few isolated 
studies of this effect have been made so far. 
Efforts to fill these gaps are being made in the 
writer’s laboratory. 

Calculation method for mass transfer through 
turbulent boundary layers. Still fewer studies 
have been made of mass transfer through turbu- 
lent boundary layers. A quadrature formula 
which is simple, and probably fairly reliable, can 
be derived by extending the method of Ambrok 
[36] to mass transfer; one obtains for jx/y = 0-7 


uR® 1 
fr R°4G, dx 


Once again there is a great need for experi- 
mental and theoretical research in this field; 
important contributions are being made by 
Mickley and co-workers [32, 37], and by 
Rubesin and co-workers [38, 39]. 

Other methods. Of course the value of g need 
not be obtained by theoretical analysis at all: it 
may be obtained from experiment. The book of 
Sherwood and Pigford [31] contains many such 
experimentally derived values, most of them 
obtained with B values close to zero, and with 
almost uniform transport properties (but see 
“remarks on notation” above). The value of g 
may also be obtained by way of the Reynolds 
analogy; it is equal to the shear stress divided 
by the stream velocity. This value is of course 
usually only approximate, as is well known. 

2.6. General procedure for calculating mass 
transfer rates 

The practical importance of the way in which 
the mass transfer problem has been formulated 
above will now be summarized: 

(a) The influences of the shape of mass trans- 
fer surface, the fluid velocity, the transport 
properties, etc., may be determined by aero- 
dynamic analysis; this results in graphs or 
formulae of the type just presented. These 
graphs or formulae are independent of the 
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nature of the transfer process, i.e. they hold 
whether the process comprises vaporization, 
combustion, transpiration-cooling, distillation 
or any other process. 

(b) The influences of the particular process are 
expressed through the value of the driving force 
B, defined by equation (33). B depends only on 
conditions in the G- (main stream), S- and 7- 
states, and not on the aerodynamics. Examples 
of the evaluation of B are given below. 

(c) With B obtained from the thermodynamic 
analysis of (b) and g obtained from the aero- 
dynamic analysis of (a), the required mass 
transfer rate is obtained from equation (34). 

(d) Separation of the aerodynamic and thermo- 
dynamic aspects is unfortunately not quite 
complete, a connexion is effected when the 
variation of the transport properties » and y 
with temperature, etc., is appreciable. This 
difficulty can be partially overcome by judicious 
use of “average” values of the transport pro- 
perties. 


3. SOME DRIVING-FORCE EXPRESSIONS 

In this section we show how the analysis of 
Sections 2.1, 2.2 and 2.3 can be used to enable 
the numerical value of the driving force B to be 
determined in various particular cases. The list 
of driving-force expressions is not exhaustive, 
but should suffice as an illustration of the method. 
For concreteness, the “simple reaction” is 
discussed in terms of combustion; the analysis 
is of course equally applicable to a liquid-phase 
reaction, such as that between ammonia and 
sulphuric acid solutions. 

In the interests of brevity, the practical 
implications of the driving-force expressions are 
not discussed. 


3.1. Transfer of an inert chemical substance 

No simplifying assumptions are needed to 
convert equations (1) and (9) to the standard 
form of (29) and (30). We can therefore write 
the driving-force expression for this case, without 
restriction, as: 


(38) 


M;.s — M7 


In this general form the driving force may be 
used when many substances are transferred 
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simultaneously, as in rectification of a multi- 
component mixture, and irrespective of whether 
some of the other (non-i) components are 
reacting chemically. Often m,,7 must be deter- 
mined by simultaneous consideration of transfer 
on the liquid and gas sides of the phase boun- 
dary. 

Special cases. When i is the only mixture 
component transferred (e.g. 7 = H,O when steam 
condenses from a steam—air mixture), we have: 


(39) 
then 
(40) 


This expression is also valid in many drying, 
absorption and stripping problems. Clearly, 
since m,;<— 1, B and m’’ are positive when 
M,,G Mm; Ss. 

When / is not transferred at all, for example 
} = air in a drying process, we have: 


(41) 


3.2. Transfer of a chemical element; simplifying 
assumption (1) 
For this case we have, as the driving-force 
expression: 


(42) 


This expression is useful when several chemical 
reactions take place, as for example in the gas 
producer. If it is further permissible to assume 
Y. = yg. any linear combination of n, and ng 
can be used as the conserved property. This fact 
can be used to derive B-expressions which are 
easy to evaluate (see [10] for a gas-producer 
example). 

If, further, all y,’s are equal and only two 
streams of substance enter the mixing field (e.g. 
main stream and transferred substance) it is 
meaningful to define a quantity f as mass of 
material from one of the streams per unit mass of 
mixture, irrespective of the state of chemical 
aggregation. Since f is a linear combination of 
the ,,’s. we can write the driving force as: 

fe —Js 


B 43) 
fs fr 
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This step is one of the foundations of the 
graphical method of determining B using 
enthalpy-composition diagrams (see [11, 12, 13, 
34] for examples). The first use of such diagrams 
for transfer calculations was made by Busemann 
[15] in a pioneer work that has been undeservedly 
neglected; an important series of contributions 
to their development has been made by Bosn- 
jakovie [17-20]. 


3.3. Enthalpy transfer; simplifying assumption (ii) 
For this case the relevant driving-force 
expression is: 


(44) 
This expression is the second foundation of 


the graphical method just referred to; it also is 
particularly useful when complex chemical 


reactions occur. 

Special case. When the wall is impervious to 
mass transfer it is easy to show, by introducing 
(44) and letting B tend to zero, that equation 
(34) degenerates to: 


g* (he ame hs) (45) 


q''t 


where ¢ ‘z is the heat flux away from the phase 
boundary (Fig. 2); 
g* isthe value of g valid for B = 0. 


This expression is useful when calculating 
heat transfer rates from dissociated gas mixtures, 
as has recently become widely recognized (see, 
for example [40)]). 

3.4. Mass transfer with a_ simple chemical 
reaction 
Simplifying assumption (iii). Inspection of 


equation (16) shows that this time we have: 


(Mey Mox/T')s 


Mox/l)7T 

Special cases. (a) We consider the case in which 
one of the reactants, say fuel, is the only trans- 
ferred substance. In this case it is usual for the 
main-stream value of the concentration of 
unburned fuel to be zero. Thus: 


Mox/l)G 
Mox/T')s 


(Miu (46) 


(Mey (Mfu 


~ 


Meu, l 
(47) 


Mox, T 


Mtu.G 
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Inserting (47) in (46), we obtain: 


Mox,G/l (Mey Mox/T')s 


B (48 


(Mey Mox/T')s l 


(b) If the surface fuel concentration is zero 
(Mtu,s = 0), equation (48) reduces to: 


Mox.G r Mox,S r 


B (49) 


1 + mox.s/r 


This expression is relevant to the combustion of a 
non-volatile fuel. If, further, the chemical 
reactivity of the fuel surface is such that mo x,s 
also equals zero, the driving-force expression of 
(49) takes up its maximum possible value, 
namely: 


Mox,G 


B (50) 


> 
Equation (49) is also relevant to the burning of 
gaseous fuels (transpiration-coolants) which are 
expelled at such low rates that chemical reaction 
takes place within the porous walls. (Of course 
the cooling effect of such a procedure would not 
be large!) 

(c) If the surface oxygen concentration is zero. 
equation (48) reduces to: 


Mox,G/l + Mtu,s 


B (51) 


1 — mtu.s 
This expression usually applies to volatile liquid 
fuels, and to gaseous fuels injected through the 
wall at a high rate. However, the expression 1s 
seldom useful for determining B; for the quantity 
Mtu,s iS not as a rule among the data of the 
problem. 

(d) A special case of equation (46) arises in the 
combustion of steel. This may be regarded as a 
non-volatile fuel which also happens to have a 
mainly non-volatile oxide. The latter fact leads 
to an interesting expression for P,,7; it is: 
1/{nc.stee1 (1 + rre) }—rFe (52 


(tu — Mox/l)r 


where 1c, stee 1S the mass of carbon per unit 
mass of steel; 
rFe is the mass of oxidant (usually 
oxygen) combining with unit 
mass of iron. 
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The resulting driving-force expression is: 


B 
Mox.G — Mox,.s 
Ike) 
(53) 


Ne steel 'C) (Ne, steei(1 + rFe) 


Mox.S 


(Fe Fe 


where re is the mass of oxidant combining with 
unit mass of carbon. 


The expression on the right-hand side of 


equation (53) is usually negative and close to the 
minimum possible value of any B, namely — | 
(because Mox.s =~ 0 and ne.stee: iS small). It is 
useful in analyses of the oxygen-cutting process 
of workshop practice. The process sometimes 
also occurs inadvertently in rocket motors! 
3.5. Mass transfer with a chemical 
reaction 

Simplifying assumptions (iv) and (v). Driving- 
force expressions may also be derived in terms 
of the conserved properties P, and P,. They are 
useful if it is desired to calculate the product 
concentration at the surface, the mass transfer 
rate being given. 


simple 


3.6. Heat transfer without chemical reaction 

Simplifying assumption (vi). The driving force 
expression for this case is obtained most simply 
if the reference temperature for the fluid-phase 
enthalpy in equation (22) is taken as fs. Equation 
(8) is simplified thereby, and because of the 
absence of chemical reaction, to: 


hr g''s/m"™’ 


— Q, say (54) 
There results: 
C(te — ts) 
B (55) 
Q 
Special cases. (a) Equation (55) is useful in 
many vaporization, drying and condensation 
problems. It holds even when the specific heats 
are not uniform, provided that only small con- 
centrations differences occur or that y =I; 
then c is the specific heat of the mixture of main- 
stream composition. In adiabatic vaporization, 
QO = hys where hys is the latent heat of vaporiza- 
tion of the liquid. So equation (55) reduces to: 
Cte Ts) 


(b) In transpiration-cooling by an inert gas, 
the quantity Q is given by: 


O = Ccooi (ts — to) (57) 


where Ceooi 1S the constant pressure specific heat 
of the coolant: 
ty is the coolant temperature in the 
reservoir from which it is supplied. 


For this case, the driving-force expression 
becomes 

Cte ts) -o 

B (58) 

Ceool (ts to) 

This shows that, with tg, ts and ft, fixed, B is 

smaller (and, with it, the necessary coolant flow 

rate) the larger is the specific heat of the coolant. 


3.7. Thermal analysis of mass transfer with a 
simple chemical reaction 
Simplifying assumptions (vii) (viii) and (ix). 
Restricting consideration to the case in which the 
only transferred substance is one of the reactants, 
say fuel, and noting by reference to Fig. 3 that 


Considered 
phase 


Neighbouring 
pnase \ = 
— 
r 
Fic. 3. Control volumes useful in deriving expressions 
for hy when only one substance is transferred. 


the definition (8) of the enthalpy of the 7-state 
also implies: 


hop mm’ =Th,pm"; 7 (59) 
we deduce: 


hr = ht — g''i/m" (60) 


This assumes that only fuel is present on the 
L-side of the phase boundary. 
The driving-force expression resulting from 
the substitution of (24) and (60) in (33) is: 
(Mox.G Mox.s) H r = Cte ts) 


b = ~ (61) 
Ais + q'ijm 
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where /izs is the enthalpy increase of the fuel in 
changing from the L- phase to the 
S- phase at constant temperature 
tr ( ts). 

Equation (61) is appropriate to simplifying 

assumption (viii). 

If simplifying assumption (vii) holds, so that 
the enthalpy expressed by equation (23) is a 
conserved property, the driving force expression 
is found in a similar fashion to be: 


(Mtu.g — Mtu.s) H + c(te ts) 


(62) 


Mru,s H+ his + g''t/m" 


A similar expression in terms of mproa can be 
derived if simplifying assumption (ix) holds. 
Special cases. (a) If the surface oxygen content 
is zero, as is usual for volatile liquid fuels and 
for burning transpiration-coolants (e.g. hydrogen 
gas) at high blowing rates, equation (61) reduces 
to: 
Mox,G H/r + c(te ts) 


aE (63) 
his + q''t/m 


This expression is often easy to evaluate. 
In the case of transpiration-coolants, when 
radiant heat transfer is absent, we have: 
his 0 


~ 


q''i m’’ = Ceoo (ts to) J 


Mox,G H/r + c(te ts) (65) 
Ceool (ts to) 
This should be contrasted with equation (58). 
(b) If the surface fuel concentration is zero, as 
occurs with non-volatile fuels or (sometimes) 
with combustible transpiration-coolants injected 
at low rates, and if we can also assume that 
there is no free fuel in the main stream, equation 
(62) reduces to: 


C(lG — fs) (66) 
his + g''i/m 
This expression is sometimes useful for calcu- 
lating the surface temperature when the driving 
force B has been previously specified. 
(c) If a radiant heat flux is present at the sur- 
face, this should clearly be added to g’’;, with 
appropriate sign. 


3.8. Other forms of driving force 

Many other expressions can be derived for the 
driving force for mass transfer in terms of mix- 
ture properties in the G-, S- and 7-states. In a 
particular flow, many of them are valid simul- 
taneously. Where there is a choice, that form of 
B is to be preferred which is most easily evalua- 
ted by reference to known quantities; for 
example, in determining the mass flow-rate of 
transpiration-coolant which is necessary to 
maintain a given surface temperature, the 
B-expression of (65) is usually preferable to that 
of (51), since mpy.s is not known. 


4. MORE COMPLEX PROBLEMS 

The analysis presented in Sections 2 and 3 
suffices for the calculation of the mass transfer 
rate, m’’, if sufficient data are available concern- 
ing the properties of the G-, S- and T-states. 
However, the data concerning the latter two 
states are often only given indirectly. Here we 
merely list the considerations which must be 
invoked when these more complex situations are 
encountered. 


(a) Thermodynamic equilibrium at the surface 

In many cases, e.g. vaporization, it is per- 
missible to assume that the S-state mixture is in 
equilibrium with the adjacent phase (L-state). 
This assumption provides a link between the 
surface temperature fs (= ¢,) and some of the 
S-state compositions, e.g. 7H20,s, In a water- 
vaporization problem. The problem can then be 
solved by simultaneous use of a B-expression 
based on mass conservation and the B-expression 
based on the first law of thermodynamics. 
Enthalpy-composition diagrams are helpful in 
the solution [11]. 


(b) Simultaneous consideration of two phases 

Often the data are given in terms of conduct- 
ances on both sides of a phase boundary; these 
may involve both mass and heat transfer 
conductances. Then, using the equality for the 
two phases of the mass transfer rate and of the 
T-state (unless surface radiation is present), 
simultaneous solution of the Ohm’s law relation 
for the two phases permits the determination 
of m”’. 
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(c) Reaction-kinetic considerations 

Sometimes chemical reaction rates are insuffi- 
ciently rapid for thermodynamic equilibrium to 
prevail. In the case of heterogeneous reactions, a 
reaction-kinetic relation between m’’ and the 
S-state must be invoked; this sometimes results 
in a non-uniform S-state, necessitating a return 
to equations (26) and (27) instead of (29) and 
(30). In the case of homogeneous reactions at 
least one equation of the type of equation (2) 
must be solved. 


5. CONCLUSIONS 

(a) A standard formulation for the steady 
convective mass transfer problem has been 
presented which is capable of accommodating 
the problems arising in chemical engineering, 
aeronautical engineering, air-conditioning prac- 
tice, etc. 

(b) The centre-piece of this formulation is the 
Ohm’s law relation, equation (34). 

(c) The formulation achieves a separation 
between aerodynamic factors, incorporated in 
the conductance g, and thermodynamic factors, 
incorporated in the driving force B. The separa- 
tion is only rendered incomplete by non- 
uniformity of transport properties in the 
boundary layer. 

(d) The formulation is valid when chemical 
reaction occurs provided that certain restric- 
tions are placed on the relations between the 
transport properties. 

(e) There is still a great need for standard 
solutions of the boundary layer equations in the 
presence of mass transfer. 
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APPENDIX 


The Energy Equation Including 
Kinetic Energy and Shear Work 


A more complete form of equation (4) is 


G.(VA®) — Vity; A (Vm)} — VAle(Vn} 


Stagnation enthalpy of fluid mixture 
h + V?/2¢,J (B.t.u./Ib): 
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velocity of fluid mixture defined as 
G/p (ft/hr): 
viscosity of fluid mixture (lb/ft hr); 
constant in Newton’s Second Law of 
motion, 
4-1 = 10° (Ib ft/Lb hr?); 
mechanical equivalent of heat 
778 (ft Lb/B.t.u.): 

Rs vectorial radius of curvature of local 
stream line; 

Rs scalar magnitude of Rx (ft). 


Equation (A.1) simplifies in the same manner 
as equation (4) provided that y I’ for all j 
and further that (a) we also have [° = » (Prandtl 
number = 1), and that (b) the radius of curva- 
ture of the steamlines R's is large. The resulting 
simplified equation is: 


G. (Vh°) — Vil (Vh*®)} =0 (A.2) 


This equation has the standard form. It differs 
from equation (14) only in that h° replaces h. 

The wall-flux boundary conditions for equa- 
tions (A.1) and (A.2) are identical with those for 
equations (4) and (14); for the fluid kinetic 
energy is negligible at the wall, so that / and /° 
are identical. It follows that the stagnation 
enthalpy f° is a “conserved property of the 
second class”; it may therefore be used for the 
derivation of a driving-force expression. 

The simplification of the energy equation 
which results when Pr = 1 is of course well 
known, being usually attributed to Crocco. 
The present proof appears to be rather simpler 
and more general than those usually given. 
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THE STEADY AND TRANSIENT FREE CONVECTION 
BOUNDARY LAYER ON A UNIFORMLY HEATED 
VERTICAL PLATE 


R. J. GOLDSTEIN* and E. R. G. ECKERT* 


Heat Transfer Laboratory, University of Minnesota, Minneapolis 
(Received 3 July 1959) 


Abstract—A Zehnder—Mach interferometer was used to study the free convection thermal boundary 
layer about a uniformly heated vertical plate and to derive the heat transfer coefficients connected with 
this situation. The experiments were performed when the plate was immersed in water and the steady 
state boundary layer, as well as its transient development from an initial state at rest and with uniform 
temperature to steady state condition, was investigated when a step function in the power input to the 
plate was applied. Results for the steady state runs agree very well with the results of an analysis by 
Sparrow and Gregg. The transient runs indicate that the temperature field in the fluid develops 
initially in the same way as for heat conduction into a semi-infinite solid. After a short transition 
period, the steady state condition is reached. The boundary layer grows with time in such a way that 
it increases at first with increasing time, reaches a maximum, and decreases again until it settles to its 
steady state value. The wall temperature and the local heat transfer coefficient can be predicted for the 
whole period from start to steady state by the solution for one-dimensional unsteady conduction or for 
the steady state boundary layer. 


Résumé—Un interférometre de Zehnder—Mach a été utilisé pour étudier la couche limite thermique de 
convection libre sur une plaque verticale uniformément chauffé et pour déterminer les coefficients de 
transmission de chaleur relatifs a cette disposition. Dans ces expériences, la plaque était immergée dans 
l'eau et la couche limite en régime permanent, ainsi que son développement transitoire a partir d'un 
état de repos initial et dune température constante, a été étudiée quand on applique a la plaque une 
augmentation échelon de la puissance de chauffage. 

Les résultats pour le régime permanent concordent tres bien avec ceux d’une étude de Sparrow et 
Gregg. En régime transitoire, le champ de température évolue de la méme fagon que la conduction dans 
un solide semi-infini. Aprés une courte période de transition la condition du régime permanent est 
atteinte. La couche limite évolue avec le temps de facgon a sépaissir dans les premiers instants, elle 
atteint ensuite un maximum, puis décroit jusqu’a sa valeur du régime permanent. La température de 
paroi et le coefficient local de transfert de chaleur peuvent étre calculés, pour la période allant du 
départ de l’expérience jusqu’au régime permanent, en utilisant la solution de la conduction non 

permenente unidimensionnelle ou de la couche limite permanente. 


Zusammenfassung— Mit Hilfe eines Zehnder—-Mach-Interferometers wurde die thermische Grenzschicht 
bei freier Konvektion an einer gleichfOrmig geheizten senkrechten Platte untersucht und daraus die 
Warmeibergangskoeffizienten abgeleitet. Die Platte war bei den Versuchen in Wasser getaucht. Die 
stationare Grenzschicht und ihre Entwicklung aus einem Anfangszustand in Ruhe mit gleichf6rmiger 
Temperatur zum stationaren Zustand wurden bei schrittweiser Anderung der Heizleistung der Platte 
untersucht. Die Ergebnisse der stationéren Versuche stimmen gut mit den Rechenergebnissen von 
Sparrow und Gregg uberein. Die nichtstationaren Versuche zeigen, daB sich das Temperaturfeld in 
der Flissigkeit anfanglich wie bei der Warmeleitung in einen halb-unendlichen K6rper entwickelt. 
Nach einer kurzen Ubergangsperiode wird der stationaire Zustand erreicht. Die Grenzschichtdicke 
steigt anfanglich mit der Zeit an und fallt nach Erreichen eines Maximums auf ihren stationaren Wert 
ab. Die Wandtemperatur und die Ortlichen Warmeiibergangskoeffizienten kénnen fiir die ganze 
Periode vom Start bis zum stationaren Zustand durch die Lésungen fiir die eindimensionale nicht- 
stationare Warmeleitung oder fiir die stationare Grenzschicht vorausgesagt werden. 


* Assistant Professor, Brown University. + Professor, University of Minnesota. 
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Abstact— lia usyuenna Tensoporo norpaHM4Horo C0 Ha paBHOMepHO HarperToil BepTu 
KacIbHOH TWHTe B VC.JOBNAX CBOOOTHON KOHBEKILNM TH WW NO.TV4AHRNA COOTBETCTBY FOLLUIIX 
KoagMpPUMMeHTOB WepeHoca Tela HCHOIb30BaICH HHTeppepometp Maxa-llenjepa. Batam mpo 
BeeHbL OTbBIThI C MOrpY7-KeHHOH B BOY TINTON HW WCC.1eOBaH MOrpaHUYHbAT COM Kak 
VCTAHOBUBIINNCH, Tak I B nepeXO THOM peskUMe OT Hada IbHOrO COCTOAHHITA MORO I OFMHa 
ROBO TeMiHeparvy pb K CTalMOHAPpHOMY COCTOAHIHEW Tipit CTYMeCHYATOM TMOTBO Le JHePrHit b 
Wire. PesyabTat bl LIA VCTAHOBHUBINMXCH TOTOKOB XOPOMO COPdTacyVIioTcH C pesy.1bTaTaMit 
aHaansa Pperra u Cnoppoy. Heycranosupmmeca noTokn O3Ha4alwT, 4YTO TeMiepaTypHoe 
Node BARU AROCTIL (ase) pasBiBaeTCA Tak Ae, KaAK HB TeMIOMpOBOAALIeEM MO.1yYOrpaHiveHHom 
TBEPpAOM Tele. lloese KOpOoTKOrO TepexowHoro Mephowa MOCcTHraeTCH YVCTAHOBIIBINEeCH 
COCTOHHHEe. Hlorpanuunpiii C10 H38MeHAeTCA CO BpeMeHeM C.1ej,VIOULUM oOpa 30M: CMepBa OH 
pacterT, WocTiraet MaKCHMYMa H VYMeHbIilaeTcH tO Tex Mop WOKa He MOcTHraeT Be. IH, 
oTBeYalollel YCTAHOBUBIeEMYCA CocToAHUW. TemnepaTypa CTeHKH MH JOKadbHbI Koad 
WHeHT Tem1000MeHa MOrYVT ObITh MO.TV4eCHbI (LIA BCerO Hepuota, OT Hatala LO VCTAHOBITBITe 
ProcH COCTOAHIA, © TIOMOLIBIO pelleHilAl 1A OTHOMeCPHOH HeECTAMMOHAPHOL Teme lOMpOBO AHOCTH 


HM 1A VCTAROBHBITeCPOCH TMOPPAaHHYHOPO C10 


NOMENCLATURE 

gravitational acceleration; 

local heat transfer coefficient: 

heat conductivity ; 

heat flow through plate surface per 
unit time and area; 

distance from lower plate end; 

distance from plate surface; 

thermal diffusivity ; 

thermal expansion coefficient; 

difference between temperature in 

boundary layer and in bulk of fluid: 

difference between plate surface tem- 
perature and fluid bulk temperature; 

time; 

kinematic viscosity; 

gPit,,.x® 
Grashof number; 


2 
yp? 


h: 


" 
k Nusselt number: 


. 
Prandtl number. 
a 


INTRODUCTION 
Stupies of convective heat transfer were, in the 
past, restricted almost exclusively to steady state 
conditions. This was justified because the heat 
capacity of boundary layers is generally so small 
that steady state relations describe heat transfer 
coefficients with sufficient accuracy even in 
situations where the temperatures at the surface 
and outside the boundary layer vary with time. 
Such a situation is commonly referred to as 
“quasi steady”. Only recent developments in 


engineering have led to conditions under which 
temperatures vary so rapidly that convective 
heat transfer coefficients become significantly 
different from the steady values. As a conse- 
quence, analytical studies of unsteady boundary 
layers have been published in various magazines. 
Experimental information on unsteady boundary 
layers, however, is still very restricted. 

Unsteady free convection boundary layers are 
of special interest since they are generally thicker 
and have, therefore, a larger heat capacity than 
boundary layers in forced flow. As a consequence, 
heat transfer coefficients differ from the steady 
state values already at relatively small rates of 
temperature variations with time. Such un- 
steady free convection boundary layers arise. 
for instance, in nuclear reactors when the 
pumps for the cooling system fail or with power 
fluctuations in reactors cooled by free convec- 
tion. 

The earliest analysis of a free convection 
unsteady boundary layer on a flat plate, infinite 
in extent, has been performed by Illingworth [1] 
The temperature field in the boundary layer was 
found to be identical with the temperature field 
for unsteady one-dimensional heat conduction 
into a_ semi-infinite body. Sugawara and 
Michiyoshi [2] included in their analysis con- 
ditions near the leading edge of the plate. Their 
calculation mainly covers the very early stages of 
the boundary layer growth. Siegel [3] investigated 
analytically the boundary layer growth up to the 
time when steady state is obtained for the con- 
dition that the surface temperature or the surface 
heat flux changes in a step-wise fashion from 
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zero to a finite value. His results are of special 
interest in the present study and will be discussed 
in more detail later on. 

Ostroumov [4] and Gillam er al. [5] per- 
formed experimental studies of transient free 
convection existing on a horizontal wire. The 
measurements were essentially restricted to a 
determination of the wire temperature and of the 
heat flux to the surrounding fluid as a function 
of time. Klei [6] performed similar experiments 
on a 0-0005 in. thick and | in. high platinum foil 
which was suddenly heated by an electric current. 
McLean er al. [7] made a study on a horizontal 
nichrome foil in a water tank, using a Zehnder- 
Mach interferometer. In this last study interest 
was restricted to the early stages of the boundary 
layer development. 

The present paper describes an experimental 
investigation of an unsteady free convection 
boundary layer on a vertical flat plate under the 
condition that the heat flux at the surface is 
locally constant and changes in a step-wise 
fashion with time. Complete information on the 
temperature field in the boundary layer as a 
function of time has been obtained by use of a 
Zehnder—Mach interferometer and the study 
includes the whole range from the beginning of 
the boundary layer development to the steady 
state condition. The experiments were originally 
carried out in air. It was found, however, that 
the above boundary conditions could be obtained 
in a much cleaner way by a study in water, and 
the results reported in this paper will be re- 
stricted to this fluid. The fact that the change in 
optical refraction coefficient of water with 
temperature is much larger than that of air made 
it mecessary to carry out the experiments with 
very small temperature differences. This, how- 
ever, turned out to be an advantage, because the 
results of these experiments can well be compared 
with analytical results which have all been 
obtained for a fluid of constant properties. The 
study of free convection in water makes it also 
possible to investigate heat transfer to a fluid 
with internal heat sources. The internal heat 
generation can easily be obtained when the 
water is made slightly conducting and when an 
electric current is directed through it. A brief 
study of this kind was reported by Goldstein 
[8]. 
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EXPERIMENTAL EQUIPMENT AND 
INSTRUMENTATION 

The main requirement for the heated vertical 
plate is that it has a heat capacity which is as 
small as possible so that it can follow time-wise 
variations of temperature readily. For this 
purpose a 0-001 in. thick foil of 302 stainless 
steel was used. The foil was stretched tightly 
between two horizontal straight edges by six 
screws on each end of the foil. This can be 
recognized in Fig. 1. Two horizontal straight 
edges a are fastened to an aluminum plate 5 
and this plate in turn is connected through the 
rods c and a bridge d shown in the figure with the 
frame of the interferometer. The vertical part 
of the foil e between the two edges which 
represents the heated vertical plate has a dimen- 
sion of 4-01 in. in horizontal and 6-503 in. in 
vertical direction. 

The foil was heated by passing an electric 
current through it. For this purpose, two strips 
f of copper, 0-005 in. thick, were soldered to the 
upper and lower end of the foil. The strip at 
the lower end was moved as closely as possible to 
the location of the straight edge so that the heated 
part of the foil started very close to the point 
where it bent into the vertical direction. The 
copper strips in turn were connected by heavy 
conducting cables to three storage batteries 
connected in parallel. A bank of resistors in 
series with the foil allowed adjustments in the 
internal heat generation in the foil. A precision 
shunt and a calibrated millivoltmeter (Weston 
Model 1) measured the current and a similar 
millivoltmeter measured the potential drop in the 
foil. A hand-operated switch turned the current 
on and off. The uniformity of the heated foil 
was checked by a super-micrometer and by 
weighing small pieces cut out of the sheet. No 
variations greater than | per cent in local 
thickness and weight were found. The electric 
resistance of the sheet was 0-0431 {2. The uni- 
formity of the foil guaranteed a locally uniform 
heat generation by the electric current. 

The heated vertical plate was put into a pris- 
matic water tank as shown in Fig. 2. The tank a 
had the dimensions 12 x 143 in. in a horizontal! 
plane and a height of 24 in. The most important 
elements of the tank were the two windows 
which were required in order to pass the | 








Fic. 1. Heated sheet and holder: a, horizontal straight edges; 4, aluminum 
plate; c, connecting rods; d, bridge construction; e, heated foil; {, copper 
strips. 





Fic. 2. Water tank, compensating tank, and window support frame for main tank: a, main 
water tank; /, glass windows; c, aluminum rings: d, aluminum rods: e, compensating 
tank; f, rubber inner tube. 






















































































Fic. 3. Interferogram of heated foi] with boundary layers. 
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Fic. 8. Interferograms of the unsteady free convection boundary 
layer. The numbers under the photos give the time from the start 
of the heat pulse in seconds. 
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beam of a Zehnder—Mach interferometer past 
the heated plate. The two windows bh were made 
of plate glass, | in. thick and 6 in. in diameter, 
and polished so that each surface was flat to one- 
fourth wavelength. Each plate was checked 
individually for the absence of schlieren by 
placing it into the light beam of the interfero- 
meter. The two windows were held 8 in. apart 
in a special frame which can be recognized in 
Fig. 2 arranged in front of the tank. The glass 
plates were fastened between two aluminum 
rings c and these in turn were held in the proper 
distance by three hexagonal aluminum rods d 
with screws at both ends. This frame was 
attached by the three vertical rods g, which can 
be seen in Fig. 1, to the interferometer frame. 
The space between the aluminum disks which 
held the windows and the walls of the tank was 
sealed off by two pieces cut from a rubber inner 
tube. The design of the window frame was made 
in this way to enable the experimenter to adjust 
the two windows so that they are parallel to each 
other and normal to the light beam direction and 
also to connect them rigidly with the interfero- 
meter. 

The tank was filled with distilled water and this 


filling was replaced several times during the 
experiments. A platinum resistance thermometer 
and a Mueller bridge were. used to determine the 


bulk water temperature in the tank. This 
thermometer was calibrated with a_ second 
resistance thermometer whose calibration had 
been obtained from the National Bureau of 
Standards. 

The presence of the two glass windows and of 
the water in one of the light beams of the 
interferometer increases the optical path length 
of this beam. A compensating tank e was there- 
fore arranged in the second light beam. This 
tank was similar in design to the window frame 
in the main tank. It is shown on the left-hand 
side in Fig. 2. A piece of rubber inner tube / 
connected the aluminum rings which held the 
glass windows. The interior of the tube was 
filled with distilled water. The windows them- 
selves were of the same optical quality as the 
ones in the main tank. 

A Zehnder—Mach interferometer was the main 
tool in these experiments. This instrument was 
constructed at the Heat Transfer Laboratory. It 
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is very similar in design to one which had been 
built by Eckert e7 a/. [9]. The basic system of the 
interferometer consists of four properly coated 
plates of optical glass with 6 in. diameter spaced 
at the corners of a rectangle with 55 and 27-5 in. 
side lengths. The opening of the interferometer in 
which the test equipment can be arranged is 40 
in. in light beam direction. A detailed description 
of the interferometer and its operation is con- 
tained in [9] and will not be repeated here. The 
main difference in the instrument used in the 
present tests and the one described in the 
reference lies in the fact that in the Heat Transfer 
Laboratory Interferometer the optical path in 
one of the two beams can be changed by a 
lateral movement of one mirror. Fig. 3 shows an 
interferogram as it is obtained in the interfero- 
meter. This specific photo is from the initial 
series in which the experiments were carried out 
in air. Corresponding photos were obtained in the 
water runs; they are, however, less suitable for 
reproduction. It can be observed that the 
interferometer was, in the experiments, adjusted 
in such a way that horizontal fringes appear in 
the interferogram when the light beam travels 
through a field of locally uniform density. In the 
heated boundary layer, the fringes are bent in a 
downward direction. The image of the heated 
vertical foil can also be recognized. For the tests 
in water, the difference between the temperature 
of the heated foil and the bulk temperature of 
the fluid outside the boundary layer was kept to 
values below 3°F considerably larger 
temperature differences caused the interference 
fringes to bend excessively and in this way to 
become indistinguishable. The small temperature 
difference made it necessary to keep the fluid 
bulk temperature very uniform and constant 
during the duration of an experiment. For this 
reason, the water tank was well insulated and the 
bulk temperature of the water was kept to a value 
close to room temperature. A maximum rate of 
change of the water temperature of 0-0005 C/min 
was allowed during the experiments. This results 
in a fringe shift of 0-1 fringe in 5 min. For the 
transient runs, a movie camera was mounted 
with its electric drive mechanism on the inter- 
ferometer frame. An electric clock timer was 
arranged so that it appeared on the film simul- 
taneously with the interferogram. 


since 





212 R. J. GOLDSTEIN and E. R. G. ECKERT 


The evaluation procedure of the interference 
photos is described in detail in [8]. Two main 
errors have to be considered if a temperature 
field is determined by evaluation of an inter- 
ferogram. A refraction error will arise as a 
consequence of the fact that the rays in the light 
beam are slightly bent from their original direc- 
tion when the beam travels parallel to the plate 
surface through the boundary layer, because a 
transverse temperature gradient exists in the 
boundary layer. This error was calculated 
following the procedure described in [10] and 
was found to be less than $ per cent during all 
steady state runs. During the very early part of the 
transient runs when the boundary layer is very 
thin, the error can be considerably larger. This, 
however, is not the main time of interest. A 
second error is caused by the fact that the 
temperature field does not end abruptly in the 
two planes containing the two vertical ends of 
the plate and normal to it, but extends some- 
what beyond the plate length. 

For a thin plate within which uniform heat 
generation is taking place, there should be no 
first-order error in the average temperature 


gradient in the fluid at the plate surface due to 


end-effects. This follows from the effective 
integration of the temperature field by the light 
beam and from the fact that, with the present 
symmetry, all the heat must leave the plane of the 
plate. The validity of this reasoning is confirmed 
by the good agreement between the measured 
heat flux and the electrical power input. A 
calculation [8] similar to that of Eckert and 
Soehngen [11], indicated a small (approximately 
| per cent) positive error in the plate temperature 
due to end-effects. This holds for a plate whose 
temperature is uniform. With the actual system, 


the temperature at the edges tends to fall off 


slightly, compensating this error, and it was 
assumed that the results could be used directly. 
Confirmation of this comes from the good 
agreement with available analytical solutions. 
The properties of water which are required for 
an evaluation of the interferograms and of the 
dimensionless parameters in which the test 
results are presented, have been taken from the 
literature. Values of the index of refraction for 
water are contained in a paper by Tilton and 
Taylor [12]. They were also checked in the 


following way: The water in the main tank was 
heated to various temperature levels and the 
shifts of the zero interference fringe correspond- 
ing to the step-wise temperature increases were 
recorded. The change of the index of refraction 
with temperature could then be readily calculated 
from the fringe shifts. Only this value is needed 
for the evaluation of the interferograms. The 
measured values agreed within +2 per cent with 
those taken from the literature. 

In any temperature boundary layer, the 
problem arises at what reference temperature 
the properties should be inserted into the 
dimensionless parameters which describe the 
process. In the present experiments this question 
is relatively insignificant because of the small 
temperature differences existing within the 
boundary layer. A film temperature half-way 
between the wall and the fluid bulk temperature 
was used as reference temperature. 


PRESENTATION AND DISCUSSION OF RESULTS 

Two groups of experiments were performed. 
In the first one, the boundary layer character- 
istics and heat transfer were investigated for 
steady state condition. The second group dealt 
with the transient development of the free con- 
vection boundary layer. 


Steady state studies 

Figs. 4 to 7 present the results of the experi- 
ments for steady state. In Fig. 4, the heat flow q¢ 
from the surface of the heated plate into the 
water per unit area and time is plotted over the 
distance x from the leading edge measured in 

















Fic. 4. Heat flow qg from surface of heated plate by 
steady free convection as obtained from electric 
measurements and from interferogram. 
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vertical direction along the plate surface. Three 
runs are evaluated which differ by the amount of 
current passed through the plate. The horizontal 
lines indicate the electric power converted into 
heat per unit surface area. These values were 
obtained from the readings of the amperemeter 
and the voltmeter. The points in Fig. 4 have been 
obtained from the evaluation of the interfero- 
grams. The temperature gradient at the plate 
surface determined from the shift of the inter- 
ference fringes was multiplied with the heat 
conductivity of water at the plate surface 
temperature. The agreement between heat 
generation in the plate and the heat flux through 
the plate surface is excellent except for a small 
region near the leading edge. Apart from this 
region the condition of a locally constant heat 
flux is therefore satisfactorily fulfilled. 

Fig. 5 presents the temperature 7, of the plate 
surface as measured above the bulk temperature 
of the water, again plotted over the distance x. 








Fic. 5. Temperature variation along the height x of 

the heated plate for steady free convection. Three 

experiments with the heat fluxes indicated in Fig. 4 

are presented in this and the following figure; 9, 

temperature difference between wall surface and fluid 

bulk; m exponent expressing the temperature 
variation. 


The temperature of the plate surface was again 
determined from the interferograms. In this 
connection it proved advantageous that two 
symmetrical boundary layers on both sides of 
the foil representing the plate could be observed. 
The temperature profiles obtained from the 
fringe shifts on both sides of the plate were 
extrapolated to the plate center line. The 
temperature indicated by the profile at a distance 
from the center line equal to half the plate 
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thickness was then interpreted as the plate 
surface temperature. It may be observed in the 
figure that this plate temperature increases 
proportional to a power m = 0-200 to 0-206 of 
the distance x when the region near the plate 
leading edge is excluded. This is in excellent 
agreement with the analysis by Sparrow and 
Gregg [13] which predicts that the surface 
temperature of a vertical plate in steady free 
convection flow increases proportionally to the 
one-fifth power of the distance x when a locally 
constant heat flux at the plate surface is pre- 
scribed. For the region near the leading edge, a 
constant heat flux would lead to very steep 
temperature gradients. Heat conduction in the 
plate along the direction x will tend to reduce 
these temperature differences and to decrease the 
temperatures as compared with those for con- 
stant heat flux. This conclusion agrees with the 
results presented in Fig. 5. 

Fig. 6 presents the local Nusselt number Nu 
plotted over the parameter Grashof times 
Prandtl. The points are again the results ob- 
tained from the interferograms, the full line 
presents the results of the analysis [13]. The 
product GrPr has been selected because the 
Nusselt number is almost a function of GrPr only 


Fic. 6. Nusselt number for steady free convection as 
a function of the product Grashof times Prandtl 
number. 
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Fic. 7. Temperature profile in the steady free convection boundary layer. ® = temperature difference between 


a location at distance y from the plate and the fluid bulk. 


9 temperature difference between the plate and the 


fluid bulk. x distance from the lower end of the foil. 


Y 
(B.t.u./hr 


130-2 
50:8 
40:8 


according to analysis. In this way small changes 
of the bulk temperature of the water which 
occurred between the individual tests are sup- 
pressed in the figure. It may be observed in Fig. 
6 that the agreement between measured and 
analytical results is excellent. Using the experi- 
mental points for the distance x, for which the 
heat flow is locally constant, an average value of 
0-513 with a standard deviation of 3 per cent is 
obtained for the parameter Nu (GrPr)'*. This 
compares with the value 0-5146 resulting from 
the analysis. 

Fig. 7 shows the temperature profile within the 
boundary layer in a dimensionless presentation. 
The ratio of the local temperature # within the 
boundary layer to the plate surface temperature 


ft) 


i... both measured above the fiuid bulk tem- 
perature, is plotted over a dimensionless wall 
distance parameter as it has evolved from the 
analysis. The experimental points can be com- 
pared with the full line which represents the 
results of the analysis by Sparrow and Gregg for 
a Prandtl number 6-4.* It may be observed that 
the agreement between the calculated and 
measured temperature profiles is excellent. 


Transient studies 
Fig. 8 shows a series of interferograms obtained 
in the transient studies. These photos were taken 


* The results for Pr = 6-4 are not contained in [13]. 
They were calculated for us by the authors, which is 
gratefully acknowledged. 
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when the heated plate was surrounded by air. 
The adjustment of the interferometer was such 
that no interference lines could be observed in a 
field of constant temperature. The interference 
fringes within the heated boundary layer are 
then practically lines of constant temperature. 
The figures below the individual photos give the 
time from the start of the experiment. Similar 
photos have been obtained from the tests with 
water as the fluid surrounding the plate. These 
photos, however, are less suitable for repro- 
duction. 

Fig. & indicates that the thermal boundary 
layer grows at first with locally uniform thick- 
ness. In other words, the boundary layer 
thickness is originally independent of the 
location x. Later on the influence of the lower 
plate edge makes itself felt by the fact that the 
boundary layer stays thinner in the region near 
this edge. The position on the sheet up to which 
the boundary layer is a function of x moves 
gradually upward with increasing time. 

These conclusions, obtained from an _ ob- 
servation of the interferograms, are substantiated 
by the evaluations which are presented in the 
Figs. 9 through 12. Fig. 9 presents the heat flux g 
per unit surface area in unit time as a function of 
the time measured from the moment where 
the electric current is turned on. Two runs with 
different heating rates and four positions along 
the heated plate have been evaluated. The points 
are again obtained from the interferograms and 
the full line from the electric measurements. It 
may be observed from the figure that, a few 
seconds after the initiation of the heat generation, 
the heat flux from the surface of the plate is 
independent of time as well as of location. 

Fig. 10 presents the surface temperature 7, of 
the heated plate as a function of time for four 
locations x along the plate and for two different 
heating rates. The figure indicates clearly that 
for a considerable period the wall temperature 
is independent of location. After a short transi- 
tion time it becomes independent of time, but is 
now dependent on the distance x. For the second 
period, therefore, steady state has been reached. 
The transition from the first to the second period 
is rather short and occurs at increasing times 
for increasing distance x. 

Illingworth [1] has shown that the unsteady 


free convection temperature boundary layer in 
front of an infinite plate is described by the 
equation which represents unsteady one- 
dimensional heat conduction into a_semi- 
infinite body. He considered a step in the wall 
temperature. For a step in the heat flux, the 
following equation describes, according to [14], 








g, Btu /hr ft* 


min 


Fic. 9. Heat flux at the surface of the plate as a 
function of the time from the start of the heat pulse 
for two different heat fluxes. 


0-32 in. 1-03 in. 2:10 in. 3-80 in. 


the temperature field for unsteady heat con- 
duction in a semi-infinite wall 


V e } 


Cc (1) 
2\/(ar) 


Vv (a7) 


The wall temperature is given by the relation 
2 / art ‘ 
i . ¢ | (2) 
tk A] \ 7 
and the heat transfer coefficient by the equation 


(3) 
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Fic. 10. Temperature increase of the heated plate as a function of time from the start of the heat pulse. 
temperature difference between the plate surface and the fluid bulk. The notation (a) and (b) in this and 
the following figures corresponds to the one in Fig. 9. 


x = 0:32 in. . 


The relation expressed by equation (2) is 
inserted in Fig. 10 as the heavy inclined line. It 
can be observed that the measured points agree 
closely with this analytical solution, indicating 
that, in the initial stages, an unsteady free 
convection boundary layer grows on a finite 
plate in the same way as on one which is infinite 
in extent. The solution obtained by Sparrow and 
Gregg [13] for a steady state free convection 
boundary layer on a vertical plate with constant 
heat flux through its surface can be expressed 
in the following form for (Pr ~ 6:4): 
GrPr 14 


Nu - 0:726 | 5 (4) 


The plate surface temperature as obtained from 
this equation and from the condition that the 
heat flow is independent of location is 


\, 1-03 in. 


2:10 in. 3-80 in. 


15 


E25)" © 


The values of the wall temperature calculated 
from this equation for the condition existing in 
the experiments are indicated by the horizontal 
lines in Fig. 10. The agreement with the experi- 
mental points is very good. 

Fig. 11 shows the heat transfer coefficient as a 
function of time. The inclined line gives the heat 
conduction solution (equation (3) ) and the short 
horizontal lines represent the heat transfer 
coefficients obtained from equation (4). From 
the Figs. 10 and 11, the following rule for a 
calculation of the wall temperature and of the 
local heat transfer coefficients in an unsteady 
free convection boundary layer on a vertical 
plate can be derived. One calculates both 
parameters for the initial conduction phase as 
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Fic. 11. Local heat transfer coefficient / at the plate surface as a function of time from the start of the 
heat pulse. 
7x = 0-32 in. 1-03 in. 2:10 in. 3-80 in. 
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min 


(b) 


Fic. 12. Wall distance », at which the temperature increase caused one fringe shift in the 
interferogram, as a function of time from the start of the heat pulse. 
x =032in. A 1:03 in. © 2:10 in. 3-80 in. 
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well as for steady state condition. The smaller 
one of the two temperatures describes the actual 
wall temperature satisfactorily and the larger one 
of the two heat transfer coefficients gives the local 
heat transfer coefficient with good accuracy. 
Siegel [3] performed an analysis of the 
unsteady free convection boundary layer on a 
vertical plate. He used for this purpose the 
integrated momentum and energy boundary 
layer equations together with plausible assump- 
tions on the shape of the velocity and temperature 
profiles. On the basis of his analysis, he predicted 
that the boundary layer grows initially in thick- 
ness with increasing time; that it reaches a 
maximum, and decreases again before it settles 
to its steady state value. Correspondingly, the 
heat transfer coefficient is predicted to decrease 
initially, to pass through a minimum and then to 
increase again to its steady state value. The 
heat transfer coefficients, as presented in Fig. 11, 
appear to indicate such a minimum. It is, how- 
ever. very slight and possibly within the accuracy 
of the measurements. In order to compare the 
predicted growth of the boundary layer thickness 
with the measured one, the following procedure 
was used: the distance from the plate at which 
the temperature has increased by such an amount 
that it caused one fringe shift was measured in 
the interferograms and is plotted in Fig. 12, 
again for two heating rates and for four positions 
x. Siegel’s prediction that the boundary layer 
development with time goes through a maximum 
is, according to this figure, well verified. The 
vertical lines in Fig. 12 indicate the time for 
which, according to the analysis, the pure 
conduction period ends. These times again agree 
remarkably well with the times at which the 
maximum of the boundary layer thickness 
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occurs. The fact that this maximum is not 
accompanied by an equally pronounced mini- 
mum in the heat transfer coefficient must 


obviously indicate that the shape of the tem- 
perature profile changes during the transition 
period from pure conduction to steady state. 
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Abstract—A generalized equation to describe nucleate boiling is derived. The expression which corre- 
lates all fluid independently of pressure and heating surface-fluid combination is as follows 


Y= 80(f2 fx)? 


l Y 
M*P ior) 


where 4 { 


aR 


specific heat of liquid; 
and - specific weight of liquid and vapour; 
thermal conductivity of liquid; 
surface tension of liquid; 
the representative length of heating surface; 
q heat flux; 
a coefficient of heat transfer: 
Vl 900 m~!, P 1-699 keal/hr. 
f foamability, and / pressure factor. 


Furthermore, it is indicated that this correlating equation is applicable to forced-convection saturated 

or surface boiling. The proposed correlating equation has been theoretically sought by analysing the 

elementary processes of phenomena, but it is not based on dimensional analysis. In order to reach the 

final solution of the problem, it is necessary to analyse the elementary processes of boiling phenomena 
and elucidate the relations underlying the problem. 


Résumé—Une équation générale représentant le phéenomene d’ébullition a éte obtenue. Cette 
expression, valable pour tout fluide indépendamment de la pression et de la disposition de la surface 
chauffante est la suivante: 

8,0(f- 2f,X)2 3 


chaleur spécifique du liquide, 

poids spécifique du liquide et de la vapeur, 
conductibilité thermique du liquide, 
tension superficielle du liquide, 
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longueur caractéristique de la surface chauffante, 
flux de chaleur, 

a coefficient de transmission de chaleur, 

VU 900 m~!, P = 1,699 keal/h 

f. pouvoir moussant, et f, = facteur de pression. 


De plus, il est indiqué que cette équation de corrélation est applicable a l’ébullition saturée ou de 
surface avec convection forcée. L’équation proposée a été obtenue théoriquement en analysant les 
processus élémentaires du phénoméne, mais elle n'est pas fondée sur l’analyse dimensionnelle. Pour 
atteindre la solution finale du probléme, il est nécessaire d’analyser les processus élémentaires du 

phénoméne d’ébullition et d°expliquer les relations en approfondissant le probléme. 


Zusammenfassung— Zur Beschreibung des Filmsiedens wird eine verallgemeinerte Gleichung abgeleitet. 
Dieser Ausdruck, der fiir alle Fliissigkeiten, aber unabhangig vom Druck und unabhangig von der 
Kombination Heizflache-Fliissigkeit, gilt, lautet: 


Y 8,0(f-! af X)’3 


2 \1/2 


} Re q 


l i 
Darin ist { M2P ory” 
Aory 


aR 


A 


spezifische Warmekapazitat der Flussigkeit 
) Gewicht von Flissigkeit und Dampf 
Warmeleitfahigkeit der Flissigkeit 
Oberflachenspannung der Flissigkeit 
Kennzeichnende Lange der Heizflache 
Warmestromdichte 
Warmeibergangskoeffizient 

900 m-!, P = 1,699 kcal/h 
Schaumfahigkeit, und f, = Druckfaktor 


Diese Beziehung ist auch auf die erzwungene Konvektion in gesattigter oder unterkihlter Flissigkeit 

ortliches Sieden) anwendbar. Sie wurde durch eine theoretische Untersuchung der Elementarvorgange 

gefunden und beruht nicht auf einer Dimensionsanalyse. Um die endgiltige L6sung des Problems zu 

erhalten, muss man die Beziehungen aufklaren, die den Elementarprozessen des Siedevorgangs zu 
Grunde liegen. 


Abstract—Buiipeyeno o606meHHOe ypaBHeHHe, OMUChIBaIoOUlee My3biIpyaToe KuneHne. Bprpa- 
MeHHEe, VCTaHaBIMBalollee KOPpPeIAWMOHHY!O CBA3b JIA BCelt AMAKOCTH He3aBHCHMO O07 
[ABIICHHA Mo KOMOMHAILNM «HarpeBalollaA MOBePXHOCTb—*KUKOCTL», HMeeT Coley outnit 


Y = 8,0 (f-/? f,X)?/8 


1 coy’2\/2 
wo 1 3/2 
VU2P ad z q 


y = aR 
A 

VileIbHah TENJOEMKOCTh AMAKOCTH, 
YiledbHbI BEC AMAKOCTH UM Mapa COOTBETCTBEHHO, 
TeENAONPOBOAHOCTL AMAKOCTH, 
NOBeEPXHOCTHOe HaTAKeHHe AMAKOCTH, 
OnpeqelAwllan WIMHa HarpeBalollell NOBepXHOCTH, 
TenJOBOM NOTOK, 
KOSquPHILMEHT TenonepeHoca, 
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M = 900 m7, P 1,699 KkKaa/4ac, 


ke cnocoOnocTh K OOpas0BaHnto Nysbipeli, uf, = 


KOIPPHIUMEHT LaBeHHA. 


Kpome Toro, yKasbipaeTcA, 4YTO KOPpeTAIMOHHOe ypaBHeHue MO*KeT ObITh TIpMMeHeHo 
K HACHIIeCHHOMY KHMeHHIO TIP BRIHYKeHHOM KOHBeKIMM WIM MeGHOUHOMY KMMeHHW. 
Ilpeqiaraemoe KoppeJAlMOHHOe ypaBHeHHe ObIO BLIBeEeHO TeOpeTM4YeCKM MYyTeM anausa 
Q/1€MCHTAPHEIX MpoOWeccow pacCMaTPMBaeMBIX ABJCHbIMM, a He MyYTEM aHaJlu3sa pasMepHocteit 
Jn Toro YTOOb NOAYYNTL OKOHYATeTbHOe PeMeHHe 8aaun, HEOOXOAMMO MpoahaM3supoBaTh 
Qe€MeCHTApHble Mpouecchl, M3 KOTOPLIX CKJla[bIBaeTCA KMMeHHe, MU OOBACHUTD JlemKalue B 

OCHOBE 3alauH COOTHOMEHHA, 


NOMENCLATURE 


area of heating surface (m?); 

diameter of tube (m); 

liquid level (m); 

effective stirring length of bubbles in 
saturated boiling (m): 

effective stirring length of bubbles in 
surface boiling (m); 

representative dimension of heating sur- 
face (m); 

rising velocity of a bubble at the optional 
point (m/hr); 

average rising velocity of a bubble 
(m/hr); 

volume of a rising bubble at the optional 
point (m*); 

volume of a bubble just leaving the 
heating surface (m*); 

total convective driving force for heat 
transfer (m); 

average convective driving force due to 
the change of density (m); 

average convective driving force due to 
the stirring of bubbles (m); 

specific heat of liquid (kcal/kg°C): 
diameter of a bubble just leaving the 
heating surface (m); 

diameter of a bubble just leaving the 
free liquid surface (m); 

frequency of bubble formation (sec~'); 
pressure factor; 

foamability ; 

acceleration due to gravity (m/sec?); 
rising height of a bubble (m); 

number of vapour columns; 

any pressure (kg/cm?); 

atmospheric pressure (kg/cm*); 

heat flux of heating surface (kcal/m? hr); 
convective heat flux (kcal/m? hr): 
saturated boiling heat flux (kcal/m? hr); 


latent heat of evaporation (kcal/kg); 
velocity of fluid (m/sec); 

coefficient of heat transfer (kcal/m* 
hr °C); 

coefficient of convective heat transfer 
(kcal/m? hr °C); 

coefficient of boiling heat transfer 
(kcal/m? hr °C); 

coefficient of cubic expansion (°C~'); 
specific weight of liquid (kg/m*); 
specific weight of vapour (kg/m*); 
thickness of temperature boundary layer 
(mm); 

coefficient of foaming capacity of the 
combination of the surface and liquid 
in question (kcal/m hr ~C*); 

coefficient of foaming capacity of pure 
liquid on the fresh and smooth surface 
(kcal/m hr °C*); 

viscosity of liquid (kg hr/m*); 
temperature of liquid (°C); 

temperature of heating surface (°C); 
saturation temperature of liquid (°C); 
temperature difference between heating 
surface and liquid (°C); 

surface temperature minus saturation 
temperature (°C); 

thermal conductivity of liquid (kcal/m 
hr °C); 

kinematic viscosity of liquid (m?*/hr); 
surface cension of liquid (kg/m); 

period of bubble formation (sec); 
(diameter of a bubble just leaving the 
heating surface) (frequency of bubble 
formation) (m/hr); 

Grashof number ; 


. equivalent Grashof number; 


Nusselt number; 
Prandtl number; 
Reynolds number; 


Re,, bubble Reynolds number. 
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1. INTRODUCTION 

Tue study of heat transfer in a boiling liquid is 
one of the most neglected in the field of heat 
engineering. An effort to unify heat transfer 
in nucleate boiling of various kinds of liquids 
that have different physical properties into one 
correlating equation is being made by a few 
research workers, but the equation concerned 
with the irreproducibility of phenomenon has 
yet to be perfected. The difficulties in the investi- 
gation of boiling can be attributed to the fact 
that boiling is not only a complex process 
involving fluid motion, heat transfer, surface 
phenomenon and phase change, but that it 
is also irreproducible. 

Even if a liquid is always boiled in one and 
the same vessel under the same conditions of 
heating, sometimes a few bubbles are generated 
and rise expanding rapidly and, at other times, a 
great number of small bubbles rise quietly, thus 
causing much difference in the phases of heat 
transfer in each individual case. Before studying 
the origin of this irreproducibility of boiling, it 
is necessary first to analyse the composite 
phenomena of boiling into elementary processes. 
it is only after this analysis that the problem of 
irreproducibility as well as the nature of boiling 
phenomenon will be clarified. 

It is a fact of course that the problem of heat 
transfer holds the key to the consideration of 
boiling phenomena from the standpoint of 
engineering. However, to rely on that viewpoint 
is to develop as a whole the relations between 
the coefficient of heat transfer and various other 
quantities by means of dimensional analysis 
rather than by treating the various elementary 
processes analytically. For instance, McAdams 
[15] collected the existing data in his book. This 
synthetic treatment seems to be a direct method, 
but the problem of irreproducibility cannot be 
solved extensively by it. Moreover, in the 
application of dimensional analysis, there will 
arise questions of what dimensionless quantities 
to select. It is because of this ambiguity that 
empirical equations hitherto proposed are 
different from one another in the introduction of 
dimensionless quantities. 

In order to eliminate such disadvantages, a 
law which is valid for individual elementary 
process should be confirmed and then unified. 


The reason why Jakob’s studies [11] are held in 
high esteem even now is that his study was the 
only one that took a correct course, though it 
still leaves much to be clarified. Rising current 
interest in research into the bubble dynamics 
of boiling may be due to the fact that the 
pursuit of the elementary processes involving 
generation, growth and collapse of bubbles 1s 
the key to the clarification of boiling phenomena. 
As there is a limit to the complete theoretical 
explanation of every elementary process, it Is 
necessary to study each one experimentally. 

In this paper we consider the derivation of the 
correlating equation of nucleate boiling heat 
transfer based on the above-mentioned view- 
point and its application to the forced-convection 
saturated or surface boiling. 


2. DERIVATION OF CORRELATING EQUATION 

Consider the case of pool boiling of a saturated 
liquid. Two kinds of driving force for convection 
at nucleate boiling, are conceivable. The first 
driving force of convection is the buoyancy due 
to the change of density accompanying heating, 
similar to the case of purely free convection. 
The buoyancy that acts upon the unit weight is 
plainly expressed as follows: 


B (6 — @r) 


and average convective driving force W, 
against the whole liquid will be expressed as 
follows in the form: 
W, = 2 BO — 61) dy (1) 
where 
coefficient of cubic expansion of liquid; 
vertical distance from heating surface: 
average thickness of the boundary layer 
of the liquid along the heating surface: 
temperature of the liquid at the point 
W<0); 
6, = temperature of the liquid at the point 
y(> 9). 
The second driving force of convection is the 
liquid stirring force of rising bubbles and can be 
considered as follows. Let: 


V = volume of one rising bubble at the 
optional point y; 





CORRELATION OF NUCLEATE BOILING 


rising velocity of the bubble at the 
optional point y; 
period of bubble formation: 

j heating surface area; 

n number of vapour columns. 


The average volume of the vapour-—liquid mixture 
containing one bubble at an optional height is 
(A/n)Ur. Therefore, the convective force due to 
the change in bulk density acting on a unit weight 
of liquid may be expressed as follows, assuming 
that the weight of vapour be neglected com- 
pared with that of liquid: 
nV/AUr 


Accordingly the convective driving force W,, 
due to the stirring of bubbles for the entire 
liquid may be expressed as follows: 


°H 


n Vv 
go Ar U 


W, F(yv) dy (2) 


Here H, is the “effective stirring length of 
bubbles”. The effective stirring length of bubbles 
is the distance from the heating surface where the 
liquid stirring effect of bubbles disappears, for 
it is considered that when the bubbles rise from 
the heating surface, the nearer they are to the 
heating surface, the greater their stirring effect 
upon the boundary layer near the heating surface 
gets. and the greater the distance of bubbles 
from the heating surface is, the weaker their 
effect becomes. F(y) represents the discrepancies 
of the liquid stirring effect due to the rising 
position of bubbles and its limiting value should 
be as follows: 


F(0) lL Ae) 0 (3) 


Since these two convective driving forces operate 
at the same time, the total convective driving 
force W may be expressed as follows: 


W=—W,+ W, (4) 


A coefficient of no dimension will be defined as 
follows in order to express equations (1) and (2) 
in a simple way: 

16 — O01 
dn 


Gy 
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If the above coefficients are used, equation (4) 
will be as follows: 


nd* 


W Cy BG, 6,)0+ ©, 


where 

average temperature of heating surface; 
volume of a bubble just leaving the 
heating surface; 

average rising velocity of a bubble: 
diameter of a bubble just leaving the 
heating surface (transformed to a 
sphere): 

representative dimension of heating 
surface (radius in case of horizontal 
circular plate): 

X dy 


Dp 


Since the following Grashof number 


R®gB( ¢., 67) R°e WU ’ 


Gr = (3) 
v* - 


c,0 

is used to express the driving force of a free 
convection W,, the equivalent Grashof number 
may be introduced in this case, too: 


Rg W 
Cc,0 


a d? H,\ (gR° 
Gr + (2) (ae) (Ge) at) Fe) © 


where 
Gr = Grashof number; 
g acceleration due to gravity: 
v kinematic viscosity of liquid. 


Gr* = 


However, it was recognized by writers [8] 
that the key factor that controls the transfer 
in nucleate boiling is the stirring effect of bubbles 
and that W, can be neglected, compared wit! 
W,, while estimating their order. In view of t 
difficulty of obtaining directly the equation f 
heat transfer in nucleate boiling, it is co 
ceivable that, with the rule of heat transfer 
the case of free convection indicated by t 
following expression, an equation which us 
Gr* instead of Gr is applicable in the case 
nucleate boiling. 


Nu K (Gr.Pr)" 
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where 

Nu Nusselt number; 

Pr Prandtl number; 

K and m = constants. 

On the other hand, according to the writers’ 
experiment [26], thereexists the following relation 
between the coefficient of heat transfer a and 6 
as shown in Fig. 1: 


a’ o 67! 





x105 | 


Ce 


kcal /m@hr °c 


oo + 


°o 
° 
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i 














6¢-——_+— 


mm 


Fic. |. Relation between the heat transfer coeffi- 
cient, a, and thickness of the temperature boundary- 
layer, 5. [26]. 


Accordingly, 


Nu’ - B (11) 


R 
is established, in which both s and B are con- 
stants. Therefore, neglecting Gr and substituting 
equations (9) and (11) into equation (10), the 
following formula will be obtained: 
2 m/(1—sm) 


Hd 
Nu -K* (nPr® : : i | (12) 


where 


Cy m/(1l—sm) 

K* K)t¥G-sm) (- (13 

( cB ) 

Now, if the heat flux g is presumed to be 

carried away by bubbles, the number of vapour 

columns n is expressed by the following equation: 
6 R*q 


n aw (14) 
ry’ 43 f 


where 
= specific weight of vapour; 
latent heat of evaporation; 
diameter of a bubble just leaving the 
free liquid surface (transformed into a 
sphere); 
frequency of bubble formation. 


However, the writers have verified by their 
experiment on water [17] that there exists the 
following relation between d,, and d,: 


d 3 
| “)} =Mn-!2R 
dy 

The numerical value of M in equation (15) is 
900 m-!, for boiling water under atmospheric 
pressure (see Appendix). Here, M is assumed 
to be a constant that has nothing to do with 
the physical properties of liquid, because it has 
been ascertained experimentally, as will be shown 
later, that M is a function only of the pressure. 
Substituting equation (15) into equation (14) 
and eliminating d,, one can obtain the following 
expression: 


(15) 


as 6 Rq ) 


ry” Mad? ote 


Then U,, in the domain of heat transfer in 
nucleate boiling may be expressed experi- 
mentally by the following formula according to 
the study of Peebles and Garber [21]. 


2\1/4 
Un = b (=) (17) 
Y 
where 

surface tension of liquid; 
specific weight of liquid; 
= constant which has nothing to do with 

the physical properties of liquid. 
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Now if distilled water is taken up as the 
standard when it boils under atmospheric 
pressure on a fresh and smooth plane and its 
value is expressed by the suffix s, the bubbles 
of any optional kind of liquid are considered to 
require ¢ times as much energy as those of 
distilled water when they leave the heating 
surface; in which case the formula will be as 
follows from Jakob’s study [12]: 


d,\* (y" r 
(7. (>) (.) 
On the other hand, supposing that the frequency 


of bubble formation varies in accordance with 
the following expression: 


f=f,/¢ 


the formula y = 400 m/hr = (constant) from the 
writers’ experiment [26] will bring forth 
the following expression: 


(18) 


(19) 


is Gest da.\* ¥,° 
do; db tas | dy i 


Pi(d2y''r) 


dof 


Therefore X 


where 
P = 400 d?, 


According to the result of an experiment 
conducted by the writers [25] when air is 
injected into the liquid through one outlet, there 
is a distance from the heating surface at which 
the liquid stirring effect of the air bubble dis- 
appears when the air injecting outlet rises from 
the heating surface, and this distance varies 
according to the property of liquid. This distance 
is called “the effective stirring length of bubbles’’, 
and there also exists a similar length for 
nucleate boiling. The writers investigated the 
effect of the liquid level H on boiling heat 
transfer for some kinds of liquid, and found that 
the value of the coefficient of heat transfer for a 
certain liquid level remains constant, irrespective 
of the liquid level and begins to change below this 
level. Fig. 2 shows several examples. The liquid 
level where a begins to change is independent of 
heat flux for the specified liquid. Therefore, the 
writers have called the distance from the heating 
surface, which is equal to the liquid level where a 
begins to change, the effective stirring length of 
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3 


kcal /m*hr °C x 10 


@ ’ 





H,cm 


Fic. 2. Relation between the liquid level an 
coefficient of boiling heat transfer. 


R q 10+ , 
(m)  (kcal/m*hr) Liquid 
3:5 2°§ Distilled 
water 
Distilled 
water 
Distilled 
water 
30°, sugar 
water 


5-0 


bubbles. The following relation holds between 
the effective stirring length of bubbles H, and 
bubble Reynolds number Re,, as seen in Fig. 3: 
I 1 
H, dU,, (22) 
R v 
and d, is expressed by the following equation 
from Fritz’s study [6]: 


T* (Re,) I = T*| 


dj =a 


where 7* and a are proportional constants. 
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Fic. 3. Relation between the effective stirring length 
f bubbles, H,, and bubble Reynolds number, Re,. 
[16]. 


According to the above formula, H, decreases 
with increase in diameter of the bubble. This 
fact is hard to understand if only one bubble is 
considered. It should be kept in mind, however, 
that H, is determined by the stirring effect of the 
total bubble which is the product of the average 
liguid stirring force for one vapour column and 
he number of vapour columns. 

Finally, substituting equations 
(20). (22) and (23) into equation 


(16). 
(12), 


(17), 


(22) the 


following equation is obtained: 


y (24) 


(25) 


6- 7? 
(ab?) 


(26) 


(27) 


V2P 


(28) 


900 m-! (the value of a clean and 
smooth surface under the atmospheric 
pressure); 

400 d?, y,"'r 
specific heat 
pressure; 

thermal conductivity of liquid. 


m/(1 gm): 


1-699 keal/hr: 
of liquid at constant 


As for R, the radius was taken to a horizontal 
circular plate, height to a vertical plate and 
diameter to a horizontal cylinder. 

An attempt will be made to calculate the 
constant term by putting a suffix / in laminar 
flow and another suffix ¢ in turbulent flow 


K, 0-56, K, 0-13: 


K? = 0-211, K* = 0-201; 
m 

Therefore k 

And as 7* 1100, a 

will follow that 


1:034 and 4 1-18, it 


d* 30-1, d* 


41-1; 
Accordingly, the resulting formula will be 
(29) 


(30) 


Y 6°35 XY? (laminar) 
Y = 8:26 X*” (turbulent) 


and the experimental points will be contained 
almost between these two lines as seen in Fig. 5. 
As to the average for experimental points, 


} 8-0 X** (31) 


will be better. Since the numerical values deter- 
mined by experiments at atmospheric pressure 
are used in deriving these formulae, equation 
(31) is the correlating equation of nucleate 
boiling heat transfer in the fresh and smooth 
surface under atmospheric pressure. 


3. EFFECT OF PRESSURE 

If the results of experiments which are either 
above or below the atmospheric pressure are 
correlated by the above-mentioned method, the 
experimental points will slip up in parallel with 
the straight lines of the formulae of equation (31) 
or (29) making the pressure a parameter (see, 
for example, Fig. 4). In order to unify these 
experimental points into one line, a definition 
will be made here for the pressure factor /,, as 
follows: 

P/Ps (32) 

where 

p pressure in question; 

p, = atmospheric pressure. 
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Fic. 4. Correlation of heat transfer in nucleate 
boiling for ¥ ~ Y at various pressures (data of 
Cichelli and Bonilla [3] ). 
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5. Correlation of heat transfer in nucleate boiling. 
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he formula (31) may be rewritten as follows, 
using this pressure factor: 


Y = 8-0 (f,X)*? (33) 
If the data of the writers [26], Jakob [11], 
Cichelli and Bonilla [3], Addoms [1], Insinger 
and Bliss [10], Akin and McAdams [2], Nuki- 
yama [20] and Farber and Scorah [5] are 
plotted out by adopting Y as ordinate and /,,X 
as abscissa, Fig. 5 is obtained and the experi- 
mental points will be unified with 20 per cent on 
the whole. 

Since the variation of the physical properties 
of the liquid with pressure is taken into account 
in the terms XY and Y of equation (33), it is 
considered that the pressure factor f, is the 
correction factor of M in equation (15). Elimi- 
nating d; from equations (14) and (15), an 


expression will be formed as follows: 


l 6 Rq 


7 34 
d?f “7 


y(n) \ ry” 
On the other hand, the following expression 
must hold, assuming that /, is the correction 
factor of M only, 


M p = M,p 35) 


Here, the suffix s refers to the values at atmos- 
pheric pressure. In other words, the factor con- 
cerning the rate of growth of bubble M is 
inversely proportional to pressure p. As the 
writers [18] measured not only a and g but also 
n, d, and f in the experiment of nucleate boiling 
of water under reduced pressures, one can calcu- 
late M from equation (34). Plotting the relation 
between p and M determined by equation (34), 
Fig. 6 is obtained and it is ascertained that the 
relation (35) holds. The right-hand side of 
equation (34) contains the physical properties of 
liquid and the constants which must be deter- 
mined by a boiling experimentand vary according 
to the kind of liquid. Therefore, it can be said 
that the pressure factor f, is the correction 
factor which modifies only the factor concern- 
ing the rate of growth of the bubble with 
pressure, and the assumption in the preceding 
paragraph in which M is only a function of the 
pressure, independent of properties of liquid, 
could be indirectly proved. 





3-0; 

















0-6 


P/Ps 
Relation between rate of bubble growth, 
M, and pressure, p. [18]. 
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4. EFFECT OF CONDITION OF HEATING SURFACE 
Since formula (33) is based on a fresh and 
smooth surface as mentioned before, considera- 
tion should be given to various other kinds of 
surface conditions, e.g. surfaces that are con- 
taminated, roughened or air-adsorbed, in regard 
to the foaming capacity of the surface as has 
been pointed out. The writers previously carried 
out an experiment [9] on nucleate boiling by 
using water containing salt and obtained a 
result as follows. When the heat flux g increases 
91> J2— Gz and decreases as q3—> qo— q, and 
if these cycles are repeated, the degree of con- 
tamination on the surface is considered to be 
definite during one cycle. If the result of the 
experiment is expressed by the curve a ~ 40 (40 
the temperature difference between heating 
surface and liquid), it will resemble Fig. 7, i.e. it 
will produce a « 44? which will go on changing 
its position every time the cycle is repeated, 
maintaining the preceding relation. Accordingly, 
¢ which is defined in equation (36) expresses the 
foaming capacity of the specified liquid: 


C = aR/4@* = (aR)?/(qR)* (36) 


When the physical properties are different, it is 
necessary to have a separate term which indi- 
cates nothing but the foaming capacity, for ¢ is 
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a, 








Fic. 7. Change of the relation a~4@ due to the 
repetition of cyclic heating |9}. 


included in the effect of physical properties. 
Therefore, if f- (see equation (37) ) is defined as 
foamability, it may be looked upon as the factor 
that indicates only the foaming capacity in a 
form from which the effect of physical property 
has been eliminated: 


(37) 


where ¢, is the coefficient of foaming capacity of 
pure liquid on the fresh and smooth surface 
while ¢ represents the coefficient of foaming 
capacity of a combination of the surface and the 
liquid in question. The formula of heat transfer 
in nucleate boiling, in which the condition of the 
heating surface is considered, may be obtained 
by rewriting the formula (33) as follows using 


Se: 


> 


Y = 8-0(fl? £,X)?3 (38) 
That is to say, formula (38) is an expression 
that includes all the cases of heat transfer in 
nucleate boiling. The foamability is something 
that resembles to emissivity in heat radiation, 
which is decided by a combination of the 
condition of the heating surface and of the liquid. 


Generally, when the heating surface is con- 
taminated, foaming capacity either increases or 
decreases. But, it is sufficient to regard f- = | 
in an ordinary contaminated or roughened 
surface, but not in a very contaminated or 
artificially grooved surface. Though it is neces- 
sary to determine f/- experimentally in order to 
know the accurate value of the coefficient of 
heat transfer, in many cases it is sufficient to 
take f- = | in design practice. 


5. APPLICATION TO FORCED CONVECTION 
BOILING HEAT TRANSFER 
5.1. Saturated boiling 
In a case where the saturated liquid flows 
in a tube, the value of the coefficient of heat 
transfer becomes somewhat larger than that 
of pool boiling heat transfer, for which Rohsenow 
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Fic. 8. Correlation of boiling heat transfer inside 
tubes by Rohsenow’s method [22]. 
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[24] has suggested a correlating method such as 
follows, that is, the total heat flux q at forced- 
convection boiling consists of boiling heat 
flux g, and convective heat flux q,: 


G=G+4 (39) 


q, will be calculated by the conventional Dittus- 
Boelter equation. modified by using a coefficient 
of 0-019 instead of 0-023. 


5 a,4é@ 
Vu, = 0-019 Re®s Pr 


(40) 
(41) 


q 


where 
a coefficient of convective heat transfer: 
Nu Nusselt number = a,D/A; 
diameter of tube; 
Reynolds number = vD/v; 
velocity of fluid; 
Prandt] number. 


As for g,. Rohsenow uses a correlating 


equation of his own, 1.e. 


C ) 0-33 
ye / m4 ali (Pr)!? (42) 
mr AL NY 7 7: 


where 
» = viscosity of liquid; 
C., = surface coefficient determined by the 
combination of liquid and heating 
surface (function of contact angle). 


The experimental values of each liquid or each 
experimental condition can be expressed by a 
group of paralleles if correlated by Rohsenow’s 
formula, as shown in Fig. 8, but it causes a 
serious difference to the value of surface coeffici- 
ent C,,. Accordingly, the writers followed up q,, 
by applying their correlating equation (31) to 
the results of an experiment conducted by Piret 
and Isbin [22]. The latter took several liquids of 
different physical properties, and caused them 
to flow through a vertical copper tube, 25-4 mm 
in diameter and 1-46 m in length, boiling under 
atmospheric pressure. We obtained an excellently 
unified result which is indicated in Fig. 9. The 
reason why data of 30 per cent and 50 per cent 
potassium carbonate are omitted in Fig. 9 is that 
these data are considered for the contaminated 
surface. As a result, it may be said that Rohse- 
now’s conception on the forced-convection 
boiling heat transfer is approximately correct 

















Fic. 9. Correlation of boiling heat transfer inside tubes by writers’ method. 


water; 


«, isopropyl alcohol; A, n-butanol; <>, carbon tetrachloride. 





CORRELATION OF NUCLEATE BOILING HEAT TRANSFER 231 


where he believes the total flux in the forced- 
convection boiling to be the sum of convective 
heat flux and boiling heat flux; however, in 
Rohsenow’s coefficient of surface factors are 
included conditions other than that of interface 
between solid and liquid. 

If the line of thought shown in formula (39) 
is applied, the liquid boiling inside the tubes will 
be satisfactorily correlated by using the writers’ 
correlating equation, but it can be applied only 
to cases in which vapour and liquid are quite 
evenly mixed. In those cases where vapour is 
formed into a piston by the excess of vapour, 
such a way of thinking is invalid. It will be 
necessary to make further studies on the flowing 
aspect of vapour-liquid mixtures in_ these 
instances 


5.2. Surface boiling 

Rohsenow holds that the correlating equation 
he has proposed for saturated boiling is also 
applicable to surface boiling, but the writers 
are not satisfied with it for the following reasons: 

(1) In the process of deriving this empirical 
formula, it is assumed nocq, but according to 
experiments carried out by the writers, it turned 
out that nq}. 

(2) Though Rohsenow and Clark state that 
the contamination of the heating surface causes 
a change in the exponent of Pr, the writers believe 
that the effect of the condition of the heating 
surface ought to be included in the surface 
coefficient C,, but not in the exponent of Pr. 

(3) According to the former, the value of C,, is 
different for surface boiling and for saturated 
boiling respectively, even if the combination of 
the liquid and the heating surface is the same, but 
the writers presume that C,, ought to assume the 
same value for surface boiling as for saturated 
boiling. 

The writers tentatively co-ordinated the 
experimental results on heat transfer in surface 
boiling based on the correlating equation which 
they had proposed for pool boiling, though it 
seems to be a questionable treating of the 
mechanism of surface boiling to apply a corre- 
lating equation which uses the concept of the 
effective stirring length of bubbles. 

First, assuming equations (39), (40) and (41) 
valid, g, was evaluated. Next, g — 46 diagrams 


are often used in treating the data of surface 
boiling. When such a correlation is used, several 
parallel lines are formed having the subcooling 
degree of the liquid as a changing parameter. 
If g — 40, diagrams are used, these parallel 
lines can be represented by a single curve, 
where 48, is surface temperature 4,, minus satura- 
tion temperature @,. From these results as well as 
from the experimental results on the formation 
and collapse of bubbles in surface boiling, the 
driving force in the surface boiling heat transfer 
is considered as 4@,. The writers used heat flux 
as a measure of the driving force of heat transfer 
in place of temperature difference. Thus the 
writers tentatively used g,, = q,(40,/40) as the 
heat flux in X of equation (27). A satisfactory 
correlation could not be obtained by this treat- 
ment alone, though this is to be expected. Accord- 
ingly, the writers accounted for the correction of 
the effective stirring length of bubbles. 

In the writers’ correlating equation cor- 
responding to the saturated boiling, the effect of 
the effective stirring length of bubbles is included 
in the form of (7*)'* in the 4* term of equation 
(24). T* is the constant connecting the effective 
stirring length of bubbles to the bubble Reynolds 
number, and it satisfies equation (22). The 
writers considered that the value of the effective 
stirring length of bubbles in surface boiling 
differs from that in saturated boiling, even in the 
same liquid, and modified equation (22) as 
follows: 


| 


T T* (Re,)> (43) 


Therefore 


T = H,,/H. (44) 
where H,, is the effective stirring length of 
bubbles in surface boiling. Though ¢* in equation 
(24) should be modified by this correction factor 
T, the writers corrected YX for the sake of 
convenience. 

Now, according to the experiments of Gunther 
[7] and Rohsenow and Clark [23], the maxi- 
mum diameter of generated bubbles is 3 mm at 
most and about | mm in the mean diameter. On 
the other hand, since the effective stirring length 
of bubbles determined on saturated water under 
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10. Correlation of surface boiling heat transfer by the writers’ method. 
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atmospheric pressure by the writers [16] is 
30mm. A satisfactory result has been ob- 
tained for saturated boiling inside tubes, in 
which case the effective stirring length of 
bubbles determined in the horizontal heating 
surface is used. Presuming the effective stirring 
length of bubbles in surface boiling is of the 
same order of magnitude as the diameter of 
bubbles, it may be reasonable to assume that 
T = d,/H, = 3/30 = 1/10 for water. 

The experimenta] data of Kreith and Summer- 
field [13] and of Rohsenow and Clark [4] were 
treated in this way, and the results are shown in 
Fig. 10. As seen in the figure, the experimental 
points are not only favourably arranged in a 
straight line, but are strongly suggestive of the 
fact that both surface boiling and saturated 
boiling can be represented by a single straight 
line. The same experimental data were treated 
by the formula of Rohsenow and the results are 
shown in Fig. 11. 
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The value of 7 may depend upon thejdegree of 
subcooling. the flowing condition and the heat 
flux. The writers [19] carried out the experi- 
ment on free convection surface boiling in 
order to clarify the effect of the degree of sub- 
cooling. They found that the relation shown in 
Fig. 12 holds between the rising height of bubble 
h, i.e. the height to which bubbles could rise 
without disappearance, and the degree of sub- 
cooling (#, — @,). Since Fig. 12 was obtained 
from an experiment for a narrow range of heat 
flux, the data should be correlated by taking the 
heat flux as the changing parameter in the case of 
a large range of heat flux. In surface boiling, a 
bubble that has been generated on the heating 
surface condenses on its way up. The stirring 
effect of bubbles therefore gets smaller and 
smaller for two reasons, i.e. that the bubble goes 
up from the heating surface and that the size 
of bubble becomes smaller. Consequently, the 
writers assume that the effective stirring length 
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Fic. 12. Relation between rising height of bubble, /, 
and subcooling degree of liquid, 6, — @,.(q = 15,000- 
26,000 kcal/m* hr). 








2 jg Pr-*t 
Fic. 11. Correlation of surface boiling heat transfer 
by Rohsenow’s method. 


. Kreith-Summerfield:  , Rohsenow—Clark. 








Fic. 13. Relation among the number of vapour columns, the temperature difference between the heat- 
ing surface and liquid and the heat flux. 


>, distilled water; @, saponin solution; /\, sodium oleate solution (3 p.p.m.); » , sodium oleate solution (15 p.p.m.). 





of bubbles is equal to the height of the circular 
cylinder that has the same volume of cone with 
one vapour column replaced. The result based on 
the above-mentioned assumption is plotted in 
Fig. 10. 

The above-mentioned correlating method is 
only an example of the application of the writers’ 
correlating equation. The behaviour of bubble 
generation in surface boiling differs from the 
case of saturated boiling. Therefore it is necessary 
to clarify the mechanism of heat transfer in sur- 
face boiling in order to obtain the correct 
correlation of surface boiling heat transfer. 


6. CONCLUSION 

The writers have logically derived a correlating 
equation of heat transfer in nucleate boiling 
for various kinds of liquids whose physical 
properties are different and indicated that this 
correlating equation is applicable to forced- 
convection saturated boiling or surface boiling. 
The writers’ correlating equation has been 
obtained theoretically by analysing the elemen- 
tary processes of the phenomena and is not based 
on a dimensional analysis. It is, therefore, con- 
sidered that a good correlation between the pro- 
posed equation and the data of heat transfer 
shows the adequacy of the results of bubble 
dynamics obtained by the writers, and it is 
necessary to analyse the elementary processes 
of boiling phenomena and elucidate the relations 
underlying them in order to reach a final solu- 
tion to the problem. 


APPENDIX 
The value of M in equation (15) for boiling 
water under atmospheric pressure is deter- 
mined as shown below. Equation (14) can be 
rewritten as follows: 


qR? (nds f ()naar(S*) (Al) 


As seen from Fig. 13, the following relation 
holds for boiling water under atmospheric 
pressure: 


40 = c,n-* (qR)** (A2) 


where 46 = 6, — 6; and c, is the constant which 


9 


varies according to the type of liquid. 
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Fic. 14. Relation between bubble diameter just 
leaving the heating surface and foamability. 

, roughened surface with concentric grooves (average 
depth of groove, 0-1701 mm); 


., roughened surface with concentric grooves (average 


depth of groove, 0:0846 mm); 

, roughened surface with concentric grooves (average 
depth of groove, 0-0425 mm); 

, roughened surface with concentric grooves (average 
depth of groove, 0:0090 mm); 


>, roughened surface with concentric grooves (average 


depth of groove, 0:0750 mm); 

, roughened surface with concentric grooves (average 
depth of groove, 0:1299 mm); 

, roughened surface with concentric grooves (average 
depth of groove, 0:0192 mm); 


. roughened surface with concentric grooves (average 


depth of groove, 0:0578 mm); 


, roughened surface with concentric grooves (average 


depth of groove, 0:0048 mm); 
, roughened surface with crosswise grooves (average 
depth of groove, 0:0375 mm); 


, Nekal X water solution (Jakob); 


, Sugar water (Urakawa); 


, smooth surface R = 5 cm; 


smooth surface R = 7 cm; 


, smooth surface R = 3-5 cm; 


, water solution of saponin; 


, sodium oelate solution ( 3 p.p.m); 


), sodium oleate solution (15 p.p.m.). 


Equation (A2) can be rewritten as follows: 


1 
atte 1/6 1/3 
aR= (.)” (gR) (A3) 
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On the other hand, equation (12) in laminar 
fiow will be rewritten as follows by combining 
the physical constants and the variables which 
are considered not to change for a specified 
liquid: 


aR=cgn8 Gf)? =c, x3 n-8 de® (A4) 


where 
rH, | 1/3 
Cg = AK Pres "ie 


Eliminating a from equations (A3) and (A4), 
the following expression can be obtained: 


(A5) 


n i. : ) (af)? (gR*) 
"=z 


Eliminating g from equations (Al) and (A2), 
the following equation can be obtained finally: 


Mn? R (A6) 


M = () (Cx ¢,)?>n*?R 


Since c, = 0-149 mhr?*°C/(kcal)**, r = 538-8, 
keal/kg, y”’ 0-598, kg/m*®, y = 400 m/hr and 
Cxx'*® = 1800 kcal/m® *hr°C (from Fig. 14) for 
the boiling water under the atmospheric pressure, 
the numerical value of M in this case is 
M = 900 m-?. 
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Abstract—The fundamental equations for the steady-state flow of a gas through a porous medium with 

prescribed heat source are derived. Application of these equations enable the pressure drop and the 

flow distribution of a gaseous coolant through a pebble-bed type nuclear reactor to be calculated. 

One exact solution is given. The maximum gas temperature is found to be very much higher than the 
mixed mean value. 


Résumé—Les equations fondamentales de l’écoulement permanent d’un gaz dans un milieux poreux ont 

été établies en présence d’une source de chaleur. L’application de ces équations conduit au calcul de 

la perte de charge et de la distribution de l"écoulement d°un fluide refroidisseur gazeux dans un reacteur 

du type a lit granuleux. Une solution exacte est obtenue. La température maximum du gaz est trouveée 
bien supérieure a celle donnée par la valeur moyenne du mélange. 


Zusammenfassung—Fiir die stationare Str6mung eines Gases durch ein poréses Medium mit 

rgegebener Warmequelle werden die Grundgleichungen abgeleitet. Diese Gleichungen gestatten 

die Berechnung des Druckabfalls und der Str6mungsverteilung eines Kiihlgases beim Durchtritt 

durch einen Kernreaktor vom pebble-bed-Typ. Eine exakte Lésung wird mitgeteilt. Man findet, 
dass die héchste Gastemperatur sehr viel hoher als der Mittelwert ist. 


Abstract—Bnipejenbl OCHOBHBI€ VpaBHeHIIA TepeHoca rasa Yepes MopucTyw cpely (aA 
UIOHAPHOrO pewAMMa C BaaHHbIM TeMIOBLIM HCTOUHMKOM. I]pumMenenie 38TIx VpaBHeuitil 
BOIAeT BLIYHCAIHTh Nepenal WaBIeHil WM pacipeedenwe CKOpOcTH MOTOKa rasa B Cpeze 

IHOSeCPHICTOrO AepHOoro TOMauBa peakTopa. Iloayyeno ToUHoOe pelleHne NMOCTaBAeHHO!t 
laut. Haiiqeno, YTO MakCliMadbHand TeMMepaTypa raza 3HauMTeIbHO NpeBblllaeT Cpe HOW 
remillepaTypy cmMeci. 


NOTATION Greek symbols 

ny coherent set of units may be used. B. defined in equation (18); 
defined in equation (6): ; defined in equation (15); 
defined in equation (18); K, defined in equation (21); 
defined in equations (4), (5): k i(k 1): 
specific enthalpy : : defined in equation (15); 
isentropic exponent; : az/L: 
reactor core length; a densitv: 
pressure, . re : defined in equation (13); 
heat generation per unit time r. defined in equation (16): 
volume; ; aR/L. 
radial co-ordinate: 
reactor core radius: 
root of equation (12); 
temperature; Subscripts 
specific volume; : tensor index; 

r/R: i, radial component; 

axial co-ordinate. , axial component; 
defined in equation (27) inlet condition. 
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INTRODUCTION 

THE problem of flow distribution in gas-cooled 
nuclear reactor cylindrical channels has been 
treated in a previous paper [1]. It was shown 
that if the cooling channels are of the same 
size the non-uniformity of heat generation 
in the reactor core distorts the coolant flow in a 
very unfavourable way, such that hot spots are 
cooled by a smaller quantity of gas. In order to 
achieve a more uniform temperature distribution 
in such reactors, it is therefore necessary to vary 
the size of the cooling channels or to use suitable 
throttling devices at certain channels. 

In case of the so-called pebble-bed reactors, the 
coolant flows through the rather irregular space 
between the pebbles. There are no straight 
guiding channels for the flow. Since cross-flow is 
possible in this case, the effect of non-uniform 
heating will be accentuated and the flow pheno- 
menon is very much more complex than in the 
case of straight channels. 

In this paper the fundamental equations of 
such a gas flow through a porous mass with non- 
uniform heat generation will be formulated. One 
exact solution of these equations for a typical 
case can be given. In general, however, only 
numerical solutions using digital computers 
would be feasible. 


THE FUNDAMENTAL EQUATIONS 

Consider the steady-state flow of a gas through 
a pebble-bed reactor. Since the flow space 
between the pebbles is irregular, it would be 
impossible to treat the flow field in detail. We 
shall therefore take the whole pebble-bed as an 
isotropic porous medium and consider only the 
mean velocity of gas flow through a unit section 
perpendicular to the average mass flow. Let u, 
be this mean velocity vector.* Then the con- 
tinuity equation may be written as 


div (pu,;) = 0 


l/v being the density of the flowing gas. 


* No distinction is made between a vector and its 
components nor between its covariant and contravariant 
components in case of non-Cartesian co-ordinates [2]. 
There should be no danger of confusion. The summation 
convention of tensor notation is understood where it 
applies. 


The energy equation, neglecting heat conduc- 
tion through the mass, is: 


pu,;. gradh = O 


where / is the enthalpy per unit mass of the gas 
and Q is the density of heat generation. Intro- 
ducing the Nabla operator, the above equations 
may be written as 
Vi, 


pu; Vih O 


pu; Viv 


The equation of motion for the flow in a 
porous medium can be written in the following 
form in the case of laminar flow [3]: 


Vip + au, 0 (3) 


Namely, the pressure gradient is proportional 
and parallel to the velocity vector, a being the 
Darcy coefficient, which is proportional to the 
viscosity of the gas. For turbulent flow in one- 
dimensional case, the pressure head drop is 
related to the velocity head by: [3]* 


(dp/dx) + F' pu? = 0 (4) 


where F’ depends on the Reynolds number of 
flow. A generalization of this expression to a 
three-dimensional case can be accomplished by 
assuming that, on account of isotropy, the pres- 
sure gradient is in the same direction as the mean 
flow and that its magnitude depends only on the 
magnitude of the mass flux density; thus 


Vip + F(p|u|)u; = 0 (5) 


where F(=F'p|u|) actually is a function of 
the Reynolds number, but the dependence on 
viscosity and on porous structure is ignored in 
the present study. F may be taken as 


F a bp|u| (6) 


where a and b depend only upon the viscosity of 
the gas and the structure of the porous mass, 
The one-dimensional case of (5) reduces to a 
well-known form [3] of equation (4). Equation 
(3) is included in (5) if 6 = 0 or at small mass 
flux. 


+ For high Mach numbers, a term proportional to 
pu(du/dx) must be included. This term may be neglected 
in the present application. 





One more equation is needed to complete the 
description of the flow. The coolant will be 
taken as a polytropic gas (i.e. ideal gas with 
constant specific heats) or more generally a 
polytropic vapour [4]. Then the specific enthalpy 
is given by: 


h = Apv + const. AHki(k—1) (7) 


where & is the isentropic exponent. 

Equations (1), (2), (5) and (7) are now com- 
pletely sufficient for the problem. If the boundary 
conditions and the heat source Q are given, the 
unknown quantities u,, p, v, A can be solved. It is 
evident that an exact solution is impossible in the 
majority of cases. 

In the application to pebble-bed reactors, it 
can be assumed that the pressure drop through 
the reactor is only about a few per cent of the 
absolute pressure [1]. In equation (7) the effect 
of pressure change on enthalpy can then be 
neglected and the flow can be considered as 
practically isobaric with respect to density and 
temperature changes. Equation (7) can be 
written as 


Via = ApVu 


where / is the mean pressure. Substitution into 
equation (2) results in 


pu,Vw = u,V; (log v) = Q/Ap (8) 


and, using equation (1), 


Viu,; QO/Ap (9) 


We thus obtain the interesting result that the 
velocity field corresponds to that of an incom- 
pressible flow having a mass-source distribution 
proportional to the actual heat source. 


THE CYLINDRICAL REACTOR PROBLEM 


We shall now apply the above set of equations 
to a cylindrical reactor core with radius R and 
length L, Fig. 1. The cooling gas enters from 
one end at the cylindrical co-ordinate z = 0 and 
leaves the other end at z = L. The heat source 
density is assumed to be axisymmetrical and is 
given by [1]: 


7 


§ 
Q.>: 2I,(s) 


~ 


O(r, Zz) Jo(ws) sin & (10) 
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where 
w=r/R, €=72/L 


(11) 


and OQ is the average density of heat source in the 
entire reactor core. s is the smallest root of the 
equation 


J(s) = osJ,(s) (12) 


and 
_ Q 
oR = dQ dr R 


is the so-called extrapolation length, which 
depends on the effectiveness of the reflector on 
the cylindrical surface. 





Y 





Fic. 1. Cylinder co-ordinates of the reactor core 
Gas flows vertically upward. 


Using (10), equation (9) in cylindrical co- 
ordinates becomes 


l —AWttr) i” 


. Jo(ws) sin € (14) 


s 
0. 
4/,(s) 


where 

ph, =U, Uo, br = Uy Uo, % =7R/L 
a > (15) 
@ =(4T)/T, = (7R®LO)/(aR?0,Ap) 


u., u, are the axial and radial components of the 
velocity vector, %, being the mean velocity at 
entry. 4 is the ratio of the mixed mean tempera- 
ture rise (47) to the absolute temperature* 7, 
of the gas at entry. 


Now define 
(16) 


T = v/Uo 


* This is correct only for polytropic gas. For poly- 
tropic vapour, the modification is obvious. 
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where vy is the specific volume at entry. Since the 
pressure has been assumed constant, 7 is also the 
ratio of absolute temperatures. Substitution of 
(10) into equation (8) gives 


c log tr 
c€ 


. J (sw) sin & (17) 


s 
6. 
4J,(s) 
Finally, writing 


8 ==(po — P)/(Ap)o. (4pP)o = Fl poto iol (18) 
f = F(p|u|)/F( potty) 


equation (4) can be separated into its com- 
ponents: 


cB (= ma ep 


c& f ow it (MY (19) 


The normalization denominator (4p), is evidently 
the pressure drop which would result if there 
were no heat generation and the gas conditions 
at entry could remain unchanged during the 
through flow. 

The four equations (14), (17), (19) now form a 
simultaneous set for the four unknown quantities 
i.. ft,, T, B. The boundary conditions are 


0,8 =0 

i, = {}2pu.w dw 
= 0 for é = 72, 
cw 


i } or ¢ 0 


or w = O and w | 


If equation (6) is used, the function / can be 
written as 


1 + «|p|/7 __ bpoti 
, &=S 


21 
l+k a (21) 


« is a measure of the degree of turbulence and 
depends upon the Reynolds number at entry. 


LAMINAR FLOW 


One exact solution is possible for a special 
form of f, namely if in equation (5) F is constant 
or in (21) f = 1, which is the case if the flow is 
everywhere laminar and if the change of viscosity 
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with temperature is negligible. Then equation 
(3) applies and equations (19) become 


cp cB 


hes 3 22 
cé Me Ow ( 


uu, 
Taking the divergence of equation (3) or of 
equations (22) and substituting equation (9) or 
equation (14), one obtains a Poisson’s equation: 


V; Vip + QO =9Q 


23 
Ap (25) 


for the general case and 


wis 


Q - Ot J (sw) sin € 


(24) 


for the special case of equation (10). 

Equation (24) with the boundary conditions 
(20) can be readily solved analytically by classical 
means. The result is 


B(w, &) (1 4 sé 


6 ws? [Jy(ws) 
4 J? + s* 1} sJ,(s) 


I (bw) 


n ed sin € 


cp i 
uAw, &) ee 1 + ) 
6 ps? [J,(ws) 
4 wv alse 

op 

w ” é@w 
6 ws* [J,(ws) 
4 PS also 


+ (25 
1 (wis) bo 


' ia | se 


,(W, é) 


hwy) sin & 
1h) ; , 


J and J are the two Bessel’s functions. The 
correctness of (25) can be easily verified by 
substituting into equations (20) and (24). 

Fig. 2 shows the velocity components «, and 
u, for o = 0, (s = 2-405) and ¢ = 7/2(L = R2). 
It may be noted that the velocity field is practi- 
cally axial if @ is not very much greater than unity. 

To determine the temperature field, it will be 
necessary to solve equation (17) together with 


(25). The boundary condition is 
+=I1foré=0 (26) 


This is a differential equation of first order and 
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can be solved numerically or graphically using 
the well-known isocline method. Owing to the 
complexity of equation (25) an analytical solution 
is difficult. 

If only the maximum temperature 7,, = T,,,/T> 
is needed, then this can be determined analyti- 
cally. It can be seen that the maximum tempera- 
ture must occur on the stream line through the 
cylindrical axis. For this stream line, we have 

















Fic. 2. Coolant velocity field within the reactor core. 
The plotted values are the axial and radial compon- 
ents of the additional velocity above the adiabatic 
incompressible values. The additional velocity is 
proportional to the average heat generation. 


evidently un, = 0 always due to symmetry. Then 
equation (17) becomes: 
dlogr @ 5 


a 
dé 4° J,(s)- ms 


AO, €) 
and substituting », from (25): 


(6/4) [s/J,(s)] sin € dé 
(1 + 6/2) — (6/4) Z( 4, s) cos € 


d log t 


Zu, s) = | (27) 


iy l l 
(Y? + 5) Er T dh) 
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This is readily integrated. The maximum tem- 
perature is at the exit point € = =z and its value 
is 

(4/4) Zs. Ss)" 

(6/4) Z(u, Ss) 


(1 + 6/2) 
(1 + 6/2) 
| T 5 us? 


(28) 
sJ\(S) U1) 

For the data above (s 2-405, ub 
evaluation of (28) results in 


5-15, for @ 
14-7, for @ 


(29) 


These values are very much higher than the 
mixed mean temperature, which is, by definition, 
given by 


6 (30) 


The maximum temperature rise can therefore be 
many times the average temperature rise. 


TURBULENT FLOW 


The assumption of laminar flow is perhaps 
non-realistic for the application to pebble-bed 
reactors. If turbulence is assumed, then the 
general expression (21) must be used in equation 
(19), and only numerical solution using digital 
computer would be feasible. However, some 
qualitative effects of turbulence may be inferred 
from the basic equations. Since according to 
Fig. 2 the magnitude || of the velocity does not 
vary very much at sections perpendicular to the 
axis, the mass flux density in one section will be 
principally determined by the temperature, 1.e 
7 in equation (21). Near the axis the heat rate 
and hence the temperature is high. The frictional 
force f is smaller according to (21). Equations 
(19) then show that the velocity there will be 
higher than in the laminar case. This would 
mean that the central part gets more cooling gas 
and the temperature is therefore less acute than 
in the laminar case. Hence turbulence favours the 
temperature distribution. 


CONCLUSION 
It is seen from the calculation that although 
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the velocity field depends mainly upon the 
average heating rate of the cooling gas and is 
rather uniform throughout a cross-section of the 
flow, the temperature field may be quite non- 
uniform for laminar flow. The maximum value 
of the temperature rise may be many times the 


average value. Turbulence in the flow may 


flatten the temperature peak, but the exact value 


cannot be determined without a more thorough 
solution of the given equations. 
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BETWEEN 75° AND 260°C AT PRESSURES UP TO 
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Abstract—The thermal conductivity of heavy water having an isotopic purity of 99-85 per cent was 
measured with a vertical coaxial cylinder apparatus at pressures between 24 and 294 atm in the tem- 
perature range 75° to 260°C. The pressure range of the experiments included the critical pressure 
(218 atm). 

Identical with the trend exhibited by water, the thermal conductivity of heavy water was found to 
increase with rising temperature to a shallow maximum near 110°C and to fall with a further rise in 
temperature. The influence of pressure on thermal conductivity was small, and at 75°C amounted to 
an increase of 0-77 per cent for a pressure rise from 1 to 100 atm. This is similar to the values reported 
for natural water by previous investigators 9, 11°. 

In comparison with natural water, the thermal conductivity of heavy water, in the range investi- 
gated, was always lower. According to these tests the ratio ky,0/kp eo increased almost linearly from 
1-045 at 75°C to a value of 1-134 at 260°C. 

No measurements of the thermal conductivity of heavy water have previously been reported at 
temperatures above 82°C. Below this temperature the present data are in good agreement with 

earlier work. 


Résumé—La conductivité thermique de l’eau lourde ayant une pureté isotopique de 99,85 pour cent 
a eté mesurée avec un appareillage a cylindres coaxiaux verticaux a des pressions variant de 24 a 294 
atmosphéres et a des températures variant de 75° a 260°C; le domaine des pressions utilisé dans 
l"expérience comprenanit la pression critique (218 atm). 

Suivant la tendance montrée par l’eau, la conductivité thermique de l’eau lourde augmentait avec la 
température, jusqu’a un maximum aplati a 110°C environ et décroissait quand la température 
augmentait encore. L’influence de la pression sur la conductivité thermique était faible et, a 75°C, cor- 
respondait a une augmentation de 0,77 pour cent pour une augmentation de pression de | a 100 atm. 
Ces résultats sont analogues a ceux trouvés pour l'eau naturelle par les auteurs précédents [9, 11}. 

Comparée a celle de l'eau naturelle, la conductivité thermique de l'eau lourde était toujours inférieure, 
dans le domaine étudié. D’apres ces experiences, le rapport ky,0/kp,0 augmentait presque linéaire- 
ment de 1,045 a 75°C a 1,134 a 260°C. 

Jusqu’a présent, il n’existait pas de résultats connus de mesures de conductibilité thermique de l'eau 
lourde a des températures dépassant 82°C. Au-dessous de cette température, les résultats présents sont 

en bon accord avec les études précédentes. 


Zusammenfassung—Die Warmeleitfahigkeit von schwerem Wasser mit einer Isotopenreinheit von 
99.85 Prozent wurde in einer Apparatur mit senkrechten koaxialen Zylindern bei Driicken von 24 
bis 294 atm und Temperaturen von 75° bis 260 “C gemessen (kritischer Druck 218 atm). 

Ahnlich wie bei leichtem Wasser hat auch die Warmeleitfahigkeit von schwerem Wasser ein flaches 
Maximum bei 110 “C. Der Druckeinfiuss ist gering; bei 75 °C erhéht sich die Warmeleitfahigkeit um 
0.77 Prozent bei Druckerhéhung von 0 auf 100 atm. Fiir leichtes Wasser wurde ahnliches beobachtet 
9,11]. 

Im Versuchsbereich war die Warmeleitfahigkeit von schwerem Wasser geringer als die von leichtem 
Wasser. Das Verhaltnis ky,0/kp.o steigt linear von 1,045 bei 75 “C zu 1,134 bei 260 °C an. 

Fir den Bereich oberhalb 82 °C wurden bisher keine Ergebnisse mitgeteilt. Unterhalb dieser 

Temperatur stimmen die Werte dieser Arbeit gut mit friiher ver6ffentlichten iiberein. 
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Abstract—«llecaeqopanne TenaonpoBoAHOCcTH TAAeIOI BOWL B MHTepBase TeMnepaTyp O71 


75° no 260°C nt aapaeHna fo 300 aT.» 


hoampunnent Tenl1onpoBpowqHocTu 


rake on 
OnpeleiAeTCAH OOBIMHEIM MeTOOM B jlamosoHe TeMMepaTypbl OT 75° 30 


yncToTON 99,85° 


260°C uw tas 


BOJbI C HS0TOTIHOL 


Oo 


IeHHH 


oT 24 Wo 294 aT, BKOUaA HO KpuTMmveckKkoe aBaenne (218 at 


Baro VCTAHOB.1eHO, YTO C NOBbIMeCHHeM TeMiMepaTypbi KOoPPULMeHT 
remMilepatType 


VReIM4NBaeTcA, Tp 
llopbimuenne jabp.leHis 


TAARENON BOLbI 


VMeHbINaerTcH. Ma.lo 


NpOBOMHOCTH, HanpuMep, Ip VReM4eHH aBlenusa oT 1 Wo 
\HaJloru4unbe 


cocTaB.ineT 0,77° 


ren dIONpoBo THOCTIH 
9.11) aa oOnrmHoll BOI. 


HCC1eOBATeEAAM I 
hoadpnimieH1 


o- 


lapaMeTpaX MeHbUe KOaPPUMMeHTA TeMAONPOBOLHOCTH OObIMHOTT 


KH.0 
Kp.0 
a npn 260°C 


TAAReION BOLL BbITTe 


fipit TeMimepatTypax 


remnepatypax Huvke 82°C qaHHble aBropow COBMALaOT © paHee OTN 


DIMENSIONS 
cm °C-! 


LIST OF SYMBOLS AND 
thermal conductivity 
sec"); 
thermal conductivity 
cat cm~* “C-* sec); 
length of emitting cylinder (cm); 
absolute pressure (atm) ;* 
heat flow (cal sec~');* 
radii of emitting and receiving cylinders, 
respectively (cm): 
surface temperatures of emitting and 
receiving cylinders, respectively (~C); 
absolute temperature ( K): 
pressure coefficient of thermal 
ductivity (atm~'). 


(cal 


at zero pressure 


con- 


1. INTRODUCTION 
THE thermal conductivity of heavy water in its 
liquid phase at | atm pressure has been studied 
by three investigators. 

Bonilla and Wang [1] measured the thermal 
conductivity of 93 per cent pure heavy water 
relative to natural water in a two-gap horizontal 
plate apparatus between 15° and 60°C. Ac- 
cording to these authors’ observations the ratio 
of the respective conductivities ky,0/Ap,0 varied 
linearly with temperature, rising from 1-016 at 
10°C to 1-033 at 60°C. 

Meyer and Figen [2] investigated a sample of 
heavy water of 95 per cent purity using a modi- 
fication of the flat plate apparatus characterized 


660 mm Hg. 
4-184 J. 


* | atm 
+ 1 cal 
Q 


ABIAeTCA nHeliHol PyHKunell TeMmepaTypbl, Mpu 75 C aro omkiuAaenne 


1.134. OkenepuMeHTadbHble WanHble MO KOadMpuleHnTy 
82°C 


renm1OmpoBoqHocTHu 
MaKCHMYMa, a 3aTeM 
KOOP UIMeHTAa TeIM10 
npn 75 C n3Menenne 
pyrumn 


110°C 
InHeT Ha 


ocruraet 
BeTMUMHY 
100 at 
Obl 


-LaHH ble MO.TV4eHbI 


re IOMpOBOTHOCTIL THAe TON BO Lb kp.o Hpi HCC LOBAHHBIX PeAKITMHBIX 


BOUbE Ay.O. Ontnaenne 


paBHo 1,045, 


ren.1OMpoBoqHocTH 


BiepBbIe MpiiBbe enh t TOM CTAaTbet Tpit 


OTHKOBAHHBIMEM 
by an unusually wide gap (5 cm) and a small 
cross-section (3 cm?). 

The most extensive measurements are due to 
Challoner and Powell [3] who studied the thermal 
conductivity of 99-95 per cent pure heavy water 
in a guarded hot-plate apparatus over the range 
from 2° to 82°C. 

Despite the good numerical agreement between 
the results of the various authors—the deviation 
of individual data from a mean curve was rarely 
more than | per cent—some characteristic trends 
and differences became apparent during a 
recent survey of these three investigations, on the 
basis of which new values were proposed for 
the thermal conductivity of heavy water in 
the temperature interval from 10° to 80°C [11]. 

Heavy water is used in atomic power plants as 
a reactor coolant and moderator, and it was 
chiefly because of the former application that 
more data on its thermal conductivity were 
required covering a wide range of temperature 
and pressure. 

2. DESCRIPTION OF METHOD 


The vertical co-axial cylinder method with 
guard rings, which had been successfully em- 


ployed in two previous investigations on the 
thermal conductivity of liquefied gases [4, 5], 
was also chosen for the determination of the 
thermal conductivity of heavy water. In this 
method, heat is generated in an inner emitting 
cylinder, and conducted radially through the 


narrow fluid-filled annulus to a co-axial re- 


ceiving cylinder. From the measured surface 
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temperature of the emitting and receiving 
cylinders, the amount of heat conducted radially 
through the annulus, and the dimensions of the 
apparatus, the thermal conductivity can be 
evaluated from the following equation: 

k O In (rs/r,)/27L(t. — ty). 


3. EXPERIMENTAL 


3.1 The conductivity cell 

An annotated cross-section of the conductivity 
cell, the retaining autoclave and the thermostat 
is shown in Fig. 1. 

The inner emitting cylinder (1) and two heat 
guards (2) and (3) of the same diameter were 
mounted on a stainless steel sheath (4). The 
emitting cylinder and each heat guard were 
heated by independently controlled electric 


heaters (5), consisting of uniform windings of 


constantan wire on a glass former (6). Each heat 
guard was separated from the emitting cylinder 
by mica washers (7) and (8) of 0-1 cm thickness. 
Current for the heaters was drawn from a large 
nickel-iron battery. An outer receiving cylinder 
(9) was arranged coaxially about the emitting 
cylinder to form an annulus of nominally 0-02 
cm width. Accurate coaxial alignment was 
achieved by three uniformly spaced mica leaves 
of equal thickness, inserted into each end of the 
annulus and held in place by grub screws (10). 

Holes were drilled through the emitting and 
receiving cylinders, and into these holes, close 
fitting thin walled stainless steel sheaths (11) 
were inserted, to protect the thermocouples 
placed in them from the effects of pressure and 
the chemical action of the substance investigated. 

The cylinders were made of Hidural 5, a high 
conductivity copper alloy, supplied by Langley 
Alloys, Ltd., Slough. The conductivity cell was 
placed within a monel autoclave (12) designed 
for pressures up to 300 atm at 400°C. To reduce 
convection in the experimental fluid in the auto- 
clave, the free spaces above and below the 
emitting and receiving cylinders were filled as 
far as possible with suitably shaped pieces of 
fired pyrophillite (wonderstone) (13) and (14). 
The autoclave was filled by means of the inlet 
connexion (15) in the lid. 


3.2. The thermostat 
The assembled autoclave was placed in a 


heavy gauge steel tube (16) which carried on its 
external surface an electric heater. To ensure 
good thermal contact, whilst at the same time 
providing for the differential thermal expansion, 
the inter-space between the heat tube and the 
autoclave was filled with aluminium powder. 
The temperature of the conductivity cell was 
maintained by a Sunvic Resistance Thermo- 
meter Controller, Type RT 2, which controlled 
the current in the thermostat heater. The tem- 
perature-sensing element, a platinum resistance 
thermometer (17), was placed in a hole drilled in 
the body of the autoclave. 

In addition, manually controlled electric 
heaters (18) and (19) were fitted to the top and 
bottom of the heater tube to compensate for end 
losses. All thermostat heaters were fed from the 
electric mains via a common voltage stabilizer 
and individual variable transformers. Chrome! 
alumel thermocouples were attached to various 
parts of the thermostat, so that axial tempera- 
tures could be checked and the heater controls 
adjusted accordingly (see Fig. 2). 

The complete assembly of autoclave and 
thermostat was suspended on four chains (20) 
and was thermally insulated. The temperature 
Stability with this arrangement was very good. 
Variations from a chosen value over a period of 
several hours were less than 0-01°C, and in 
some cases this stability was maintained for 
several days. 


3.3. The pressure transmitter and expansion 

vessel (Fig. 2) 

Part of the investigation was conducted at 
elevated pressures not only because of the in- 
creasing saturation pressure with increasing 
temperature, but also because it was intended 
to study in general the effect of pressure on the 
thermal conductivity in the temperature region 
above 100°C. In view of the wide range of experi- 
mental conditions (pressure, temperature), some 
expansion of the test fluid, filled initially at am- 
bient conditions into the autoclave, will take 
place. To allow for these changes in volume, and 
at the same time separate the heavy water from 
the pressurizing fluid, an expansion and pressure 
transmitting vessel PT was arranged between the 
autoclave containing the conductivity cell and 





H. ZIEBLAND and J. T. A. BURTON 





To manometer 





To McLeod gauge 
To atmosphere 











To vacuum pump 


























Fic. 2. Schematic lay-out of experimental apparatus. 


Conductivity cell. 
Potentiometer 

Cold junction 
Thermocouples 
Voltage stabilizer 
Thermostat controller 


the high pressure and low pressure balances 
HB and LB. 

The lower half of this vessel was filled with 
mercury as a separating fluid between the oil 
from the pressure balance and the heavy water 


that rested in the immersion tube above the 
mercury. The volume of the immersion tube was 


sufficiently large to allow for the expansion of 


the quantity of liquid contained in the autoclave. 
The pressure of the test fluid in the autoclave 
was kept constant at a desired value by occa- 
sionally operating the oil presses of the high or 
the low pressure balances HB or LB, respec- 
tively. 


3.4. Temperature measurement and calibration of 
thermocouples 
All temperatures were measured with copper- 
constantan thermocouples, and an ice bath was 
used to provide a reference temperature. The 


R Resistance thermometer 
S,, S., S; Variable transformer 
G,.G, Pressure gauges 

HB High pressure balance 
LB Low pressure blance 
PT Pressure transmitter. 


e.m.f.s generated by the couples were measured 
with a Dhiesselhorst potentiometer having a 
least count of 0-1 «.V. With these thermocouples 
a temperature variation of 0-0025°C could be 
detected. 

The thermocouples were made of multi- 
stranded wires to minimize the effects of in- 
homogeneities on thermal e.m.f.s; twelve wires, 
44 s.w.g. formed the constantan member, and 
four wires, 40 s.w.g. the copper member. The 
junctions were silver-soldered into small copper 
cylinders which, in turn, were hard-soldered to 
the ends of thin-walled stainless tubes. 
Electrical insulation inside the stainless steel 
tube was provided by twin-bore alumina tubing. 
The cold junctions were made in an identical 
way, with the exception that the wires were 
supported by twin-bore silica tubes and the 
soldered junctions at the ends were electrically 
insulated by a thermo-setting resin. The upper 


steel 
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ends of the hot junctions contained in the stain- 
less steel tubes were also sealed by a thermo- 
setting resin after they had been dried by heating 
to about 300°C. This construction eliminated 
slow oxidation of the thermocouples and the 
ensuing effects on the thermal e.m.f.s. 

The two thermocouples for measuring the 
important temperature difference across the 
fluid-filled annulus were located in the middle of 
the emitting and receiving cylinders, respectively. 
For the control of the heat guards, a thermo- 
couple was placed in each guard cylinder about 
3 mm from the separating mica washer. By 
means of steel springs. which pressed the thermal 
junctions against the closed end of the retaining 
sheaths, good thermal contact was ensured. 

The calibration was performed by replacing 


the autoclave shown in Fig. | by a block of 


copper of the same dimensions. A central hole 
was drilled in the block to accommodate a 
NPL-calibrated platinum resistance thermo- 
meter, and the thermocouples were placed in 
holes drilled on a pitch circle round it. The 
temperature was then controlled by the same 
thermostat that was used when making con- 
ductivity measurements. An ice bath provided 
the reference temperature. Over the temperature 
range from 20° to 385°C the e.m.f.-temperature 
relationship could be represented by a cubic 
equation. 

Although multistranded wires were used in 
the construction of the couples, small differences 
of the order of 1 »V were observed for the same 
temperature between individual couples. The 
thermocouples were therefore frequently inter- 
calibrated in situ in the thermal conductivity cell 
with the emitter heaters switched off, as explained 
later. 


3.5. The geometric constant, and its dependence 

on temperature 

The equation for the evaluation of the thermal 
conductivity given in Section 2 contains the 
term In (r,/r,)/27L which is solely dependent on 
the linear dimensions of the apparatus used. It 
is usually referred to as the geometric constant 
of the conductivity cell. 

To obtain a high degree of absolute accuracy, 
precision machining of the emitting and receiv- 
ing cylinders was essential. The construction of 


the cell used in this research was carried out 
by Pitter Gauge and Precision Tool Company, 
Ltd., Woolwich, who also determined the di- 
mensions contained in the geometric constant. 

It was found that the deviations of the dia- 
meters of emitting and receiving cylinders from 
mean values of 3-3062 cm and 3-3493 cm, 
respectively, were less than 0-0001 cm at any part 
of their entire length. 

The dimensions of the cylinders at the tempera- 
ture of the experiments were calculated from 
the known dimensions at 20°C and the coeffi- 
cient of thermal expansion of Hidural 5 quoted 
by Langley Alloys, Ltd., Slough [6]. The geo- 
metric constant changes only by 5 per cent 
over the temperature range from 75° to 360°C, 
so that, even if the data for Hidural 5 were some- 
what in error, the effect on the accuracy of the 
reported data on the thermal conductivity of 
heavy water would be almost negligible. 

Because of the low compressibility of metals, 
pressure had an insignificant effect on the di- 
mensions of the cylinders. 


3.6. The heater and electrical energy measurement 
The emitting cylinder and the two guard 


sections were heated by an electrical heating 
element which consisted of three separate, 
closely wound sections of 30 s.w.g. glass-covered, 
oxidized constantan wire. 

Various configurations of this kind of heater 
were constructed and tried: the one described 
below was found to be the most satisfactory for 
use at elevated temperatures. 

It consisted of a central, 2 ft long, thin-walled, 
stainless steel tube of 0-25 cm external diameter 
as structural support, on the surface of which, 
alternately, glass tubes and glass rods of 0:2 
cm diameter and a total length equal to that of 
the heater were fastened. Over this assembly the 
three heater sections were wound and _ hard- 
soldered to 22 s.w.g. pure silver leads, which 
were brought down to the requisite position 
inside the glass tubes. In addition to the current- 
carrying leads, a pair of potential leads was 
connected to the centre section of the heater. 
Several layers of glass tape wound over all 
sections provided additional protection against 
mechanical and electrical hazards, and also 
ensured a close fit in the heater sheath. 
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This construction offered a number of ad- 
vantages Over previous designs, the principal one 
being a considerable reduction. if not elimination, 
of axial heat exchange between individual heater 
sections. The heat dissipated in the emitting 
cylinder was evaluated from measurements of 
the current flowing through the appropriate 
heater section and the potential difference across 
it. The current was determined by measuring the 
potential difference across a standard resistance 
of 0-01 (2; the potential difference across the 
heater was obtained with the aid of a potential 
divider having a ratio of 10#:1. All measurements 
of potential differences were made with a Diessel- 
horst-pattern potentiometer, made by H. Tinsley 
and Co., Ltd., London. 

Because of the small currents employed, and 
the high electrical conductance of the leads, no 
corrections were required for the small quantity 
of Joule’s heat generated in those portions of the 
leads which were situated in the centre section 
of the heater. 

A further error could arise through conduction 
of heat along the 22 s.w.g. silver leads which 
carried the current to the main heater. The guard 
ring heaters, however, were always carefully 
adjusted so that the axial temperature difference 
between the centre of the emitter and the guard 
rings was only about 0-045°C. Because of the 
close contact between the heater and the metallic 
heater sheath (4), which in turn fitted with a press 
fit into the emitter cylinder assembly, a similar 
small axial temperature variation can be assumed 
for the heater itself. As, furthermore, the leads 
to the main heater section are exposed over a 
length of about 5 cm to near isothermal con- 
ditions it was considered unlikely that heat con- 
duction along those leads was of any significance. 


The filling and emptying of autoclave and 
pressure transmitter 
Just above the pressure transmitter P7 in 
Fig. 2, a glass apparatus is shown, the main 
purpose of which was to ensure gas-free filling 
of heavy water into the autoclave and the rele- 
vant section of the pressure transmitter, and, in 
view of the high cost of heavy water, also to 
facilitate its complete recovery from all parts of 
the experimental apparatus after the tests. 
It can be seen from Fig. 2 that the pressure 
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transmitter consists in effect of three chambers, 
occupied by mercury, oil and heavy water, 
respectively. To fill this vessel, valve (12) was 
temporarily removed and mercury admitted 
through the open connexion up to half the height 
of the immersion tube. Valve (12) was then re- 
placed, and the oil and heavy water chambers 
simultaneously evacuated via valves (10) and 
(8), respectively. A vacuum better than 0°] 
mm Hg was attained. The oil chamber was then 
filled with previously outgassed vacuum oil 
through valves (9) and (14). valve (15) being 
kept closed during that operation. After closing 
of valve (14), the heavy water chambers of the 
pressure transmitter and the autoclave were 
evacuated through valves (11) and (12), and 
previously outgassed heavy water was admitted 
by opening valve (7). Valve (11) was then closed. 
On opening valve (15) the pressure of the test 
fluid in the autoclave could then be adjusted to 
any desired value by manipulation of the dead- 
load balance. 

The heavy water contained in the pressure 
transmitter was recovered by opening valve (11), 
closing valves (12) and (14), and forcing oil 
from the dead-load balance into the oil chamber 
of the pressure transmitter until mercury ap- 
peared at valve (7). Valve (7) was then closed, 
and the mercury level was lowered by returning 
the oil to the dead-load balance or to the oil 
reservoir, and opening valve (12). The small 
amount of heavy water (about 50 ml) remaining 
in the conductivity cell and the inlet pipe was 
recovered by distillation at reduced pressure 
through valves (11), (12) and (18) and freezing 
out in two cold traps. 


3.8. Corrections to thermal conductivity measure- 
ments 

3.8.1. Temperature drop in walls. Owing to the 
location of the thermocouples somewhat below 
the surfaces of the emitting and receiving cylin- 
ders, the measured temperature differences 
between them included the temperature drop 
through the metal layers between the thermo- 
couples and the surfaces of the cylinders. 

On the basis of some thermal conductivity 
data quoted by Langley Alloys, Ltd. (who state 
that the measurements were made by Bristol 
Aeroplane Company, Ltd.), for Hidural 5 [7]. the 
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correction for this effect was found to amount to 
about 9 per cent of the measured total tempera- 
ture difference. 

Thus to a small extent the accuracy of the 
reported values of the thermal conductivity 
of heavy water depends on the reliability of the 
data available for the thermal conductivity of 
Hidural 5. 

3.8.2. Intercalibration of thermocouples. In 
order to determine the temperature difference 
across the annulus as accurately as possible, it 
was first necessary to compare carefully the 
e.m.f.s generated by the emitter and receiver 
thermocouples under isothermal conditions. 
This was achieved by operating the thermostat 
with the emitter and guard ring heaters switched 
off. It was found that over the temperature range 
from 75° to 360°C the receiver thermocouple 
always read 0:3 wV, i.e. about 0-006°C, lower 
than the emitter thermocouple. The appropriate 
correction was made to the measured tempera- 
tures before evaluating the temperature difference 
across the annulus, which was between 0-5° and 
fe on 

Owing to small axial temperature gradients in 
the autoclave, the guard ring thermocouples 
could not be compared in situ with the same 
accuracy as the emitter and receiver thermo- 
couples, since the former are located about 12 
cm apart. However. it is considered that the total 
errors in calibration of the guard ring thermo- 
couples and in the matching of the temperatures 
of the emitter and guard rings did not exceed 
2 V in any of the experiments. This corresponds 
to an error of less than 0-4 per cent in the re- 
ported values of thermal conductivity. 

3.8.3. Effect of radiation and correction. When 
making measurements of thermal conductivity, 
it is essential that heat transfer by radiation and 
by convection should either be negligible, or 
should be accurately determined. It will be shown 
that convection had no effect, and that radiation 
had only a negligible effect. on the thermal 
conductivity data reported here. 

Radiation. lf the least favourable of the experi- 
ments are considered, viz. those at the highest 
temperature and for the largest temperature 
differences, and if one assumes an extreme case, 
viz. that the surface of the emitting and receiving 
cylinders are black bodies and that heavy water 
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is perfectly transparent to black body radiation 
at this temperature (both assumptions being un- 
necessarily conservative), it can be shown by 
Stefan’s law that the heat transferred by radiation 
must be less than 1-4 per cent of that transferred 
by thermal conduction. In view of the fact that 
conditions are much more favourable in reality, 
heat transfer by radiation will be considerably 
smaller than the above figure. No corrections 
were applied therefore for this effect in these 
tests. 

Convection. It has been shown that thermal 
conductivity measurements are unaffected by 
convection, provided the product of the Grashof 
and Prandtl numbers proper to the experimental 
conditions is less than a certain value known as 
Rayleigh’s criterion, which for vertical cylinders 
has a value of about 1,000. In the present experi- 
ments the product of the Grashof and Prandtl 
numbers was always considerably less chan that 
value. 

3.8.4. Axial heat losses and gains. As already 
stated in Section 3.6 the guard ring heaters were 
always adjusted with great care so that the 
temperature difference between the centre of the 
emitter and the guard rings amounted to not 


more than the reproducible limit of accuracy 
established by the calibration of the guard ring 


thermocouples which amounted to 2 pV, 
or expressed in terms of a temperature difference, 
to +0-045°C. 

Using a computed value of overall conduc- 
tance between the emitting cylinder and the guard 
rings, a temperature difference of the above 
magnitude would cause an error in the thermal 
conductivity of less than 0-4 per cent. 

Apart from the axial energy exchange between 
the guard rings and the emitting cylinder due to 
imperfect matching of their temperatures, there 
is another possible source of error, viz. an error 
in the measurement of temperature caused by 
the axial conduction of heat along the thermo- 
couple leads to, or from the thermal junction. 
This influence was studied experimentally in 
some earlier work by the present writers [4]. It 
was found that deliberate heating of the thin- 
walled stainless steel tube retaining the thermo- 
couple leads at a point where it emerged from the 
thermal insulation surrounding the apparatus, 
had no significant effect on the e.m.f. observed 
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for that particular thermocouple. This test was 
applied to the thermocouple with the shortest 
depth of immersion in a zone of near-uniform 
temperature, viz. the top guard ring thermo- 
couple. Temperatures of more than 300°C above 
the temperature of the thermal junction were 
applied before a measurable change of the 
e.m.f. was noticed. This observation is perhaps 
not so surprising when one considers that the 
vertical distance between the thermal junction 
and the heated area was about 45 cm and that 
the thermocouple leads traversed a near-iso- 
thermal zone of about 23 cm. 

As the geometry and general arrangement of 
the apparatus used in this research resembles 
closely the one used in the above-mentioned 
tests, it was concluded that the same conditions 
would apply to the present case. 


3.9. Purity of heavy water 

The heavy water used in this research was 
supplied by A.E.R.E., Harwell, and was stated to 
have an isotopic purity of 99-85 per cent. 
Before filling the apparatus, dissolved gases were 
removed from the heavy water by boiling at 
reduced pressure. 


4. EXPERIMENTAL RESULTS 


Thirty-seven determinations were made of the 
conductivity of heavy water, covering the tem- 


perature range from 75° to 260°C at pressures 


sec 


6 


4 


Thermal conductivity, |O cal/em °C 


Temperature, 
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up to 300 atm. Each determination is the mean 
of up to six complete sets of measurements taken 
over a period of about | hr, the standard devia- 
tion of these measurements being of the order 
of one-third of | per cent of the average thermal 
conductivity. The experimental data are given 
in Table 1. A smoothed plot of isobars is given 
in Fig. 3, and smoothed data can be found in 
Table 4. The numbers in the first column of 
Table | refer to the chronological order in which 
these experiments were carried out. In the first 
group of tests (nos. | to 29 incl.) experiments 
were carried out to a maximum temperature of 
about 260°C, followed by a check on the cali- 
bration of all thermocouples used in the con- 
ductivity cell. The next group of tests (nos. 30 
to 37) was designed to fill some of the rather wide 
gaps in the preceding series, and at the same time 
provide a check on the reproducibility of the 
results of the first group. There is always the 
possibility that prolonged exposure of the con- 
ductivity cell to high pressures and temperatures 
has led to changes in the geometry of the system 
and thus affected the geometrical constant of the 
cell. The plot of experimental points in Fig. 3 
shows no difference in trend between the two 
groups of tests and it can be concluded that no 
changes affecting the accuracy of these determina- 
tions have taken place during these tests. 

When the experiments were extended to higher 
temperatures a progressively increasing deviation 


or 
U 


Fic. 3. The thermal conductivity of heavy water. Experimental data and smoothed isobars with 
the corresponding isobars for light water according to Timrot and Vargaftik [9]: 


Light water, Timrot and Vargaftik®: 
Heavy water, this research: 


Heavy water, proposed average of previous 


10 


investigations 


294 atm 195 atm 


3. 300 kg/cm* 
200 kg/cm? 
100 kg/cm* 


97 atm 
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Table 1. Thermal conductivity of heavy water: experimental data 


Therma! 
conductivity 
sec-* °C-') 10 


Pressure 
(atm) 


Temperature 
(C) 
(10-4 cal cm 


294 


°) t 
WHAwWwwwNnheRARER RMON EK AUANO AY 


200-6 
200-7 
200-7 
212-0 
212-0 
212-0 
228-6 
259-6 
259-6 


259-8 


from previously established trends, mainly the 
dependence of ky,0/kp,0 On temperature, was 
noticed. The experimental work was unfor- 
tunately terminated by the occurrence of a leak 
in the lid of the autoclave whilst operating the 
apparatus at 300 atm and 370°C. The oppor- 
tunity was taken to inspect the conductivity cell 
and redetermine its vital dimensions. It was found 
that the dimensions of the receiver (part (9) in 
Fig. 1) were virtually unchanged, whereas the 
average diameter of the emitter and the guard 
rings (parts (1), (2) and (3), respectively) had 


Standard 


Number of 
deviation 


determinations Se cian a 
cal cm sec 
0-031 
0-036 
0-056 
0-045 
0-054 
0-049 
0-024 
0-040 
0-029 
0-063 
0-038 
0-025 
0-057 
0-072 
0-086 
0-092 
0-089 
0-072 
0-055 
0-070 
0-053 
0-048 
0-044 
0-021 
0-054 
0-061 
0-141 
0-022 
0-044 
0-042 
0-047 
0-025 
0-045 
0-077 
0-040 
0-032 
0-034 


increased from their original value of 3-3062 cm 
> | 


to 3-3129 cm. The investigation into the causes 
of this unexpected phenomenon revealed that 
the material used for the construction of the 
receiver had been annealed prior to the final 
machining operations, whilst the material for 
the emitter had been used as received from the 
manufacturers of the alloy. 

The material used for the construction of the 
conductivity cell was a precipitation hardening 
alloy and according to the manufacturers the 
dimensional changes observed are associated with 
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the precipitation of the alloying constituents. 
The material for the receiver which had been 
annealed and slowly cooled to ambient tempera- 
ture was therefore in a more stable condition. 

From the reproducibility of these experiments, 
demonstrated by the results of test (30) to (37), 
it can be concluded that no irreversible change 
ot the dimensions of the emitter assembly took 
place below an operating temperature of 260°C. 
Above this temperature, the linear dimensions 
of the emitter continually and irreversibly in- 
creased. It was thus impossible to apply the 
appropriate corrections to the individual results 
obtained during this phase and they were conse- 
quently omitted from this paper. The only result 
which appeared worthwhile studying was the 
point obtained immediately before the leak in 
the apparatus terminated the experimental work. 
Re-evaluating this result with the cell dimensions 
obtained after the inspection gave a value of the 
thermal conductivity which seems to suggest that 
the ratio of the thermal conductivity of light 
water to that of heavy water continues to rise 
with increasing temperature. 


5. DISCUSSION 

A comparison of the results of this research 
with those by other authors was confined to the 
lower end of the temperature range of this work 
75°C) which slightly overlapped the range of 
Challoner and Powell’s [3] investigation. The 
data of the latter authors, together with those by 
Bonilla and Wang [1], and Meyer and Eigen [2] 
were reviewed in a recent publication by one of 
the writers [10] and new mean values between 
10° and 80°C for the thermal conductivity of 
heavy water were proposed. Table 2 contains the 
individual values and the proposed best average 
Table 2. Thermal conductivity of heavy water at 75°C 

and | atm (10~* cal cm~! sec? °C-?). 

Deviation from proposed average value in parentheses 


below.) 
Challoner Bonilla This Proposed 
and and semen average 
Powell [3] Wang [1] — value 
15-2] 15-32 15-27 15:27 


(—0-39%) (+0-33 %) ~0-00%, 


value for the thermal conductivity of heavy water 
at 75°C and | atm. Given in parentheses are the 
individual deviations from the new mean value. 
As can be seen the agreement is excellent which 
is the more noteworthy as different experimental 
methods were used by the various authors. 

The general trend in the variation of the 
thermal conductivity of heavy water with tem- 
perature, as exhibited in Fig. 3, is analogous to 
that of light water. There is a rise of thermal 
conductivity with temperature up to a shallow 
maximum which occurs at a somewhat lower 
temperature than for light water, viz. at about 
110°C, followed by a gradual fall towards higher 
temperatures. 

The influence of pressure on the thermal con- 
ductivity of heavy water was studied over the 
entire temperature range of these experiments. 
Analysis of the experimental data showed that 
over the comparatively narrow range investi- 
gated, the effect of pressure on the thermal 
conductivity can be adequately expressed by a 
linear equation 


k =k, + (ek/eP)r.P (2) 


The choice of the fictitious quantity ky 
appeared to be justified as it was immediately 
obtainable by direct extrapolation of the ex- 
perimental pressure—thermal conductivity iso- 
therms to zero pressure without further recourse 
to other physical properties not studied in this 
investigation. Modifying this equation leads to 


k = ky + ko.(1/ko)-(0k/€P)r.P 
k (1 —aP) (2a) 


where a (1/k)\ck/eP)7, is the pressure co- 
efficient of the thermal conductivity. 

The constants required in equation (2a) were 
found from a least square analysis of the un- 
smoothed isothermal experimental results. The 
resultant pressure coefficients were plotted in 
Fig. 4 where they are compared with the corres- 
ponding values on light water obtained from an 
analysis of the smoothed data of the thermal con- 
ductivity of light water by Timrot and Vargaftik 
|9]. These observers conducted their experiments 
over ranges of pressure and temperature similar 
to those on this investigation. Identical trends 
and similar numerical values were found for the 
pressure coefficients of the thermal conductivity 
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of light and heavy water. The results of this 
research on the latter substance were correlated 
by the empirical relation 


a 1-81 10-* T exp (4-264 «10-*7*) (3) 


In view of the scatter of the a-values derived 
from these experiments, it does not seem justi- 
fied to attach any physical significance to the 
small difference in the pressure coefficients for 
light and heavy water. This opinion is supported 
by the results of a recent study by Lawson 
et al. on the thermal conductivity of light 


BIxlO 7 exp 426x10 7 4 


(Vk) (AMP), 10 *xatre! 


She) Lhachuaentianl, aot 


300 400 ©«©500 
Absolute temperature, °K 


~ 600 


Fic. 4. Experimental values of the pressure coefficient 
of the thermal conductivity of light and heavy water: 
ailagie -:' H,O, Lawson er al."!; 
—~O—+—H,O, Timrot and Vargaftik®; 
— D,O, this research. 


Table 4. Thermal conductivity of heavy water (10-4 cal cm 
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water at pressures up to 8000 kg/cm? and tem- 
peratures from 30° to 130°C |11]. The analysis 
of the data of these authors within the pressure 
range of linear dependence between pressure and 
thermal conductivity, yielded a-values which 
are distinctly lower than those derived from 
Timrot’s and Vargaftik’s measurements, and 
even fall below those for heavy water. 

In view of this discrepancy it was not possible 
to decide with certainty whether the pressure 
coefficients of light and heavy are different. 

Values of the pressure coefficient a for heavy 
water were computed from equation (3) and 
were compiled in Table 3. With the aid of these 
values the thermal conductivity of heavy water 
was calculated up to 500 atm and 260°C. These 
data can be found in Table 4. 

In a previous paper [10] the usefulness of the 
ratio of the thermal conductivity of light water 


Table 3. The pressure coefficient of the thermal 
conductivity of heavy water. 


[: 1k (=), 


a 10 a 10! 
(atm~!) (atm~!) 


0-77 
0-84 
0-92 
1-01 
1-1] 


ih, am, 


(Smoothed data) 


Pressure 


80 100 2 


15-52 


15-66 15-60 


15-64 15-79 


16-06 16-03 


16-20 16°17 16-05 


* To convert cal cm~! °C! sec! into W cm~! 


Temperature 
(C) 
160 180 220 


14-91 14-09 


15-20 


14-29 


15-86 15-63 


C-! multiply by 0-2389. 
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Table 5. The ratio ku,ok/»,o. Values for ku,o derived from Timrot’s and Vargaftik’s paper 9), those for 
kp,o from Table 4 


Pressure 


(atm) 


100 


200 


300 


400 


80 


1-0453 


1-0463 


1 -0450 


1 0482 


100 


1-0522 


1-0520 


1-0518 


1-0516 


120 | 
1-0611 
1-0621 
1-0631 


1 -0640 


140 
1-0727 
1-0727 


1-0728 


1:0746 


Temperature 
(C) 


160 
1-0839 
1-0830 
1-0839 


1-0848 


180 


10936 


1-0917 


1-0915 


1 -0950 


200 
1-1047 
1-1015 
1-1040 


1-1064 


220 240 
1-112] 


1-1116 §=1-1253 


1-1275 


1-1149 


1-1162 1-1297 


260 





Mean value 


Standard deviation 


1-0462 


0-0012 


1-0519 


0-0002 


10626 


0-001 1 


1-0732 


0-0008 


1 -0839 


0-:0006 


1-0929 


0:0014 


1-104] 


0-0018 


1-1264 


0:0019 00-0025 


to that of heavy water, ky,0/kp,o0, as a quantity 
for checking the internal consistency of experi- 
mental results was demonstrated. This quantity 
was computed using the smoothed experimental 
results contained in Table 4 for heavy water and 
Timrot’s and Vargaftik’s smoothed values of 
the thermal conductivity of light water. These 
ky,o/kp,o-values were compiled in Table 5 and 
two facts worth mentioning can be observed. 
V1Z.: 

(a) the ratio ky,0/Kp,o0 appears to be inde- 
pendent of pressure within the ranges of pressure 
and temperature covered in this investigation. 

(b) between 100° and 260°C all values can be 
satisfactorily correlated by the following linear 
expression 


ku,o kp,o 5:3 1-00 (4) 


where f is the temperature in degrees Centigrade. 
At the lower end of the temperature range of this 
work, i.e. between 80° and 100°C, the experi- 
mental ky,0/kp,o-values begin to deviate slightly 
from the linear equation (4), but are in good 
agreement with the corresponding values derived 
from the analysis of the results of earlier workers 
[10]. 

Preparations are in hand to extend the range 
of this work to the critical temperature of heavy 
water with an improved apparatus. The oppor- 
tunity may then be taken to redetermine the 
conductivity of light water between 260° and 
400°C, which so far has been investigated only 


once, viz. by Timrot and Vargaftik [9] in 1940. 
The remarkable consistency of certain properties 
of heavy and light water, derived from this work 
and from Timrot and Vargaftik’s experiments, 
appears to lend support for the validity of the 
latter authors’ data on light water within the 
ranges of temperature and pressure covered in 
this research. 
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Abstract—The simplest boundary problem of unstationary heat-conduction equation, with the source 
depending on temperature as exp (— E£*/T) is investigated in this paper. 

The uniform convergence of successive approximations is proved for the corresponding integral 
equation; the solutions have been calculated in the first approximation at various limit cases. It has 
been also shown here that in the absence of “explosion” the temperature at each point will not exceed at 

any moment of time the corresponding stationary temperature. 


Résumé—Ce travail traite du probléme aux limites le plus simple de l’équation de la chaleur en 

régime non permanent en présence d’une source dépendant de la température comme exp ( — E*/7). 

La convergence uniforme des approximations successives est démonstrée pour |’equation intégrale 

correspondante:; les solutions ont été caluculées pour la premiére approximation dans divers cas 

limites. On a montré aussi qu’en l’absence d**‘explosion” la température en chaque point ne dépasse a 
aucun moment la température correspondant au régime stationnaire. 


Zusammenfassung—Die Arbeit behandelt ein Problem der nichtstationéren Warmeleitung mit ein- 
facher Randbedingung, bei welchem die Warmequelle von der Temperatur nach der Funktion 
exp (— E*/T) abhangt. 

Die gleichmassige Konvergenz fiir die aufeinanderfolgenden Approximationen wird fiir die ent- 
sprechende Integralgleichung nachgepriift. Losungen werden als erste Naherungen fiir verschiedene 
Grenzfalle angegeben. Es zeigt sich auch, dass, abgesehen von “‘Explosionen”’, die Temperatur an 

jedem Punkt zu keinem Zeitpunkt die entsprechende stationaére Temperatur iiberschreitet. 


AnHOTauHA—B paodorte uccuesyerca pocteiimad KpaeBasd Bajylaia HecTalMonapHoro VpaBHe- 
HUA TeCMAONPOBOTHOCTH C MCTOYHHKOM 3aBMCALMM OT TeEMMepaTypbl Kak exp (—E*/T) 
ploKa3binaeTCH = =paBHOMepHaxHH CXOQMMOCTh TocaefoBaTeabHBIX TpnOsKeHMI IA 
COOTBETCTBYIOULEO MHTerpadbHOro YpaBHeHMA; BHIMMCICHbI B MeCPBOM NpHOaMKeHM PeleHiA 
B PasIM4HbIX NpeketbHbIX CayyaAx. HoKasaHo Take, YTO Ip OTCYTCTBUM «B3pLIBa» TeMIT 
paTypa B Kaaoli TOUKe He OyeT MpeBLMUATh B 1100011 MOMeHT BpeMeHM COOTBETCTBYIOLLY10 
cTalluoHapHylW Temmepatypy. 


IN A number of thermal conductivity problems, 
e.g. in the case of heat-transfer problem in the 
capillary—porous media in the presence of chemi- 
cal conversionst [1], or in the case of heat 
explosion problem [2, 3], we may meet the heat 
conduction equation with the heat source 
depending on the temperature as 


E* 
exp | Bis 
where E*=E/R is the activation energy 


expressed in degrees and 7 is the absolute 
temperature. 








+ As was recommended by Academician Luikov. 


Ss 


Let us consider the boundary problem for the 
equation 


oT 
ct 


E* 


av*T 7 (1) 


ki si 


i 


in the range limited by two parallel infinite 
planes x +] 


T(/, t) = T, 0; 7(x,0)=7, (2) 


oT(0, t) 
"Ox 
Now we introduce dimensionless variables and 
can take advantage of the similarity criteria 
known in the heat-transfer theory [1]: 
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KP? 


,;Po= 
. ? ac,pE* 


T(x. Tr) ( T, 


-A 3 
i ae Ee 


O(€, 7) 
where Fo is the ordinary Fourier criterion of 
homocronism and Po is the modified Pomerant- 
sev criterion. 

If we designate the Green function of the heat 
conduction equation for the range 0<&<1.7 >0 
through Y(é, &: 7 vr’) then for @(€, 7) the 
integral equation takes place: 


09) + 


— 


exp [—n%(n + })*r] cos(n + Ire (5) 


and the Green function 
Me, &: 
(6) 


The /-function on the right side of the equation 
(6) is determined by the equality [4]: 
a(n + 4)*v)|cos (2n + 1) zu 


J(u, iv) = 2X exp[ 


Note that the Green function is symmetric with 
reference to the variables € and € and has 
nowhere negative values in the range under 
consideration. 

It is possible to solve equation (4) by the 
method of successive approximation of the form 


Ainge. T) 


rh 


I —_ 
exp ( ye 0(™)(E", 7’) dr'dé 
2 ee ie 


W(€, 7) + 


00% (E, r) = WE, 7); (n 


If the parameter « is small enough then it is 
possible to show that the succession of functions 
converges uniformly to the solution of the 
equation (4). 

For the proof it is necessary to compose the 
difference 


A+ (E, 7) 


exp [—1/0™(€', 7')] — exp [—1/0@-Y(&, 7’)] 
’ AE", 7’) Ame" 7’) ® 
(ame, r’) —O-W(E", r’)]dz'dé’ (8) 
It should be noted that, 
A (n+l) 


since 6(%(€, 7) 


- 9™>0, 
and 
p’--¢ —-7') >0 


If we designate the maximum of the difference 
é™ through M,., >0 then from the 
equation (8) it follows that 


M,.1 < AM, 


A (n 1) 


where 


7 fl 
A = max : c| | y 
exp (—1/@@-») 


A (n-)) 


dz'dé’ 


=P 1/0) 


Ain) 


It is easy to make sure that A < 1, if « < e?/2: 
In this case there exists a limit function of 
sequence (7) which is the solution of the equation 
(4). 

Let us assume the above-mentioned method to 
get the approximate solutions in some ordinary 
limit cases. To begin with we shall take the 
solutions at large values of 7. As a zero approxi- 
mation it is convenient to admit the stationary 
temperature distribution which is described by 
the equation 


dd. €) l 
ee dia 9 
dé < exp | 2.46) ”) 


with boundary condition as 
d#,,(0) 


dé 


6., (1) = 6.; 
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The solution of this equation is of the type: 


du 


l 6») 
1/6,,,) 


4.4 €) 
1/u) 
1/u)] 


u exp ( 
Ei( 


V [8 exp ( 
Ei ( 


y Qe é) (11) 


where the parameter @,, is the maximum value 
of 4.(&), which can be achieved because of 
symmetry at € = 0, and 


dt 


Ei(x) 
l 


is the integral exponential function. 

The solution (11) agrees with the boundary 
conditions not at any values of « [2, 3] if « is 
greater than some e,,, then the establishment of 
a stationary state is impossible. It means 
physically that heat supply exceeds heat output 
and the heat explosion will take place. The 
critical temperature Onn corresponding to the 
parameter e,, is being determined from the 
equation: 


exp (—1/4,,) — @, exp (—1/@,) 
Ei(—1/6,,) — Ei(—1/0,)] 
6, exp (—1/@,,) — uwexp ( 
2Ei( —1/0,,,) —2Ei(—1/u) 

. (A, exp (—1/@,,) — uexp(—l1/u) 
Ei(—1/@,,) — Ei(—1/u)P? 


v (6, 
7" 1/u) (12) 
d 


0 


[2] gives a physically interesting case of the 
latter solution when @,, differs slightly from @.. 

So, at « < e,, and + > 4/7* the approxima- 
tion to the stationary state is being described by 
the relation 


H€, 7) = 0,4€) 


6.(€') cos 


ede (13) 


where 4,,(€) is given by the formula (11). 

Normally such a case as 6 < I(T < E*) takes 
place in chemical kinetics. This allows one to 
simplify the initial integral equation by the 
method of “steepest descent”; for large 
t(> 4/7") we have: 


IN THE PRESENCE OF CHEMICAL CONVERSIONS 


* exp | 


7 


HE, 7) = O,(€) 


(14) 


6,, has been determined above. 

Now we shall consider another extreme case, 
when 7 is small. Here we can take the initial 
temperature 6, as a zero approximation. It is 
possible to simplify the kernel of the integral 
equation using the known relation for /-func- 
tions [4]: 
ul 
=) 


l wut). 
~ XP ‘ Io | " 


and retaining only the principal terms in the 
kernel at 7-0. All the integrations are being 
easily carried out and we have: 


J(u, iv) 


W(E, 7) e exp (— 1 4) < 1 


£) exp (1 £)* 


Finally, let us consider such a case, when the 
parameter « is small. One may get the solution 
in the form of € power series, taking (, 7) as a 
zero approximation (see (5)). At e—0O the 
difference @,,— 6,0. If the time is large 
enough then it is possible to neglect the second 
term of (5) in comparison with the first one. 
The same can be done at any point of time, if 
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\@. — @)| < @.. In the first approximation we 
t: 


can easily ge 


cos (n + 1/2)7é> (16) 


We tried on all occasions to write down only 
the first approximations because of the bulky 
results. It is difficult to get the higher approxima- 
tions as it involves difficulty in calculation. 

And now we would like to show, that the 
temperature at any given point for the process as 
a result of which the stationary distribution will 
be established (« < e,,), will not exceed the 
stationary temperature in the same point. For 
this the difference will be 


A(é, 7) WE, 7) 
The latter satisfies the integral equation 


A(é, 7) 


where 
1 


2 tJ [4% — AED] 


cos (n + 1/2)r€' dé} exp [—7°(n = 
cos (77 — 


Applying the method of successive approxima- 
tions to equation (17) we assume that 


AE, tT) 


If we take into account that d(€.7) - 0 (at 
@, > @)) and give the reasons analogous to those 
mentioned above in the proof of the existence of 
the solution, then it will be possible to find that 
4” is not zero at any finite + and the difference 
4” —4@-) +0 atn— ow. 
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THE EXPERIMENTAL INVESTIGATION OF HEAT AND MASS 
TRANSFER IN THE PRESENCE OF CHEMICAL 
CONVERSIONS 


A. V. RALKO 


Polytechnical Institute, Kiev 
(Received 29 March 1960) 


Abstract—The results of the experimental investigations on heat and mass transfer in the process of 
kilning the kaolin and the magnesium hydroxide are adduced in this paper. An experimental installa- 
tion was developed which allows the temperature field of the heated body, its mass loss and the 
thermophysical characteristics of the body to be determined. The thermal conductivity coefficients and 
the coefficients of thermal diffusivity, heat capacity and the heat transfer coefficient of the mentioned 
substances were defined in the temperature range from 200° to 1000 C. It was found that the chemi- 
cal conversions begin at the surface of the capillary porous body and then spread gradually into the 
interior of the body. The chemical conversion zone deepens into the body according to the parabolic 
law. 


Résumé—Cet article apporte de nouveaux résultats quant aux recherches expérimentales sur la 
transport de chaleur et de masse dans le mécanisme de la cuisson du kaolin et de (hydroxide de 
magnesium. Une installation a été construite pour mesurer le champ des températures dans le corps 
chauffe, la perte de masse et les caractéristiques thermiques. Les coefficients de conductibilité thermique, 
de diffusivité thermique, la capacité calorifique et le coefficient de transmission de chaleur des subs- 
tances ci-dessus ont été étudiées entre 200 et 1000 C. On a trouvé que les réactions chimiques com- 
mencent a la surface du corps poreux et s‘étendent graduellement dans l’intérieur du corps. La réaction 
chimique se développe a l’intérieur du corps suivant une loi parabolique. 


Zusammenfassung—Diese Arbeit behandelt den Warme- und Stofftransport beim Brennen von 

Kaolin und Magnesiumhydroxyd. In einer Versuchapparatur konnten das Temperaturfeld des 

geheizten K6rpers, sein Massenverlust und seine thermischen Stoffwerte bestimmt werden. Die 

Warmeleitfahigkeit, die Temperaturleitfahigkeit, die Warmekapazitat und der Warmeibergangs- 

koeffizient der genannten Substanzen wurden im Temperaturbereich von 200 bis 1000 C gemessen. 

Man fand, dass die chemische Reaktion an der Oberflache des kapillarporésen KG6rpers begann und 
sich nach einem Parabelgesetz in das Innere fortpflanzte. 


AHHOTauWA— PB crarbe NIpHBeeHb pesy.1bTaTh IKCHe PUMeCHTA.TbHBIX HCC.1eOBaAH HE MO TeM.10-1 
MaccoOOMeHY B mpomecce oomura KaolmHna i riypookuch MarHuA, Pa spadorana CIE PI 
MeCHTa IbHaA VCTAHOBKA, NOSBOAALILAA PperucTpHpoBaTh TeMMepatTyphoe Mode HarpeBaeMoro 
ela Il ero MaccooTyauy, a Take OnpeledATb rem.1opusnyeckne XapakTepHeTHKI Tea 

OnpeqeeHbl KOO PUMMeHT bI reMIONpOBOTHOCTH HM TeMMepaTYpOmpoBoAHOCcTH, Tem1oeM 
HOCTh, KOOdPPMUNeHT rem1o000mMeHa VKasaHHbixX MaTeplaloB B HHTepBade TeMiepaTyp oT 
200°C azo 1000°C, 

Veranopaeno, 4To XHMEHYeECKHe npeBpalleHnA HAYMHalOTCA Ha MOBEPXHOCTH Kalli 1ApHo- 
nopueToro Tela, a 3aTeM TlOcTeMeHHO TepeMellalwoTcA BHYTpb Tela Sona XHMINYECCKHX 

npeBpalleHuit Vr1yOuAeTCH BHYTPpb Tela MO 3aKOHY Mapavo Jbl, 


THE present paper deals with the investigation of apparent in a certain temperature range when 
heat and mass transfer in capillary porous the majority of mineral substances are heated. 
bodies in the presence of chemical conversions. These phenomena occurring during heating of 
These processes take place more clearly during — the mineral substances are described qualitatively 
the kilning of ceramic ware and also of kaolin by means of the heating-kinetics curves. 
kilning. An experimental laboratory installation shown 
Thermal effects of a different nature become _ in Fig. | has been developed to study the kinetics 
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of the process of the kilning of mineral sub- 
stances. This installation consists of two electric 
crucible furnaces of the same type (1 and 2). 
The cast-iron sleeve-bearings were inserted into 
the furnace to maintain level temperatures along 
its height. 

A sample of the investigated substance made 
in the form of a plate or a cylinder was put into 
one of the furnaces. Three thermocouples were 
inserted into the sample to measure the tempera- 
ture drop at various points of it. The temperature 
drop between the surrounding medium and the 
surface of the sample was measured by thermo- 
couple (1) (Figs. 1 and 2). Thermocouple (2) 
shows the difference between the surface tem- 
perature and the temperature at the point 
x = R/2 where R is half the plate thickness or 
the cylinder radius. Thermocouple (3) shows the 
difference between the surface temperature and 
the temperature at the centre of the sample 


RALKO 


(plate or cylinder). The butt ends of the cylin- 
drical sample are covered with the heat-insulating 
seal made out of burned asbestos thus making it 
possible to consider the sample as an unlimited 
cylinder for the purpose of calculation. 

An analogous sample suspended on an auto- 
matic self-recording balance was kilned in the 
second furnace (Fig. 1) in order to record the 
curve of mass-transfer kinetics. The air tempera- 
ture in the furnaces increased linearly with time 
(the heating velocity remained constant). This 
was ensured by the electronic regulator (5) with 
the command apparatus (see Fig. 1). The 


resistance boxes (3) and (4) with the galvanic 
elements served both for zero creep when 
recording the temperature and for increasing the 
sensitivity of the self-recording potentiometer. 
The specially designed automatic self-record- 
ing balance was applied for receiving the weight- 
drop curve (mass transfer) of the investigated 
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Fic. 1. The scheme of the experimental installation for the record of the curves of the heating process 
kinetics of the capillary porous bodies. 
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Fic. 2. The heating curves in the process of kilning 
the cylinder made out of the magnesium hydroxide. 


sample. The investigated sample (a) may be 
suspended from the left scale, and by the weight 


(5) it is balanced in such a way that the pointer 
(b) has to be placed at the left side of the scale 
(c) and the movable carriage (e) has to be at the 
extreme left position. With the decrease in the 
sample weight the pointer (4) deviates to the left 
and a screen gate (e) attached to the pointer 
moves together with it thus opening the chink 
above the photoelectric cell. When the chink is 
opened the ray from the lighting apparatus (#7) 
illuminates the photoelectric cell. The photo- 
electric current reaches the millivoltmeter of the 
electronic governor (5), which switches on the 
electromotor (g) through the reductor (Ak) and 
moves the carriage (/) till the screen gate covers 
the ray from the lighting apparatus. Then the 
circuit is broken and the carriage stops moving. 
The photoelectric cell, the lighting apparatus and 
the slide of the rheostat are mounted on the 
moving carriage. When the slide moves along 
the rheostat (/ ) the taken-off voltage changes and 
comes in the sockets of the automatic multipoint 
potentiometer. The change of the taken-off volt- 
age from the rheostat is proportional to the shift 
of the pointer (c) and the self-recording potentio- 


meter records a curve which corresponds to 
the decrease in the weight of the investigated 
sample. The total weight loss of the sample for 
the whole kilning process is determined either by 
making the pointer return to its initial position 
with the help of a weight, or by weighing the 
kilned sample after it has been cooled in an 
desiccator. The rise of the endothermic thermal 
effect (the heat absorption caused by chemical 
reactions) at the surface of the sample when the 
corresponding furnace temperature is obtained 
is marked on the curves for the sample heating. 
Thermocouple (1) will show the increase of 
temperature drop since its hot junction placed at 
the cylinder surface marks the lag in the surface 
temperature increase caused by the endothermic 
effect. At this instant thermocouples (2) and (3) 
register some decrease in temperature difference 
between the surface of the sample and the points 
inside the sample at x = 0 and x = R/2. The 
chemical conversions accompanied by the endo- 
thermic effect occur at first only at the surface 
of the sample and not in the whole volume of it. 
After the termination of the chemical conversions 
at the surface of the sample the chemical reaction 
zone will gradually occur deeper in the sample 
centre. Thermocouple (1) will show then the 
decrease in temperature drop, while thermo- 
couples (2) and (3) show the increase in it. This 
drop occurs due to the fact that the temperature 
at the surface of the sample is continuously rising 
while the temperature in the deep parts of the 
sample will be rising more slowly, since the heat 
entering the sample will be partially absorbed in 
the region of chemical conversions. 

The transition of the point x = R/2 where the 
thermocouple (2) is placed by the deepening 
front of the endothermic reaction zone is register- 
ed on the curve of heating kinetics by abrupt 
decrease in temperature drop for this sample 
layer. At the same time thermocouple (3) will 
continue to show the increase in temperature 
drop till the endothermic reaction zone reaches 
the sample centre. 

The exothermal effects (chemical conversions, 
connected with heat evolution) arising in the 
regions of the thermocouples in the sample are 
registered in the same way by bends and gaps on 
the heating kinetics curves. 

Synthetic magnesium hydroxide and kaolin 
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(the Dubrovo deposits) were used for our 
investigations as mineral substances. 

The typical heating kinetics curves in the 
kilning process are given in Fig. 2 for one of the 
experiments. The experimental sample is made 
from synthetic magnesium hydroxide in a form 
of a cylinder. Curve (4) shows the linear increase 
of the furnace temperature. Curves (1), (2) and 
(3) show the presence of chemical conversions 
with the absorption and evolution of heat. 
The temperature drop between the surface and 
the centre of the cylinder (R = 25 mm) during 
kilning reached 420°C by the end of the 
process. 

Curves (la), (2a) and (3a) correspond to the 


same thermocouples at the repeated heating of 


the same sample up to 1,000°C. As can be seen 
from the heating curves there are no remaining 
endothermic phenomena left in the sample. All 
the three curves show the constant temperature 
difference in the cylinder since it is heated at a 
constant rate. 


Fig. 3 is the heating curve for the process of 


kilning the kaolin cylinder. A_ characteristic 
picture of the superposition of two thermal 


effects of different nature can be seen from 


At the temperature of 480°C the curve 
t, = f(+) deviates to the right and this deviation 
corresponds to the beginning of the endothermic 
effect at the cylinder surface. An anological course 


Fig. 3. 


takes place for the curve ¢, = /(7), which a bit 
later will deviate to the left, and this deviation 
corresponds to the end of the endothermic effect 
in the cylinder interior at x = R 2. The next few 
gaps in the temperature curves for these thermo- 
couples (at the furnace temperature equal to 
960 C) mark the rise of the exothermal effect at 
the cylinder surface. At this moment of time the 
endothermic reaction has not yet reached the 
central layer of the cylinder as can be seen from 
the course of the temperature curve f; = f(r), 
which shows the rapid growth of the tempera- 
ture difference between the cylinder surface and 
its centre. The maximum point on the curve 
ts f(+) marks the end of the endothermal 
reaction in the centre of the cylinder. The end 
of the exothermal effect in the kaolin cylinder 
centre is marked by the second series of gaps 
of all the temperature curves. Their further 
position on the thermogram corresponds to the 





Temperature 
empera e 


Fic. 3. The curves of heating the cylinder out of kao- 
lin in the kilning process. 


process of heating the body which has no internal 
heat sources. 

The curve of the weight loss u = f(r) is given 
in Fig. 3 (curve 4). The changes in time of the 
medium temperature of two furnaces are repre- 
sented by the curves /,, = f(7) (see curves 5 and 
6). The weight-loss curves of the magnesium 
hydroxide kilned in the form of cylinders of 
different sizes are given in Fig. 4. 

The linear law of furnace heating allows us to 
determine the thermal diffusivity coefficient 
a(m?/hr) and the Biot criterion [1]: 


bh R? l x?/ R (1 
ee Fras (x. 7) 


where A is the heating rate (6 = dtf,,,/dr = const), 
I’ is the constant value: for the unlimited plate 
I’ = 3 for the cylinder I’ = 4. The criterion Bi 
is defined by the formula 

aR 2[t(R, 7) — t(x, 7)] 

A [tm — t(R, 7)] (1 — x?/R?) 


the 


Bi (2) 


where a_ is heat-transfer coefficient 
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Fic. 4. The curves of weight loss during kilning the 

cylinders of various sizes, made out of magnesium 

hydroxide. (1) The weight loss curve (2) The curve of 
the furnace temperature increase. 


(kcal/m*? hr ~C), A is the thermal conductivity 
coefficient (kcal/m hr “C). We can calculate the 
coefficient a and the criterion Bi from the for- 
mulae (1) and (2) for the kilned samples when 
heating them in a furnace the temperature of 
which is linearly increasing. 

Conditionally we can apply these formulae to 
the kaolin samples in the process of kilning. In 
the temperature interval, when the chemical 
reactions occur, the value of the thermal diffu- 
sivity coefficient and the Biot criterion will 
have the conditional character. Let us define 
these values through a* and Bi*, respectively. 
The calculation results for the kaolin are given 
in Table 1. It can be seen from this table that the 
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thermal diffusivity coefficient increases with 
the temperature rise. 

In the temperature interval, where the chemi- 
cal reactions are negligible, there is almost no 
difference between the coefficients a and a*. 
The Biot criterion is raised with the increase 
of the temperature /,,, and the Biot criterion in 
the process of kilning Bi* is approximately two 
times smaller than the Biot criterion when the 
previously kilned samples are heated. 

The heater coils, of nichrome wire, were 
mounted inside of the investigated samples to 
determine directly the heat-transfer coefficient a. 
the heat capacity c and the heat of the chemical 
reaction. Apart from being heated by the furnace 
the investigated sample could gain additional 
heat with the help of this coil. The heat of the 
reaction was determined as follows: a heater 
coil was mounted inside of the unkilned cylindri- 
cal sample along its axis. Two samples were 
heated simultaneously in the furnace, the un- 
kilned sample with the coil and the kilned one 
without it. The furnace temperature was in- 
creased linearly, the samples were at first heated 
equally. The mass transfer (the sample weight 
loss) and the lag in the increase of the tempera- 
ture, compared with the kilned sample, were ob- 
served during the chemical reaction. The rate of 
heating the unkilned sample was aligned with the 
kilned one by heating the nichrome wire with an 
electric current. This process compensated for 
heat absorbed by the endothermic reaction. It is 
possible to determine the specific heat of the 
endothermic reaction through the flow of electric 
current in the heater coil and through loss of 
mass by the sample. For the kaolin, for example. 
the specific heat of the endothermic reaction is 
equal to 1,230 kcal/kg. The dehydration heat of 
the magnesium hydroxide is g = 700 cal/kg. 


Table 1. The thermophysical characteristics of the kaolin 
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This method of the sample heating with the 
help of the heater coil allows the coefficient a 
to be determined. For this purpose two kilned 
samples must be used, one of which has a heater 
coil attached. + 

The two samples are placed in the furnace, the 
temperature of which increases linearly. Only 
the temperature of the first sample is recorded. 
The second sample is heated additionally by 
the coil so that its surface temperature should 
always be equal to the ambient temperature (the 
furnace temperature is f,(R, 7) = 1,,). Then the 
heat supplied to the sample by the additional 
heating is obviously equal to the amount of 
heat QO received by the second sample from the 
surrounding medium. The total heat-transfer 
coefficient is 


086W O 


(3) 
AtA AtA 


where A is the heat-transfer surface of the 
samples, W is the output of the nichrome coil, 
Jr is the temperature drop between the samples 
at their surfaces equal to the temperature drop 
between the surrounding medium and the sur- 
face of the first sample. Having obtained the 
value of the heat-transfer coefficient a we can 
determine the specific heat 
2a[t,,, — t(R, 7)|/byR (4) 
where y 1s the sample density (kg/m*). 
The thermal conductivity coefficient A is 
determined by the formula 


A acy (5) 


The results of the calculations are given in 
Table 1. The dependence of the specific heat on 
temperature is represented in Fig. 5. The 
dependence of the heat capacity for the unkilned 
kaolin sample is given in the same Fig. 5 (curve 
Il). The specific heat of the chemical reaction is 
determined by the total heat capacity and the 
reaction occurs in the temperature interval from 
600° to 800°C. 

The analysis of the experimental data shows, 


* Usually the coil is joined to the sample before the 
kilning. The kilning of the sample takes place with the 
coil attached. 











400 
Temperature, | 


Fic. 5. The dependence of the true (curve I) and the 
total (curve II) heat capacity of kaolin on temperature. 


that the chemical conversions on heating the 
body occur at first in the surface layer of the 
body (the chemical reaction zone). This zone 
will gradually spread into the interior of the 
body. The displacement mechanism of the 
chemical conversion zone in the first approxi- 
mation may be taken as analogous to the mech- 
anism of deepening the evaporation surface when 
drying wet solid bodies. This process is sketched 
in Fig. 6 in the case of the infinite plate 2R 
thick. The concentration of the fixed substance 
at the plate surface is assumed equal to zero, i.e. 
w( R, 7) 0. 

Let the distance between the lower surface of 
the chemical conversion layer and the plate sur- 
face be €, and the diffusion coefficient of the 





+X 


8 


Fic. 6. The scheme for the calculation of the curve of 
mass-loss kinetics. 
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fixed substance through the plate surface layer 
be k, then we can write 
wy dé 


2 dr (6) 


k 
é Wo 


As an approximation we can assume that the 
decrease in the concentration w(x,7) in the 
chemical conversion zone takes place according 
to the straight-line law (see Fig. 6). From relation 
(6) we get: 


€ 2y (kr) (7) 


i.e. the conversion surface deepens according 
to the parabolic law. Moreover, from the rela- 
tions (6) and (7) we get 


WwW | / kr 8) 
> ( 
Wo \ R* 
When solving the diffusion problem of fixed 
substance in a capillary porous body we get an 
analogous formula with another numerical 
factor 


a“ 2 kr 
= li a! Fa) (9) 


Using formulae (7) and (8) we can calculate the 
diffusion coefficient. The following data were 
marked from the heating kinetics curves for a 
magnesium hydroxide plate 50 mm. thick. 
(R = 25 mm). The dehydration process begins 
at the average plate temperature equal to 
350°C. The time of the displacement of the 
chemical conversion zone from the surface of the 
plate to its centre was 40 min. The temperature 
of the reaction zone was 375°C at the furnace 
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temperature equal to 585°C. Consequently at 
€ = 2-5 x 10-2 m, +t = 0-666 hr. Hence 
6:25 


- _ . 
0-666 x 4 “a 


10-* = 2:3 x 10 


The total mass content was 29-84 g and the 
weight lost by the plate during 40 min was 16°5 g. 
Hence we get 
6:25 « 60(16-5)? 
40 x (29-84)? 


2-82 10-4 m?/hr 


Using the same formula (9) we get 


4 


10-4 10-4 m?/hr 


i.e. the two values are quite close. 

These calculations prove the established 
mechanism of the gradual deepening of the zone 
of chemical reactions in the capillary porous 
body. The chemical reaction zone is gradually 
displaced into the interior of the body approxi- 
mately according to the parabolic law, that 
coincides with the Stefan law for the freezing of 
humid bodies. 


REFERENCES 


1. A. V. Luitxov, Teoria teploprovodnosti. Gostehizdat, 
Moscow (1952). 

2. A. V. Lutkov and J. A. MIHAILov, Teoria perenosa 
energii i veschestva. Izdatelstvo Akademii Nauk 
BSSR, Minsk (1959). 

. A. V. RALKO, Trudy Energet. Inst. im. Krijijanovskogo 
Akad. Nauk SSSR; Teplo-i massoobmen v_ protsesse 
isparenia. Izdanie Akademii Nauk SSSR (1958). 





int. J. Heat Mass Transfer. Vol. 1, pp. 280-293. Pergamon Press 1961. Printed in Great Britain. 


MIXING AND CHEMICAL REACTION IN AN INITIALLY 
NON-UNIFORM TEMPERATURE FIELD* 


S. I. CHENG and H. H. CHIU 


Department of Aeronautical Engineering, Princeton University 
(Received 10 November 1959; revised 8 April 1960) 


Abstract—The development of the velocity, temperature and the concentration profiles in the vicinity 
of the trailing edge is investigated under the boundary layer approximation for an arbitrary initial 
temperature profile and an arbitrary value of the parameter B for the chemical kinetics. 

A series solution is constructed in terms of a system of “universal functions”, from which the initial 
development of an arbitrary initial temperature profile can be calculated with or without chemical 
reaction. The first three terms in the series for the temperature have been tabulated previously and are 
presented here in a diagram. 

In the case of no chemical reaction, the analytical results for a given initial temperature distribution 
predict that the temperature gradient normal to the dividing stream line tends to increase for a limited 
distance in the downstream direction. This may not be anticipated from the consideration of thermal 
diffusion alone. Experimental results confirm this qualitative trend. With the three terms in the series 
solution for the temperature, the agreement between the analytical and the experimental results 
appears also quite satisfactory. 

The analytical results will enable us to calculate the development of the temperature field with 

chemical reaction. There are as yet no experimental data for comparison. 


Résumé—Le développement des profils de concentration, de température et de vitesse, au voisinage 
du bord de fuite, est étudié a partir dune approximation de la couche limite pour un profil de 
température initial arbitraire et une valeur arbitraire du parametre B de cinétique chimique. 

Une solution en forme de série est donnée en fonction d°un systéme de “fonctions universelles” a 
partir de laquelle on peut calculer le développement d°un profil de température initial, avec ou sans 
reaction chimique. Pour la température, les trois premiers termes de la série ont été tabulés précédem- 
ment et sont présentés ici sous forme de diagramme. 

Dans le cas ou il n'y a pas de réaction chimique, les résultats analytiques, trouvés pour une 
distribution de température initiale, font prévoir un accroissement du gradient de température normal 
a la ligne de courant, a partir dune certaine distance dans la direction aval. Ceci ne peut pas s’expliquer 
uniquement par la diffusion thermique. Les résultats expérimentaux confirment cette tendance 
qualitative. Avec trois termes de la série solution pour la température, l'accord entre résultats analy- 
tiques et expérimentaux semble tout a fait satisfaisant. 

Les résultats analytiques nous permettent de calculer le développement du champ de température 
en présence de réaction chimique. II n’y a pas encore de données expérimentales pour les comparer. 


Zusammenfassung—In dieser Arbeit wird die Entwicklung der Profile der Geschwindigkeit, der 
Temperatur und der Konzentration in der Nahe der Anstr6mkante untersucht, wobei die Naherungen 
der Grenzschichtlehre sowie beliebige anfangliche Temperaturprofile und Werte fiir die Konstante B 
der chemischen Kinetik angenommen werden. 

Es wird eine Reihenlésung in Ausdriicken eines Systems “‘universeller Funktionen” aufgestellt, von 
der aus die anfangliche Entwicklung eines willkurlichen anfanglichen Temperaturprofiles mit oder 
ohne chemische Reaktion berechnet werden kann. Die ersten drei Ausdriicke in den Reihen fiir die 
Temperatur wurden schon friher tabellarisch angegeben und sind hier in einem Diagramm 
mitgeteilt. 

Fiir den Fall ohne chemische Reaktion zeigt das analytische Ergebnis fiir eine gegebene anfangliche 
Temperaturverteilung, dass der Temperaturgradient normal zur trennenden Stromlinie ansteigt 
fiir eine begrenzte Entfernung in Str6mungsrichtung, was allein aus Betrachtungen tber die Warme 


* This research is carried out as part of the work sponsored by the Office of Ordnance Research, U.S. Army 
under Contract No. OOR DA-36 ORD 2183. 
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ausbreitung nicht vorauszusehen war. 


Experimentelle 
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Ergebnisse bestatigen qualitativ diesen 


Verlauf. Auch die drei Ausdriicke in der Reihenlésung fiir die Temperatur stimmen befriedigend mit 


dem Versuch uberein. 


Die analytischen Ergebnisse erméglichen es, die Entwicklung des Temperaturfeldes mit chemischer 
Reaktion zu berechnen. Experimentelle Daten zum Vergleich liegen noch nicht vor. 


AnHOoTayHA—lIecaelyeTca paspuTue 


noteil 


CKHOPOCTH, TeMilepaTyYpbi i KOHTWeHT pall 


BOJM3H 3aqHell KPOMKM CelapaTopa NIpH YCAOBNH allmpoKCHMalil HavaIbHOrO pacipeeteH is 
reMrepaTYpbl B MOrpaHU4YHOM C.10e MH MpOMsBO.IbHOli BeMYNHBI MapamMetpa B, xapakrepusy1- 
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Pemenne mo1yueHo BBE 
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I. INTRODUCTION 


IGNITION and combustion in the laminar 


mixing zone between a hot stream consisting of 


combustion products and a cool, combustible 
stream was first treated by Marble and Adamson 
[6]. They con- 
sidered a non-viscous, perfectly insulating, 
semi-infinite partition separating a cool com- 
bustible mixture from its hot combustion 
products. The velocity, temperature and con- 
centration of combustible are assumed uniform 
in each half plane at the trailing edge of the 
partition. Their analysis gives the distribution of 
the temperature, the concentration of the com- 
bustible and the gas velocity in the neighbor- 
hood of the trailing edge of the partition. Their 
results indicate that a local maximum in the 
temperature profile first occurs, due to heat 
release by the chemical reaction, in the hot 
burned gas below the dividing stream line. The 
problem was reconsidered by Cheng and 
Kovitz in 1957 [2] to take into account the 
finite length of the partition and the viscosity 
of the gas. The initial velocity distribution is 
taken to be the Blasius flow over a flat plate, but 
the temperature of each stream is still taken as 
uniform and discontinuous across the thin 
partition. The results indicate that the develop- 
ment of the temperature and the velocity field is 


[1] and continued by Dooley 


shortened by an order of magnitude as com- 
pared with the results of Marble and Adamson. 

The key interest of the problem is to obtain an 
estimate of the distance of the local temperature 
maximum downstream of the trailing edge. 
This distance serves to represent the major 
coupling between the chemical kinetic and the 
fluid mechanical aspects in the problem of flame 
stabilization on a solid body [3]. In any practical 
system, heat transfer across the partition will 
give rise to a continuous temperature profile at 
the trailing edge. The heat transfer, prior to mass 
and momentum mixing in the wake may 
adversely affect the rate of chemical reaction and 
the associated phenomena as is clear from the 
discussions in [3]. 

The effect of a nonuniform, continuous initial 
temperature profile on the development of the 
wake of a combustible mixture will be con- 
sidered in the present investigation. 

The results of the present analysis brings out 
an interesting aspect of the heat transfer in a 
viscous wake layer. This is produced by the 
convective motion, normal to the partition, of 
the gases with nonuniform initial temperature 
profiles. The temperature gradient, normal to the 
partition, appears to increase in the down- 
stream direction from the trailing edge of the 
partition for some limited extent. This prediction 
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from the analysis compares favorably with 
experimental results. 


Il. FORMULATION OF THE PROBLEM 

The governing equations are the conservation 
laws of mass, momentum, energy and the 
concentration of the combustible. Subject to the 
appropriate assumptions [2], the Howarth 
transformation is employed to uncouple the 
continuity and the momentum equations from 
the energy and the diffusion equations. The 
momentum equation is then reduced to the 
incompressible form. In terms of the trans- 
formed variables the governing equations can 
be written as 


H 


BK exp | 5 


— 6, 
uK., + oK, Sc - CK exp | —s 
where Prandtl number Pr = C,,A/k and Schmidt 
number S« u/pD are assumed to be constant 
throughout the field. The following notations 


are adopted from [2]. 


B 4/4H uly C, Ti 

G 4l/utr 

H heat released per unit mass of com- 
bustible 
characteristic chemical time constant 
universal gas constant 
activation energy 
relative mass concentration of com- 
bustible 
heat stream temperature 
T/T 
A/RT 11 


u and v are non-dimensional axial and trans- 
verse velocity components in the incompressible 
plane, while y, y, are the corresponding non- 
dimensional co-ordinates with the origin at the 
trailing edge of the flat plate. 

The solution for u and v from equations (1) 
was given by Goldstein [4] for the case of flow 
near the trailing edge of a flat plate with sym- 
metric Blasius profile at the beginning of mixing. 
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With E= x18 yn = y/3€ 


The solution consists of two forms—one valid 
for y small and one for y large. For small y: 


7 Sin) 
(3k T 2) fs) 


bgi.4 


The functions fo, /3, f,, and their derivatives 
have been recalculated for smaller mesh size in 
[5] and are used in the present calculation. 

Let the initial temperature profile be expressed 
in the power series form, for small y and 7 in the 
lower and the upper half plane respectively. 
F(y) y B, (5). Fa 


The solution for €,) will be constructed 
separately in the upper and lower half-planes. 
For small y, solutions of the forms 


OE.) = LO(y)E", K(E.n) = UK()E" (5) 
are assumed in each plane. Terms of the type 
é’ In € will be introduced before the & term 
whenever necessary. 

The following limiting process is valid 


lim \ A(n)é 


provided the limiting values 


6(n) 
= 


7) 


lim 
exist for each @, and 8,; 


where 


lim, = €>0 »>o y=const. 


lm, =€>0 7-0 jy =const. 


The constant £,, 8, will be considered as given 
but will not be specified for the present analysis 
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They will be determined from an experimentally 
measured initial profile. 
The initial conditions for the concentration 
are 
lim, K(é. 
therefore 
lim, Ko(é. 7) +0, lim K,(€.4)>1 © (a 
lim, K€ . »)/n, = lim, RAé . 4/4, > of 
when £, is rather close to unity, the equation (4) 
for the initial temperature profile may be 
suitable for the expansion of the exponential 
terms in equation (2). (See Appendix A.) The 
results are summarized as follows 


7) > 0, lim, K(€é.9)>1 (7) 


x 


exp ( ~~ DAné (9) 


where 


Dy 


D, 


) 2 
1 


0, B 
2} | 
By 


va l 

By (3, 
when £, is not close to unity, the series (9a) fails 
to be adequate since only three terms have been 
carried out for the solution of 6. An alternate 
expansion of the exponential term should be 
used. The series has the same form as equation 
(9) except that Dy, D,, D., are now different from 
those in (9a). The new coefficients are 


6, 
n? > ex | - 
] p Bo) 
, a 


, 0, 
Do exp | ; ml 
p, = (%: 3 e 
a= 1 eg SOT 9) OP [- = 
> (9b) 


— = 6, a + eae 
a i (Fiat ~~ Fm’) ° 2 Fm?) * 


L305 tn + Babyt| =) 
T Gy @ Fm?” T G3 f exp (- Fm 
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where 


6, F , 
- . Fm’ 6m 
Fm? 


6, Fm’ 2Fm'? 
— m ; 
m* Fm 


0 


a 


6, Fm’ ; 

Fm = 
fd 

i Fm’ Fmt | Fm" 

6,Fm™ 


— } dm 
Fim? 


2Fm'* 6, Fm’ 
Fm Fim? 


Substituting (3), (4) and (9) into (2), and equating 
the coefficients of like powers of £ we obtain a 
series of ordinary differential equations for 
6(m) and K,(») as were in [2]. 

The equations @,(r S&S § 2 3, 4, 
Kr = 0, 1, 2) are given as follows 


and 


9B(D,K, + DK») 
2 fo 9, 


+ D,K,) 


4f, 0, 


Sfs 0 T : 


9B( D Kz = 


2 foGs — 4f,% 


l 


5, Ke + 2fok, = 0 


Ky + 2foK, — 10K 


Sc 
| 


Go Ke + 2foK2 — 2 foKe 
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Ill. INTEGRATION OF ¢@ AND K FOR SMALL y 
The solution of the differential equations will, 

in general, depend on the imposed boundary 

conditions and the governing equation itself. 

For purposes of practical application of the 

solution to this problem for a given set of 

physical quantities and initial conditions, it is 
desirable to split the equation in several parts so 
that the individual equation can be freed from 
any arbitrary constants by suitable scale trans- 
formations. Such a splitting is permissible, 

since the equations for @, and K, are linear. A 

complete solution can then be obtained by 

summing up the split equations. 


(1) The splitting of the solution 

There are no physical constants appearing in 
the homogeneous part of the differential equation 
except the Prandtl number and the Schmidt 
number which were assumed to be 0-75 and 1-00 
respectively. The value of 0-75 assumed for the 
Prandtl number is based on the properties of 
CO, at high temperature. The Schmidt number 
is chosen according to the data of ethylene 
oxide and CO,, the two components that will be 
used in the experiment. The homogeneous 


solution is split into two linearly independent 
solutions. Each solution is associated with an 
undetermined constant. The canonical boundary 


condition is assigned at 7 = 0, for each homo- 
geneous solution. When the equation is non- 
homogeneous, the forcing function is split into 
several parts, in such a way that any physical 
constant, which appears in either part may be 
adsorbed inthe appropriate scale transformations. 
Proper boundary values are assigned at 7 0, 
so that the numerical calculation will not lead 
to trivial solution. 

Each split equation then integrated 
separately with the given boundary value at 
7» = 0, the integration process stops whenever 
each split equation reaches a_ substantially 
stable asymptotic region. The numerical values 
are tabulated in [7] and given graphically as 
Fig. 1. The process of splitting requires that an 
inordinately large number of independent solu- 
tions be integrated. For example, 43, 43, requires 
6 integrations and 6,, 4,, requires 24 independent 
integrations. Only the integrations of 6,, 4, and 
6, have been carried out. Therefore, the present 


is 
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Fic. la. Curves of universal temperature function. 








Fic. 1b. Derivative curve of universal temperature 
function. 
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solution cannot be extended to large values of 
x and y. 


(2) Determination of the constants 

After each split solution is integrated, all the 
solutions are summed to construct a complete 
solution to a given physical problem. 

There are four constants to be determined for 
each pair of @,, 6,. Thus four boundary conditions 
are required, i.e., those at 7» 7 0 and 
7 =F x2. The condition that the temperature 
profile be smooth at any value of & requires that 
both the function and its first derivative be 
continuous at 7 = 0. At » 2%, the temperature 
profile must approach the initial profile as a 
limit. This requires that equations (6) must be 
satisfied for all @,’s. The asymptotic behaviors 
of #, and K,, as specified by the differential 
equations are compatible with those specified in 
equations (6). The asymptotic behavior of the 
solution also serves to indicate the cut off point 
of the numerical integration. The investigation of 
the asymptotic behavior of @,. (r = 0, 1, 2, 3, 4) is 
presented in Appendix B, and the results are 
tabulated in Table 1. 


Table 1. Asymptotic behaviour of 6, 


Ao) 
” asy. 


HP) 
asy 


Where J is the forcing functions appeared in 
equation (10). @%, is the asymptotic behavior 
of homogeneous solution while #6) is that of 
inhomogeneous solution with », = 7 + 0-3408. 

The asymptotic behavior of 6, is 7% In », 
therefore 6, must include a term like & In &. 

Since the integrations have been carried out 
only to r = 3, the logarithmic term does not 
appear in the present expansion. 


T 
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Numerical results for @, 6, % and 6, are 
tabulated in [7] for Pr = 0-75 and Sc = 1-0. 

The governing equations of K, and K, as well 
as their boundary conditions are identical to 
those in [2] and the solutions are applicable to 
the present analysis. Since K, does not appear in 
the governing equations for 45, 4, 4, @3, it has 
not been integrated. 


(3) The splitting of 0, 

For illustrative purposes, the method of 
splitting and the determination of the constants 
will be given for the case of #,. The equation for 
#,, as given in equation (10) is invariant under 
the scale transformation, 


6, = 8, O, and 4, 
where f, 8, for the upper and the lower 
half plane respectively. 
We split each of 0, and O, into two indepen- 


dent solutions 7,,. and 7. respectively 
#11 #12 . 


0, An Gu 
0, An Gu 
so that 
L, Gu 
where 


d 


2Pr faz — Pr fy (14) 


Subject to the canonical initial conditions 


(0) 0 
Pp; (0) = 1 


(9) l 


rs 
g3(0) = 0 sa 


The four unknown constants, A,;, Aj, 4,, and 
Aj». are to be determined by 


(1) the initial conditions as given in equations 
(6) and 

(2) the smooth matching of the function, and 
the first derivatives at 7 7 = 0, i.e. 


8, 0,(0) = B,O,(0) (16) 


8, 8'(0) (17) 


B, 1(0) 


conditions of 
A, and Aj 


require 
case of 


continuity 
Ay. The 
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Table 2(a). The split solution (when 8, is close to unity) 
6, = Nr Ari pri + Nrp Arpi orp, 





i(B3 i Bs) a N35 [Ci (C3y1 C3p3) aot 
< — (Cgy2 — Cp4)]}/2 
{(B3 Bs) — Ngp [Cir (C3n1 + Cops) 
zag (C39 7 C354))} 


Cu 


In which C,, = lim ¢,,/7, Nr indicates the scale multiplier for 6, 
a 8, the coefficient for the initial temperature profile. 


Subscript p indicates particular integral 


Table 2(b). The split solution (when By is not close to unity) 


‘ 


NNN 


- Nop Cap1 ~ Nap2 C32) 2C31 
— N35: Cap1 — Nap2 C3p2)/2Ce 


9,431.48; 


9 
-9BPr exp (— =~ } Fn Cy 


Fm 
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y - Ayo is ruled out by the antisymmetricity 
of #, and 6,. The initial conditions 

lim 8/7 > By, lim 6/7 > PB, = —B, — (18) 


Vax 7x 


lead to the same result 


lim Ay, Py/n > 1 (19) 


n> D 
therefore 


Ay = p == 1/lim (Pu/) (20) 


n> © 
The integration of ¢,, was carried out up to 
the point where q,/, or gv, remains essentially 
constant. The numerical value of A,, or Ay is 
obtained from (20). The splitting procedure for 
the independent integrations, and the constants 
for each split solution are tabulated in Tables 2 
(a, b). 


IV. RESULTS AND DISCUSSION 
(1) Construction of complete solution of @ for 
small y and ¥ 
The complete solution for # can be written in 
the following way with all the numerical results 
inserted : 


By — 1-70 Bygy€ + - jo-280 (B. + 
8.) + 0-562 BPr exp | | Po 
Bo 


+ [0-820 (2 8.) — 0-900 BPr 


\~——————_ -- 


0-0453 BPr 


I3 + Bs) 


0, 6,8, 
ex - 
P | Bo Bp 


| Ya T jo-904 (Bs 


“ “=| ¥ 32 


- By) + 4-41 BPr exp [ 


Bo) BB 


BP. | shee (1 710 : om 
9BPr exp | — = ’ P3p1 ~ 
Bo p? } 3p1 


+ Papo) 84... 


nam 
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§ can be written in the same manner except that 
all the constant 8, must be properly modified 
and Gop1, Psp1s Yap2, Must be replaced by qaoyo 
P3p3, aNd P3y4. Thus the solutions for @ and 6 can 
be easily calculated at any point €, 7 within the 
range of validity of the series. Furthermore, the 
location of the initial bulge can be calculated by 
substituting the asymptotic solutions of ¢,,’s. 


COMBUSTION 
PRODUCTS 
K=0 


UNINSULATED FLAT 
PLATE 





COMBUSTIBLE 





Fic. 2. Schematic of model with co-ordinate system. 


(2) Case of no chemical reaction 

The temperature distribution in the case of the 
mixing of a heated and a cold air stream, has 
been calculated for a particular initial tempera- 
ture profile. The results are compared with the 
experiment as shown in Figs. 3 and 4. 

Fig. 3 shows the initial velocity profile with 
the free stream velocity of approximately 15-2 
ft/sec for both streams. (In Fig. 3 it is seen that 
the velocity profile is not symmetric with respect 
to the partition y = 0, as in the physical plane. 








Fic. 3. Initial velocity profile in compressible plane. 
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y 


. Temperature profile incompressible plane. 


When the y co-ordinates are contracted, accord- 
ing to the Howarth transformation, they will 
reduce to approximately symmetric Blasius 
profile as postulated in the analysis. The reduc- 
tion of the experimental data will be given in 
Appendix C.) Fig. 4 shows the temperature 
distribution in the wake near the trailing edge. 
The free stream temperatures of the hot and the 
cold streams are 540° and 45°F respectively. 

In Fig. 4 the cross represents the initial tem- 
perature as measured. The solid curve is the 
approximation for the initial temperature profile 
on which the calculation of the downstream flow 
field is based. 

The circle represents the temperature 
measured at different transverse positions, 0-05 
in. downstream of the trailing edge. The broken 
line is the corresponding temperature distribution 
as calculated based on equation (21). 

It is interesting to note from both the measured 
and the calculated profile that the downstream 
temperature is higher than the upstream tem- 
perature in the hot stream side, and is lower in 
the cold stream side along constant y lines when 
y| is small. As a result, the temperature profile 
shows a steeper slope toward the downstream 
region along the dividing stream line. 

This resuit might be disturbing if one should 
consider the change of temperature distribution 
as being carried out by the diffusive process 
alone as in the ideal case of mixing of two 
uniform streams. 

However, inside the viscous mixing region of 
two uniform streams, the stream lines must 
converge toward the dividing stream line 
immediately downstream of the trailing edge 
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of the partition. This is because the u-velocity 
component parallel to the dividing stream line, 
increases toward the downstream direction, 
1.e. €u/ex 0. The equation of mass con- 
tinuity then gives 


l Dp 
p Dr 


cv Cu 


cy cx 


While cu/cx becomes very large. —(1/p)(Dp/ Dr) 
is vanishingly small when the trailing edge is 
approached. Hence ¢v/cy 0. With v 0 at 
y 0 the transverse velocity component v is 
always negative. The stream lines will therefore 
converge inside the viscous wake layer, at least 
immediately downstream of the trailing edge. 

The convergence of the stream lines on both 
sides of the partition toward y 0, upon 
entering into the wake, tends to increase the 
temperature gradient across the dividing stream 
line y = 0. This is opposite to the effect of heat 
diffusion. If the former effect predominates the 
temperature gradient across the stream line will 
actually increase toward the downstream region 
as was found from both the calculated and the 
measured results. The importance of the non- 
uniform initial temperature profiles in each 
stream in determining the temperature field in 
the wake, especially near the trailing edge of the 
partition, is then evident even in the absence of 
chemical reaction. 


(3) Case with chemical reaction 

The rate of chemical reaction in the wake 
region will be adversely affected because of the 
lowered effective temperature over the hot side 
of the wake. However, no definite conclusion 
could be made concerning the development of 
the maximum in the temperature profile. The 
effect of the lowered rate of chemical kinetics is 
counteracted by the lower rate of heat transfer 
from the hot stream to the cold stream. More- 
over, the maximum temperature point developed 
deeper in the hot stream when compared with 
the case with step initial temperature profile. It 
is difficult to visualize qualitatively how the 
overall effect will be in the presence of these 
opposing influences. A detailed investigation 
will have to depend on the calculated results for 
specific instances based on equation (21a). 
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The criteria of the initial maximum in tem- 
perature profile is given as [2]: 


6, and @,,, are calculated from the complete 
solution (21a) by substituting asymptotic 
approximation in ¢,,;. The asymptotic approxi- 
mation of q,,; are given in Appendix D. The 
results are 


§ Boy zy x'/? + § Bay” 
: 2/3 : 
} Ago VX! 3 = A338 °) (x) 3) 


9 


- $ ge x! *) (3x?) (24) 


+ (5-468)3a, 


0-076 8, — 0-068 B, 


433 


) 


on On 2 3 6, AP, 
9BPr exp | Fn) (3°04 “a 


(3-436)3a, } 


The co-ordinates of the location with the 
initial maximum in the temperature profile are 
found from (22-24) as 


La/I 
1283433)/ (Ag2R2 


(a3, — 1283433) 


After substituting expressions (25) in equation 
(26) one obtains a general formula for y}/°, 
which will be extremely complicated. However, 
it can be expanded in power series of the small 
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parameter [9BPr exp (—#@,/Fm)]| provided the 
following assumptions are satisfied: 
. Az Bs 
(1) |- r 
432 Pe 
< 2[1 38,B./B2)]8./f As. 
(ii) _ 2» —2—|/ <1 
32 A329 
These are satisfied under typical conditions. For 
example, for the case reported in [2] with 
B = 2°58 23-96, Fm = O(1) 
dm = O(1) 
The first terms of the expansions are 


~~, &. 


a B, + (38,83) | 

” 8-20 a, [1 + 0-314 (6,8,/Fm?*) (a,/a,)] 
0-00! 

+ 0-314 (0,8,/Fim?*) (ao/a;)] 


l 
9BPr exp (— ¢ 


16°40 a, [1 


(28 
Fm) , 


2 \ (38,83) 
14 (0.8, Fim*) (ay a) 
(29) 


0-003 a! , B 


16-40 a, 1 + 0 


when the second term in the brackets in equations 
(28) and (29) is small compared to unity. y, is 
approximately equal to +/(3,/8s). aga, etc. will 
then be evaluated at 6m V (38/83). By sub- 
Stituting these values into equations (28) and 
(29) one obtains a point of the initial maximum 
in temperature profile. 

The increase in temperature at y,, y,; due to 
the chemical heat generation can be calculated 
from equation (21a) as follows 


A6 = 0-696 [8, + (3) 


It is interesting to note that both y!*, and 4@, 
are proportional to [8, + 4/(38,83)] which is 
the second derivative of the initial temperature 
profile evaluated at y \/(38,/B3). 
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This result indicates that for larger negative 
curvature at y, the greater is the distance 
required to develop the temperature maximum 
in agreement with physical expectations. 

Typical values of §’s and a’s have been esti- 
mated from reasonable initial temperature 
profiles. Both the co-ordinates (y; v,) of the 
point where temperature maximum occurs are 
found to be 

x?/? = 00077 . »; = 0-485 
when the physical constants given in [2] were 
adopted. Comparison with the values of y!'* and 
y, given in [2] for the step initial temperature 
profile shows that the temperature maximum 
develops considerably further away from the 
dividing stream line and into the hot gas stream 
when the experimental, smooth initial tempera- 
ture profile is used. The temperature maximum 
develops further upstream for the present case. 

In conclusion, the present work presents an 
analytical method for calculating the tempera- 
ture field with or without chemical reactions in 
the wake of a flow with nonuniform initial 
temperature. The importance of the non- 
uniformity of the initial temperature is illustrated 
by calling to the attention that the qualitative 
behavior of the immediate development of the 
temperature field is opposite to what may be 
expected if the nonuniformity is ignored. This 
qualitative analytic prediction is confirmed by 
experimental data. In view of the importance of 
the temperature field on the rate of chemical 
reaction, it is pertinent to emphasize the impor- 
tance of the temperature nonuniformity in many 
practical problems, involving chemical reaction. 
A typical example is presented. 
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APPENDIX A 


Expansion of exp (—4,/@) 


Expansion of exp ( 


ho 


@,/@) about & 
Iding y constant, can be written as: 


since 


c 
c€ 


| v = const. 


exp Ge @, exp | 


Hence equation (1) can be written as 


F 


when 
exp ( 
with y 


1H 
6,0, 


F- 
GF 1 {0,0 
P:) i n)| ee 


-a(s) +A(3) +) > 
Mo | 3 9 3 } 3 s.s-s 
8, is close to unity, the expansion of 


6./F) can be carried out about V 0, 
3£&n. 


a 


exp | a} i+é€ 


(A2) 


exp | et exp | 


8,0 
R2 
Po 


8, 


> 


a 


exp 
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Substitute (A3) into (A2) and rearrange the 
result in ascending powers of €. The following 
series is obtained: 


exp | _ at = exp | z 


P Ga 
B oe (;'] 4 
10, ab) 


| 2 
_ 0 


¢., 
yté4 In & 


li |) 


QR 
exp | 

When §£, is substantially different from unity, 
say 1/2, the above expansion cannot be used. 
The expansion of exp (— 4,,/F) must be such as 
to represent with reasonable accuracy this 
function in the region of y which is important in 
the development of the temperature maximum. 
The method of solution of the different equation 
regimes, on the other hand, exp (— 4,/F) must 
be expressed in the form of power series of y. 
Hence assume the following expansion 


ao (-") -a0(- fs) tar 


a y+...) (A5) 


9 


G», a, and a,, are so determined that the 
truncated polynomial will give the same zeroth. 
First and second derivatives of exp (— @,/F) at 
some important point y = 6m. Hence, 
a,dm* ] (A6) 


Re Fm’ 
| Fm? on 
Em! (Fm' 


ag a,om 


(A7) 


aT 2 2 


(A8) 


From (A6), (A7) and (A8), ao, a, a, are 
calculated, finally (A2) may be written as 
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6, 8,0, 
exp | Fm ) * (26 Fm? 
P A, 43 

@ Be 
a | , ( Fine Fm) 


6,0, 


where 


Oo, .. 
ao .-5 Fm'dm 
mm 


ee Fin” 
——{ Fm 

5 Fat | 

6, Fm’? 
Fim? 


2Fm” 


om? 
Fm 


G.. 
—, | Fm 
ome 


Fi 
2Fm'* Fim’? 
Fm Fm? 
Fim” 2Fim'? 
| Fm 
“Mm? Fm 


om 


6, Fm’ 
) 


Fim? 


APPENDIX B 


Asymptotic solution of 6°) 

The general equation for #,(y) can be written 
in the more convenient form 
Pri 


g*” 4 A, f,0; A, fo? 


where 


0 


I 
I. 


, IBD Ky 


3 9B( DK, 


Y D, Ky) 
I; = 9B D Ke T 


DK) 5f39; T Ih 


The formal solution for @, can be written as 


(9) 


Pr {" I, exp [ 


a, fL%™(n) + b, f°) 
Ae J? fol2)d2) (APM A.) 
FLD) F2(8)j 40 


where a,, 5, are the arbitrary constants and 


S(\?, f§, are linearly independent solutions to 


the homogeneous equation. For large » Gold- 
stein shows that fj behaves as quadratic func- 
tion of » 
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5,)? 0) 4 


O[(y 


4 
a,/3 (7 + 


Son) ~ 3a (y 
exp | 5,)*}] 


5 
Oo) 


Using these forms for f9, f,, the homogeneous 


0° 
equation becomes 


(0 
gt) 4. Ag a, (7 


do)* 66%) — 


Aga(% Oo) 0) 0 


The solutions are 


6 (0) ae Ar nj = exp | 


i+) 


0-3408. 


APPENDIX (¢ 
Reduction of experimental data 
The velocity and temperature distribution, as 
shown in Figs. 3 and 4 are obtained at planes 
perpendicular to the free stream direction and 
located at x = 0 and x = 0-05 in., respectively, 
as measured from the trailing edge of the plate. 
The hot air was heated by the electric heater to a 
temperature of 540°F while the cold air was 
observed to have a temperature of 45°F. Both 
free stream velocities were 15-2 ft/sec approxi- 
mately. 
The temperature distribution at x = 0-05 in. 
was calculated analytically on the basis of 
equation (21) for a given set of values of 8,, and 
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8, which are determined by the initial temperature 
profile, in the following manner. 

Firstly, the physical plane is transformed into 
the incompressible plane according to the 
Howarth transformation. For the constant 
pressure process, the density ratio p/p1 appearing 
in the transformation is replaced by the tem- 
perature ratio 7;/7. The compressible plane is 
thus transformed into the incompressible plane. 
To calculate the spatial variables y x,/4/, 


y = \/(R)y,/4/, as were defined by Goldstein, the 


effective flat plate length / must be estimated. 

It may be obtained on the basis of either the 
formula of skin friction or of the expression of 
the change of the centerline velocity given by 
Goldstein [4]. The Blasius skin friction formula 
is 

me 0-664 Re 

éy1|,,-0 4/ 
where Re = Reynolds number 4/u1/v, / = effec- 
tive length of the flat plate, uy free stream 
velocity in the direction parallel to the plate, 
Vy transverse distance co-ordinate in the 
incompressible plane. With uy 15-2 ft/sec, 
1:55 x 10-4 ft®/sec., and with 


in-! 


as was obtained from the velocity profiles in 
the incompressible plane, / was found to be 
1-30 in. Goldstein’s formula for the centerline 
velocity is 


Lr +1 f° (0) 


3 
0 


f'(0) 3-67896, 7,(0) 3-5415, f5(0) = 8-1190, 
with uy 15-2 ft/sec, the centerline velocity 
distribution was found to fit well with that 
given with / 1-25 in. With uy 15-7 ft/sec, 
/ was found to be 0:8 in., these are shown in 
Fig. 5. 

In the figure circles and crosses indicate the 
actual velocity distribution along the centerline 
with wy = 15-2 ft/sec and 15-7 ft/sec, respectively. 
The variation of the center velocity with / = 1-25 
in., 1-0 in., 0-8 in. are plotted. Weighing all the 
aspects involved, we decide to take / 1-0 in. 
in the calculation. The initial temperature 
profile in the x-y plane was approximated by 
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2=1.25 
x Ur = 15.7 fps 


© U; *15.2 fps 


2 





Fic. 5. Centerline velocity profile. 


cubic equations for y and 7 smoothly joined at 
y = jp = O. By taking 3 points in each y and 7 
plane. the 6 unknown constants f», 8, Bo, B3, 
B;, Bs. Bz, are determined, where , B, is 
imposed as the necessary condition of smooth 
joining. 

At xo 0-05 in., we have x 0-0125 and 
& = 0-232. With the values £8, . . . 8, determined 
from the initial temperature profile, the cor- 
responding temperature’ distribution at 


Xo = 0-05 in. is given by equation (21) as 


6 = 0-7537 + 0-0988%,, + 0-0119¢-., 
0-03014 22 0-004, 31 T 0-02854 32 
6 = 0-753 0-0988¢,, + 0-0119¢., + 
+ 0-030] G5 — 0:004q, — 0-0285¢ 50 
Here y's are functions of 7 y/3e. For any 
given value of y, say y = 0-:174 9 = y/3« = 0-25 
the following values are obtained from Table 2(b). 


02436, 1-1598, 0-2503, 


Y 32 


Y 22 


0-2570 


4 21 


1-243, 


Gu 


4 31 
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Thus @ and 6 were calculated to be 0-7864, and 
0-7387 respectively at the point 7 = 7 = 0-25. 
The slope of the temperature profile along the 
Stream line can be calculated easily by 
differentiating equation (21), with respect to y. 
With the present data the analytical result gave 
6,/B 1-625. While the experimental result is 


v/P1 
1-61-+- at é 0-232. 
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Asymptotic approximation of ¢;, 

The asymptotic expression of ¢ ,,,; are approxi- 
mated based on the computed values of the 
temperature function in [7] and are shown in the 
following: 


0:587y + 0-200 
1-800»? + » 
0-610? + 0-343» 
0-0527? + 0-028» 
0-173? + 0-167» 
1-8507* + 2-170»? 
+ 0:635n? + 0-080; 
2-6807? + 3-010» 
2-850n? — 3-300y 
2:930n? — 2-847» 
2-979? — 2-91 11 


0-580 
+- 0-193 
0-019 
0-052 
0-015, 1-620 
0-370 
1-851 
2-041 
- 1-542 
0-650 


0-103%3 
0-105 


The above approximate expressions are 
justified from the point of view of the behavior 
of the asymptotic solution as is given in Appen- 
dix B. 
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HEAT AND MASS TRANSFER DURING THE DRYING 
OF MOIST MATERIALS 
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Abstract—This paper deals with heat and mass transfer inside a moist capillary porous body under 

conditions of an intensive heating process. It was found by the experiments that in the capillaries 

of a body a pressure of gas and vapour mixture occurs exceeding that of the surrounding air 

(barometric pressure). One of the main reasons stimulating moisture transfer inside a body in the 

process of drying is a decrease of this excessive pressure. The coefficients of moisture content are 

calculated and in analysis the mechanism of drying is given on the basis of the differential equation for 
heat and mass transfer in dispersed media. 


Résumé—Cet article traite du transfert de chaleur et de masse a lintérieur d’un corps humide a 
porosité capillaire soumis a un chauffage intensif. Les expériences ont montré que, dans les capillarites 
du corps la pression du mélange de gaz et de vapeur s’éléve au-dessus de la pression ambiante 
(pression atmosphérique). L*un des principaux facteurs de l’accélération du transport de humidite 
a travers un corps au cours du séchage est la diminution de cette surpression. Les coefficients de 
teneur en eau sont calculés et une analyse du mécanisme du séchage est donnée, elle est basée sur 
léquation différentielle du transport de masse et de chaleur dans un milieu disperse. 


Zusammenfassung—Diese Arbeit beschaftigt sich mit der Warme- und Stoffiibertragung im Inneren 

eines feuchten, kapillar-porésen K6rpers bei intensiver Trocknung. Die Versuche ergaben in den 

Kapillaren einen Druck des Gas-Dampfgemisches, der iiber deren Umgebungsdruck (barometrischer 

Druck) lag. Eine der Hauptursachen fiir den Feuchtigkeitstransport innerhalb des K6rpers wahrend 

der Trocknung ist ein Abfall dieses Uberdrucks. Die Koeffizienten des Feuchtigkeitsgehaltes werden 

berechnet und eine Analyse des Trocknungsmechanismus gegeben auf der Grundlage der Differen- 
tialgleichung fiir den Warme- und Stofftransport in dispersen Medien. 


AHHOTauHA—B craTbe paccMaTpuBaeTcA TepeHoc Tena UM BellleCTBa BHYTPM B.la7vKHOrO 
KalMIIApHO-NOpucToro Tela B Mpomecce MHTeHCHBHOTO HarpeBa. OKCHepMMeHTaMI YCTa- 
HOBIeHO, YTO B KalliApaX Tela BOSHUKaeT aBIeHNe MaporasoBoil CMeci, MmpeBbmaioulee 
LableHHe OKpyAMaloulero BO3LYXa (GapomMeTpiyeckoe jlaprenne). lepenay sroro u36nITOUHOTO 
WaBIeCHUNA ABIAeTCH OFHOM M3 OCHOBHEIX IPM4NH TepeHoca Baril BHYTpM Tela B Mpomecce 
cymku. Ha ocnone yuddepenunadbHoro ypaBHeHNA TelmoOMacconepeHoca B JUCcMepCHbIxX 
CpeaX NOACIMTaHb! KoaPPUMNMEHTL NepeHoca BAAarM WM aH aHadM3 Me€XaHM3Ma CYWKH. 


It is known that the process of drying materials qg = — a’yoVu (1) 
consists both of the transfer of moisture within 
the material and of the evaporation of it from 


where qg’ is the density of mass flow, kg/m*hr, 
Vuis the moisture content gradient, 


the surface of the material into the surrounding 
medium. In most cases the rate of drying depends 
on the intensity of moisture transfer from 
within the material towards its surface. 

In earlier works the heat and mass transfer 
processes were considered as analogous. There- 
fore the equation of mass conduction was 
written analogically to the Fourier heat con- 
duction equation: 


a’ is the moisture potential conductivity 
coefficient of material, 
Yo is the density of dry material kg/m’. 
Accordingly the differential equation of mass 
conduction had the form: 


Cu all 
=avV*u 


CT 


where 7 is the time in hr. 
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1923-30 the American scientists Sherwood and 
Lewis published their works where analytical 
dependences for some particular cases of the 
kinetics of the drying process described by the 
above equation were given. 

The experimental investigations carried out by 
the Soviet scientists A. M. Fedorov, B. A. 
Posnov, J. I. Minjovich, I. I. Paleev, A. A. 
Shumilin and others determined that moisture 
transfer does not correspond to the molecular 
diffusion but occurs under the influence of 
some other causes and that the coefficient a 
depends on the moisture content of the material. 

In 1934, A. V. Luikov discovered the 
phenomenon of moisture thermal diffusion and 
established a new factor causing moisture 
transfer in materials—the temperature gradient 
and, corresponding to it, the thermal gradient 
coefficient. 

At first this factor was considered insignifi- 
cant, since it does not influence considerably the 
low temperature convective drying of various 
materials. The intensification of heat and mass 
transfer processes in general and the application 
of high-frequency to drying material in par- 
ticular showed the enormous significance of this 
factor. 

In this case the mass transfer equation will be 
of the following form: 


q’ Gu + 4: ayo Vu — a'yooVt (3) 


where 64 is the thermal gradient coefficient 1/°C, 
q;, and q; are the flows of mass provoked by 
moisture conductivity and the thermal diffusion 
of moisture, Vr is the temperature gradient 
“C/m. 

In this case the mass conduction differential 
equation will be of the following form: 


Cu — ss 
aV7u + a’ dV*t (4) 


and the heat conduction differential equation of 
the form: 

ct P er Cu 

aVv*t + 

CT C OF 
the second term of which takes into account the 
influence of the moisture evaporation within the 
body on the temperature field change. « is the 
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coefficient of moisture internal evaporation; at 
« = 0 the total mass of moisture is transferred 
in a liquid form and at « 1 only in the form 
of vapour. r is the heat of evaporation, kcal/kg, 
c is the specific heat of an absolutely dry material, 
a is the thermal diffusivity coefficient, kcal/kg°C. 

The coefficients a’ and 6 depend on the 
temperature and moisture content of the 
material. The coefficient a’ remains constant 
both when the material has a high moisture 
content and when it is at a constant tempera- 
ture; in this state a’ corresponds to the transfer 
of osmotically bounded and of capillary moisture 
in liquid form. On further removal of moisture 
from the smaller capillaries, it can be transferred 
not only in the form of liquid but partially also 
in the vaporous state; in this case the coefficient 
a’ is decreasing. Still greater decrease of a’ may 
be observed when the moisture content of the 
material is very low. The moisture bound by the 
polymolecular absorption is then being removed 
as steam. 

The coefficient 6 varies in rather a different 
way with the variation of the moisture content 
and of the temperature. It decreases with 
the increase in temperature. The coefficient 6 
will increase and reach its maximum value with 
the decrease of the average moisture content of 
the material, for when there are larger amounts 
of capillary moisture in the material there is a 
favourable influence of the trapped air upon the 
transfer of moisture. Further, a part of the 
moisture can be transferred as vapour with a 
decrease of the moisture content (when it 
approaches the critical moisture level), and 6 
decreases in consequence of the relative thermal 
diffusion of vapour and air. When there is only 
the sorbite moisture in the material, then 6 
becomes negative since the vapour tends to be 
transferred in the opposite direction towards 
the heat flux. 

It was established by experiment that an 
increase in the difference of temperature, 
moisture concentration and vapour pressure in 
the interior of the material and at the surface 
of the material respectively causes an adequate 
increase in the rate at which it dries. 

If the temperature or the moisture content of 
the surface layers of the material are greater 
than those of the internal ones, this may either 
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slow down the transfer of moisture towards the 
surface of the material or even provoke a reverse 
transfer of moisture into the internal layers of 
the material. 

Accordingly the moisture, temperature and 
pressure gradients may have both negative and 
positive signs. The negative sign shows a lack of 
agreement between the direction of the moisture- 
flow vector and the direction of the gradient 
and corresponds to a transfer of moisture from 
the internal layers of the material towards its 
surface. 

The application of equation (3) to the analysis 
of various drying processes shows that the 
transfer of moisture towards the surface occurs 
at the convective drying (Fig. 1) owing to the 
moisture content gradient; on the contrary 
the temperature gradient makes the transfer of 
moisture slow down. In this case g’ = gi, — q}. 




















Fic. 1. Typical curves of moisture content and tem- 
perature distribution in the material: 
(a) For convective drying, 


(b) For conductive drying. 


The greater the temperature difference between 
the centre and the surface of a material and the 
higher the value of the thermal gradient the 
larger the value of g/. The effect of a change of 
the temperature field on the intensity of the 
moisture transfer can be neglected only in the 
case of low-temperature drying. The transfer of 


moisture towards the surface (Fig. I(b)) is 
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determined at the contact drying in the same way 
as in most cases of drying (Fig. 2(b)) i.e. by the 
temperature gradient; on the contrary the 
gradient of moisture content slows down the 
process of drying. 


Fic. 2. Curves of moisture content and temperature 
distributions for high frequency drying of wood. 


For instance, forced circulation of air is 
applied in order to intensify the process of 
contact fabric drying. In most cases the applica- 
tion of air circulation to the process of high 
frequency drying also gives positive results. The 
anomalous fields of temperature and of moisture 
content can be observed, as shown in Fig. 2(b), 
at high frequency drying of a piece of wood, the 
central part of which has a higher moisture 
content and absorbs more heat. In this case the 
process of drying goes on sluggishly and an 
application of the high frequency method makes 
no sense at all. The main drawback of the con- 
vective drying method lies in its duration. All 
attempts to intensify this method of drying end 
in failure as they require an increase of the 
moisture content gradient; this is inadmissible 
for many materials as it makes them to crack, 
and thus results in wastage. 

Numerous attempts were made, therefore to 
apply oscillating regimes which allow the in- 
fluence of the temperature gradient to be opera- 
tive at least momentarily. The application of high 
frequency current made it possible to obtain a 
large temperature gradient. However, this 
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method has no utilization in engineering practice 
because of the lowefficiency of the high frequency 
drying installation. 

Still this method of drying may find an 
economic and rational application in combina- 
tion with other methods. Posnov and Pershanov 
suggested a combined high frequency and con- 
vective method of wood drying, where electrical 
energy is spent only to create a negligible 
decrease of positive temperature in dried boards 
and the moisture evaporation goes on in a 
usual way, 1.e. with the help of recirculating air 
heated by the steam air heater. In this case the 
intensity of the combined drying is double 
that of the convective one and the expenditure of 
electrical energy is reduced by ten times com- 
pared to pure high frequency drying. 

However, the drying processes can be intensi- 
fied not only by creating a temperature gradient, 
since some materials are able to endure momen- 
tary and sometimes even prolonged heating 
up to 100°C and higher. In this case the evapora- 
tion of moisture can occur within the material. 
In 1952 a new factor determining the transfer 
of moisture from within the material towards 
its surface was discovered and the corresponding 
coefficient of molar transfer was derived through 
our investigations on high temperature methods 
of drying materials using different kinds of 
heat supply when the material is heated up to 
100°C and more, or when the temperature of the 
material exceeds the saturation temperature at a 
given pressure. This factor is referred to as the 
total pressure gradient. 

By our preliminary experiments we determined 
the values of the potential conductivity coefficient 
and the thermal gradient coefficient at different 
temperatures and for different moisture contents 
of the dried material. The corresponding 
temperature and moisture content gradients 
were determined directly from the experimental 
data, by measuring the temperature fields and 
the moisture content. All this made it possible 
to build the corresponding mass _ transfer 
balances. The analysis of mass transfer balances 
showed that the law of moisture transfer for a 
dried material is fully described by equation (3) 
only for temperatures lower than 100°C. 

In cases when the temperature of separate 
zones within the material exceeds 100°C, one 


can find a lack of co-ordination in the mass 
transfer balance calculated on the basis of 
equation (3) and this divergence is greater, the 
more the temperature inside the material exceeds 
100°C. In these cases a noncompensated field 
appears in the mass transfer balance. (In Fig. 3 





Fic. 3. The dynamics of the flow of moisture for 
the high radiation frequency method of drying wood. 
E = 30 V/sm; t 190°C. 


it is shaded in.) It is interesting to note that the 
intensity of drying and, consequently, the 
density of moisture flow have extremely high 
values in some cases of combined high frequency 
radiative drying in spite of the fact that at some 
moments there exist extremely small values both 
for the moisture content and for the temperature 
gradients (Fig. 4(c)). But the intensity of drying 
here should be almost equal to zero according 
to equation (3). 

All this makes it possible to suppose that the 
gradient of excessive vapour pressure is the 
main motive force of moisture flow at tempera- 
tures exceeding 100°C in the interior of the 
material. 

The nearer the location of a point to the sur- 
face, the less the resistance of the whole capillary 
system through which the vapour passes in its 
motion towards the surface. 

Due to this we had every reason to suppose that 
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Fic. 4. Curves of moisture content and temperature distributions for different methods of heat supply: 


(a) For the radiation method, 


(b) For the high frequency method, 
(c) For the combined high frequency and radiation method. 


in every case the value of the gradient Cpz/cx has 
a positive value, i.e. it favours the molar motion 
of the vapour from the central layers to the 
periphery. There may exist the possibility that 
during this motion the vapour carries away the 
particles of liquid thus increasing the total flow 
of moisture. 

The character of moisture motion under 
the influence of the excess pressure gradient 
given Cpp/cx, does not exclude movement under 
the simultaneous influence both of the moisture 
content and of the temperature gradients, but 
the role of moisture transfer owing to the thermal 
diffusion of moisture is very small because of the 
small values of 6 and can be neglected. 

Analysis of the mass transfer balance or of 
flow dynamics for high temperature drying of 
different materials (sand, clay, wood, etc.) 
showed that it is necessary to insert the third 
term g; into equation (3) which takes into 
account the molar transfer of vapour and 
moisture at the expense of the excess vapour 
pressure arising in the material at temperatures 
exceeding 100°C, i.e. 


+4,+9,= 
—a'yoVu — a’y,dVt 


Gq = 
- AyYoVP B (6) 


The last term on the right side of the equation 
represents the density of the moisture flow due 
to the excess pressure gradient Vppz. 

The coefficient a, in equation (6) may be 
called the coefficient of molar vapour transfer in 
contrast to a’ which is the complex coefficient of 
vapour diffusion and liquid transfer under the 
influence of capillary and osmotic forces. 

At the beginning of the drying process, when 
the moisture content of the material is con- 
siderable and all the capillaries are filled with 
moisture, the coefficient of molar vapour 
transfer a, remains constant but it decreases 
when the moisture falls below the hygroscopic 
one. This coefficient also depends on the 
structure of the dried material (porosity and 
capillary radii). Fig. 5 shows the change of the 
vapour molar-transfer coefficient a, at high 
temperature radiative high frequency drying 
of wood. 

The differential mass conduction equation 
taking into account the excessive pressure 
gradient may be represented in the following 
form: 

cu 
a'V*u + a'8V*t + a,V?Pp, (7) 


Or 
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Fic. 5. The change of the molar transfer coefficient a, 

for the high frequency radiation method of drying 

wood depending on the moisture content for different 
values, given the average temperature of wood. 


For internal temperatures below 100°C 
(p, = 9) or at V?pz = 0 equation (9) becomes the 
ordinary equation (4). 

In our previous works the pressure gradient 
was determined in an indirect manner, but 
during our further investigations on the pro- 
cesses of wood drying in liquid media we 
managed to measure the pressure arising inside 
the wood at different temperatures applying the 
method of medical needles suggested by G. A. 
Maximov. 

It should be pointed out that in our experiments 
we measured the excess pressure inside the 
material. For this purpose two capillary needles 
were placed at the tested depth. One capillary 
was soldered and measured the pressure arising 
from the expansion of the heated air in the 
capillary, while the second one measured the 
total pressure including that of the water 
vapour pressure. 

The difference corresponded to the excess 
pressure of water vapour. It was shown by the 
experiments that the excess pressure on drying 
materials in liquid media may be observed only 
at temperatures above 100°C. In the experiments 
of Maximov the existence of considerable 
pressures at temperatures below 100°C was 
discovered by measurements with the help of 


unsoldered capillaries by rapid heating with 
high frequency currents. Maximov explains the 
existence of excess pressures in some porous 
materials drying at 70°-80°C by air effusion 
through the microcapillaries from the sur- 
rounding medium into the interior of the 
material. 





Fic. 6. The drying and pressure curves at the centre 
and near the surface of a block of wood at different 
temperatures of a liquid medium (molten paraffin). 


Fig. 6 gives the diagrams for wood drying at 
the initial stage when it has a uniform distribu- 
tion of moisture in it. The effects were observed 
at various temperatures of a liquid medium 
(melted paraffin) into which a wooden cube 
50 = 50 x 60 mm was placed. 

The direct measurements showed that 


Vp =f (t, w, m) (8) 


where m gives the value of the porosity of the 
material. 

Fig. 7 shows the curves of moisture, tem- 
perature and pressure distributions along the 
thickness of the wood sample at the liquid 
temperature of 150°C. 

The conclusion of some investigators that 
the excess pressure has to correspond to the 
saturation temperature is wrong. Thus, when 
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the moisture content is greater than the hygro- 
scopic one (w = 60 per cent) the pressure in the 
centre is only 340 mm of mercury column 
when the temperature of the material is 150°C 
(Fig. 7). 

The application of the wood drying method in 
liquids at the expense of Vp p gives an acceleration 
8-10 times greater than for convective drying. 





A more clear understanding of the mechanism 
of moisture transfer obtained if the complex 
potential conductivity coefficient a in_ the 
differential transfer equations is replaced by the 
coefficient of moisture transfer a, in a liquid 
phase under the action of the moisture content 
gradient action provided the molar and 
molecular transfer of vapour is taken into 


t= 150°C 
































Fic. 7 


The moisture, temperature and pressure distribution curves along the thickness 


of a sample of wood on drying it in molten paraffin at a temperature of 150 °C. 


The various phenomena and _ processes 
associated with materials which are being dried 
can be explained by the effect of the pressure 
gradient. Only the action of the pressure gradient 
can explain in the most simple way, the regulari- 
ties observed in the drying of materials in 
organic liquids and in autoclaves with a sharp 
or gradual decrease of pressure, as well as the 
sharp increase in volume of particles at high 
temperature pneumatic drying of materials or of 
material dried in a boiling layer. 

The periodical accelerations and decelerations 
of pastes drying on a heated surface and many 
other phenomena inexplicable in any other way 
can be explained only by the presence of internal 
pressure. But most important is the fact, that 
the pressure gradient is a powerful factor which 
intensifies moisture transfer at the high tempera- 
ture drying of materials. 

We should dwell now upon the interconnexion 
of the forces of moisture transfer acting within 
the material. 


account separately. In this case the mass con- 
duction differential equations may be presented 
in the following general form. The condition of 
drying when there is no excess pressures in the 
material (at low temperature drying) is 


Cu 


a;V?u + a)6V?t 


The last term of this equation takes into account 
molecular vapour transfer; for these conditions 
it is of the order of 3-5 per cent and therefore 
may be neglected in engineering calculations. 
The conditions for drying when there is excess 
pressure in the material (at high temperature 
drying) is 

cu “ cu 

a,V*u + € 
CT CT 


(10) 


It should be also noted, that moisture can be 
transferred under the action of the pressure 
gradient both as vapour and as liquid. 

When the temperature of the material is 
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above 100°C and evaporation instead of drying 
is going on, moisture transfer in the liquid 
phase is small; it is possible only at the beginning 
when there is a considerable moisture content 
(higher than the hygroscopic one). 

The differential equations given show their 
complete interconnexion. For example, at low 
temperature drying the transfer moisture in the 
material goes on only in the liquid phase and is 
due to the moisture gradient or the temperature 
gradient as well as the transfer of moisture 
in the form of vapour being small. But at high 
temperature drying the moisture transfer in the 
material goes on mainly in the form of vapour 
and the active force is the pressure gradient; the 
influence both of the moisture content gradient 
and of the temperature gradient is very small 
and the moisture transfer in a liquid form is also 
negligible. 

In conclusion we shall give the heat transfer 
differential equation with the corresponding 
boundary conditions. The heat conduction 
differential equation which is valid for the 
conditions of high and low temperature drying 
for the various methods of heat supply to the 
material is: 


cl 


av*t (11) 


7 


and the boundary conditions are 
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AVI, a (t, to r(l 7 e)q 0 (12) 


For the convective and conductive methods of 
heat supply the third term of equation (11) is 
equal to zero, the second term being taken into 
account only for intensive methods of drying 
materials. 

t, and f,, are the medium and material surface 
temperatures respectively. 

In conclusion it should be pointed out that the 
equations given explain the mechanism of mois- 
ture transfer and may be applied to analytical 
calculations and for the establishment of 
criteria when discussing the experimental results. 
The rational method of drying has to be deter- 
mined on the basis of the available technology 
considerations and economy in drying the 
material. 
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Abstract—Heat transfer at the evaporation of a liquid from porous capillary solids differs from heat 
transfer at the evaporation of a liquid from a free surface. The Nusselt number depends in the process 
of drying of moist solids not only on the Reynolds number, but also on parametric criteria which 
characterize the influence of mass transfer on heat transfer. The empirical relations establishing the 
similarity of criteria for heat and mass transfer are determined on the basis of experimental data. 


Résumé—La transmission de chaleur au cours de l’évaporation d’un liquide a partir d°un corps a 

porosité capillaire differe de celle qui se produit au cours de l’évaporation d’un liquide a partir 

dune surface libre. Le nombre de Nusselt dans le séchage des corps humides ne dépend pas 

uniquement du nombre de Reynolds mais aussi d’un critére paramétrique qui caractérise linfluence 

du transport de masse sur le transfert de chaleur. Les relations empiriques, qui établissent la 

similitude du critére pour les transports de chaleur et de masse, sont déterminées a partir des données 
expérimentales. 


Zusammenfassung—Der Warmeiibergang bei der Verdampfung einer Flissigkeit an kapillar-pordsen 

KOrpern unterscheidet sich von dem an einer freien Oberflache. Beim Trocknen feuchter Stoffe 

hangt die Nusseltzahl nicht nur von der Reynoldszahl ab, sondern von Kenngréssen, die den Einfluss 

der Stoffiibertragung auf die Warmeiibertragung charakterisieren. Auf Grund von Versuchswerten 
werden die entsprechenden Beziehungen aufgestellt. 
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All attempts to insert some corrections into 
relation (1) ended in failure, since the rated 
formulae did not give correct result. 

For non-isothermal conditions the total flow of 


DuRING the process of drying, heat and mass 
transfer from the surface of a solid into the 
surrounding moist air is complicated. From a 
number of previously published works one can 


see that the drying of moist solids is analogous 
to the evaporation of liquids from a free surface. 
However, the identity of heat and mass transfer 
processes in these two cases did not appear to 
be corroborated by later works of greater 
accuracy. The well-known Lewis relation between 
the heat transfer coefficient a and the coefficient 
of mass transfer 


= cy (1) 


vP 


received no confirmation [1]. Here c is the heat 
capacity of moist air and y its density. 


mass is equal to the sum of diffusion, thermo- 
diffusion and molar flows [2]. 

For the usual conditions evaporation the 
concentration diffusion is of greatest significance 
(from 90 to 84 per cent); the magnitude of the 
molar flow reaches 16 per cent and the portion 
of the thermodiffusion flow makes up only | per 
cent. In most cases except those when mixtures 
contain hydrogen it is possible to neglect 
thermodiffusion. 

A model of the molecular mechanism of heat 
transfer, not complicated by mass transfer, may 
be presented as follows: near the surface of heat 
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transfer the laminar layer (laminar sublayer) is 
observed where the transfer of heat is only caused 
by molecular thermal conductivity; then there is 
a transient zone, where heat transfer goes on 
both by heat conduction and by convection (the 
laminar layer with slightly expressed turbulence); 
at last follows the turbulent kernel of the flow, 
where heat transfer goes on by means of hydro- 
dynamic mixing (molar heat transfer). 

In case of heat transfer accompanied by mass 
transfer the mechanism of the whole process 
alters somewhat. The presence of the mass flow 
in a direction normal to the surface from which 
evaporation proceeds accelerates molecular heat 
transfer, thus causing an increase in the heat 
transfer coefficient, other conditions remaining 
equal. 

Besides, at high intensities the process of 
phase conversion, accompanied by an increase 
in volume of the substance, considerably 
influences an increase of the coefficient of heat 
conduction as well. 

The influence of mass transfer on heat transfer 
may be expressed most precisely by the criterion 
dependence obtained by the transformation of 
the system of differential equations describing 
the law of heat transfer on the surface of a solid 
and the temperature field of air flowing along the 
surface. 

We shall now consider the mechanism of mass 
transfer from the surface of a liquid into the 
surrounding medium (moist air). The moist air 
may be regarded as a binary vapour—gas mix- 
ture, consisting of vapour and dry air. 

The vapour diffuses from the surface of a 
liquid under the influence of the relative concen- 
tration gradient Cy,,./Cy, where y is the direction 
of a normal to the surface of the liquid, y,9 is the 
relative vapour concentration: y,;) = y,/y, where 
y, 1S vapour concentration (vapour mass per 
unit volume of mixture). The air diffuses in the 
reverse direction. In a steady state [3] the 
diffusion flows of vapour and of air are equal, i.e. 

CV10 


Duy | 


Cy: 
- Day dy ; (2) 


for the coefficients of the interdependent 
diffusion of vapour into air and of air into 
vapour are equal (D,, = D,,), and the gradients 
of relative concentration of air, @y../éy, and of 
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vapour. 07,9/Cy, are equal in magnitude, but 
opposite in direction (y;9 + Yeo 1). Molar 
motion of moist air (Stefan’s flow), with a 
linear velocity w,, arises owing to the presence of 
an obstacle for the diffusion of air, namely, the 
surface of the liquid at a constant barometric 
pressure. This molar motion is a convective 
flow, and increases the vapour transfer by y,, 
(the convective component of vapour transfer). 
The total specific vapour flow /, (kg/m?® hr) is 
equal to 
C 


D,xy — (3) 


hy YY10Wc 
o) 


The resultative air flow is zero (j, = 0) 


c Y20 
Day —— (4) 


cy 


0 = yyoo"”. 
From the equation (4) w, can be determined; 
using formula (2), we obtain 


Dye CV 10 (5) 


On the basis of this equation, formula (3) can be 
written as: 


hi VYV¥10oWe + YY¥20W. yWe ; (6) 


whence for the linear velocity of convective 
vapour transfer we obtain the following expres- 
sion 

h 


Usually the hydrodynamics of heat transfer 
for the forced motion of air are characterized by 
a Reynolds number, equal to the ratio of the 
product of the linear velocity of air along 
the surface w by the characteristic size / to the 
coefficient of the kinematic viscosity v: 


wl 


Vv 


Re 


In the case of heat transfer complicated by mass 
transfer it is necessary to insert the additional 
criterion K, which characterizes the convective 
vapour transfer from the surface of a liquid into 
the surrounding air: 


(8) 
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where » is the coefficient of dynamic viscosity 
(y vy). Then the relation between the Nusselt 
number Nu and criteria Re and K may be 
written for moist air as: 


Nu = ARe" (1 >" (9) 


which leads to the expression Nu ARe" at 
K 0 (the absence of evaporation); i.e. the 
usual expression of Nu for dry material. 

The presence of a unit in the factor (1 + K) 
gives universality to the formula (9), as at K = 0 
the factor (1 K) does not become zero. At 
the same time K usually has such an order of 
magnitude (up to 13,500) that a unit is of a 
negligibly small value. The advantage of the 
present formula lies in the fact that it holds true 
for the total duration of all drying processes. 
From this point of view it may be widely used 
for thermophysical investigations of the drying 
process and for an analysis of the operation of 
working dryers. For designing, the application 
of this formula should be excluded, as here it is 
necessary to know beforehand the value of the 
drying intensity /,, an unknown quantity. 

The members of the Luikov school have 
suggested in their later works taking into 
account the influence of the mass transfer 
process on the heat transfer coefficient for 
convective drying, using the Guchman criterion, 
which characterizes the potential of drying. On 
the basis of experimental work A. V. Nesterenko 
suggested determining the heat transfer coeffi- 
cient for the evaporation of water from the open 
surface according to the formula: 


ARe" Pr®3 Gy 1% 


where Nu, is the value of the Nusselt number at 
Re 0. Pr v/a is the Prandtl number and 
ai = t,,)/T,, is the Guchman criterion in 
which f,, and ¢, are the temperatures of the 
medium and of the evaporated water (°C), 
respectively, 7,,, is the medium’s temperature 
(“K). The index of f for the criteria in formula 
(10), shows that their values should be taken for 
the average temperature of gas flow. A and n are 
coefficients the values of which, depending on 
Re, are given in Table 1. 

For Nu > 80 the value Nu = 2 (at Re = 0) 
can be neglected. The criterion equations 
include not only the criteria obtained from the 


Nu, Nuy (10) 


Table 1. The values of A and n in formula (10) 


Re 
number 


fundamental equation for connexion and boun- 
dary conditions obtained by the method develop- 
ed by the similarity theory, but may also 
include parameter criteria, the choice of which 
may be made according to the physical nature of 
the process. 

The application of the parameter criteria may 
be advantageous both for determining the 
unknown quantity and for the application of the 
criterion dependences obtained in engineering. 

Proceeding from these considerations we 
propose a universal equation, suitable for any 
method of heat supply to the material (con- 
vexion, radiation, contact and others) covering 
the entire drying process (both periods) and 
including initial values which usually serve in 
calculations applied to the process of drying: 


Ww 


Vor (11) 


Nu ARe"N"@* | | 


In this equation the criterion N, as well as the 
parameter criterion Gu in equation (10), deter- 
mines the increase of the heat transfer coefficient 
at the expense of the turbulization of the air 
flow by vapours which evaporate from the 
material surface: 


where 7,, is the absolute temperature of a 
medium (°K) and 7,,, is the temperature of the 
wet thermometer (~K). 

The parameter criterion @ in the equation 
determines the increase of the heat transfer 
coefficient at the expense of the decrease of the 
boundary layer thickness with the rise of 
the irradiator temperature for radiative drying. 

The parameter criterion W/W, is the ratio of 
the material’s moisture content during the 
period the drop in the rate of drying is observed 
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to the critical moisture content of the material; 
it takes into account the decrease of the heat 
transfer coefficient with the decrease of the 
material’s moisture content during the drop in 
the rate of drying. 

However, it should be noted that the more 
correct way is to insert u/uUer instead of 
W/W, where u is the moisture content at the 
surface of the sample in the moment considered 
(when there is a drop in the rate), wer is the critical 
moisture content at the surface of the sample. 

What we have stated above follows from these 
considerations: the ratio of the average moisture 
content of a sample in the period of time con- 
sidered characterizes least of all the process of 
heat and mass transfer going on at the material’s 
surface. 

However, for a _ practical application of 
formula (11) the criterion W/W¢, has a consider- 
able advantage as it is easier and quicker to 
determine the average moisture content of the 
material in the process of drying rather than the 
moisture content at its surface. Moreover for 
small gradients of moisture content in a sample, 
i.e. for combined drying by high-frequency 
currents and by radiation, the difference between 
W/W er and u/ucr may be insignificant. 

Calculating from experimental data for the 
whole process of the combined drying of 
materials the following formulae were derived: 


for wood 


Ww 0-3 


5 
Wor (12) 


Nu = 0-5Re®?* | - ) . \"" 
for clay 


WwW ‘ a 


Nu — 0:45Re3 (? ) (= ) ee 


for sand 


si 


-) (14) 


Pe AB 
Nu 0-65Re> ") 
ae To: 
The various values for the coefficients A and 
for the exponents o of the parameter criterion 
W/W, take into account the different ways in 
which the moisture is associated with the material 
during the period registering a drop in the rate of 
drying as well as the difference between the 
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geometric and the real surface of evaporation in 
some materials as, for example, for sand. 

Following this method as indicated in the 
formulae given below which were obtained by 
A. P. Bazhenov: 


for convective drying of staple fabric: 


Nu = 0-94Re®5 & ) aw 


wt! 


for radiative-convective drying of staple fabric 
during the period the rate of drying is constant: 


N 0-9Re®® Tm\* (Try 16 
Nu é | Tr. | T. (16) 
On the basis of experimental data B. M. 


Tcherkinsky obtained the following formula for 
the drying of a fabric 
WwW 0°45 
| i) ( | 


S. V. Shishkov obtained a formula for the drying 
of asbestos—rubber rings as follows: 


(wa) 


G. A. Grushke obtained a formula 
radiative drying of ceramic plates 


AT a\* (T-\** { 
Nu 0-4Re| T.. | WW | 


(17) 


Nu = 0-84Re® | = ) 


0- 0-34 


Nu = 0-68 Re®® -! (18) 


for the 


9.« 
“9 


(19) 


Analogous formulae were obtained in the 
B. I. Pyatachkova experiments on the drying of 
lump peat, etc., from which one can obtain the 
formulae calculated for the design of dryers. 
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CONVECTION HEAT TRANSFER COEFFICIENTS FOR 
TURBULENT FLOW BETWEEN PARALLEL PLATES 
WITH UNEQUAL HEAT FLUXES 
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Abstract—This paper contains a semi-theoretical analysis of asymmetric heat transfer in fully develop- 
ed two dimensional turbulent flow between parallel walls. 

An extension of the analogy between the transfer of heat and the transfer of momentum (due to 
Mizushina), is used to determine the heat transfer coefficients for the respective boundaries. The 
results of the analysis are presented in the form of working formulae from which the relative magni- 
tudes of the heat transfer coefficients may be determined. The formulae may be applied to practical 
engineering problems, but care is necessary because the assumptions made in the theory impose 
restrictions on the Prandtl] and Reynolds number ranges for which the predictions are acceptable. 

It is immediately obvious from the graphical presentation of the results for a particular fluid, that 
the heat flux ratio is an important additional parameter, and that cognizance of this should be taken in 
cases of non-uniform heating. 

By its nature, the present analysis is preliminary, and an experimental programme has been devised 
to study the general problem of asymmetric heat transfer and to test the theory. 

While channel flow has been considered, the results are thought to be valid for axisymmetric flow in 

annuli with small outside diameter/inside diameter ratios. 


Résumé—Cet article donne une analyse semi-théorique de Ja transmission de chaleur dans un écoule- 
ment turbulent bidimensionnel dissymétrique, pleinement établi, entre deux murs paralleles. 

Une extension de l’analogie entre transfert de chaleur et transfert de quantité de mouvement (due a 
Mizushina) est utilisée pour déterminer les coefficients de transmission de chaleur pour les deux 
parois. Les résultats de ‘analyse sont présentés sous la forme d’une formule pratique a partir de 
laquelle on peut déterminer les valeurs relatives des coefficients de transmission de chaleur. La formule 
peut étre appliquée a des problémes techniques réels, mais il faut prendre garde au fait que les hypo- 
théses faites dans la théorie imposent des restrictions dans les domaines de nombres de Reynolds et de 
Prandtl pour lesquels les résultats sont acceptables. 

Il apparait immédiatement sur la présentation graphique des résultats pour un fluide particulier, 
que le rapport des flux de chaleur est un paramétre supplémentaire important, qu'il faudra connaitre 
dans les cas de chauffage non-uniforme. 

Par sa nature, l’étude actuelle est préliminaire, un programme expérimental a été établi pour étudier 
le probleme général d’une transmission de chaleur assymétrique et vérifier la théorie. 

Bien que l’écoulement dans un conduit ait été considéré ici, on pense que les résultats sont également 
valables pour un écoulement a symétrie axiale dans des anneaux, dont les rapports diamétre extérieur 

sur diamétre intérieur sont petits. 


Zusammenfassung—Die Arbeit enthalt eine halbtheoretische Untersuchung tuber den unsymmetrischen 
Warmeiibergang in vollentwickelter zweidimensionaler turbulenter Str6mung zwischen parallelen 
Wanden. 

Eine Erweiterung der Analogie zwischen Warme- und Impulsiibertragung (nach Mizushina) 
dient zur Ermittlung der Warmeiibergangskoeffizienten an den beiden Wanden, die in Form einer 
Gebrauchsgleichung fiir den relativen Wert des Koeffizienten mitgeteilt werden. Bei der Anwendung ist 
der begrenzte Bereich der Prandtl- und Reynoldszahl zu beachten. 

Aus der graphischen Darstellung der Ergebnisse ergibt sich, dass das Verhaltnis der Warmestrom- 
dichten bei ungleichférmiger Beheizung von besonderer Bedeutung ist. Zur Priifung dieser vorlaufigen 
Theorie wird ein Versuchsprogramm angegeben. Die Theorie ist auch auf Ringkandle mit kleinen 

Durchmesserverhaltnissen anwendbar. 
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AnHOTANMA—OTA CTATbA COepAUT MoOyTeopeTm4ueckHnii aHaiu3s acHMMeTpH4HOrO Ter0- 
OOMeHa B MOJHOCTbIO pasBUTOM JBYXMepHOM TypOy.JleHTHOM TOTOKe MevKLY MapacliesbHbIMM 
cTeHKaMH. JA onpesereHuA Koad PulMeHTOB Ten.1000MeHAa HCMOAb3yeTCA (B COOTBETCTBTYWO- 
IMX PpaHMax) aHaJornA MevALy TenonmepeHocoM HM nepeHOCOM KOJIMUeCTRA JIBHNAKeHIA 
(no Musyuinna). 

PesyubTaTh ahali3a NpelcTaBleHbl B BUe pacuéTHBIX (OPpMY, Ha OCHOBAHMM KOTOPLIX 
MO*KHO OpeeIUTh OTHOCHTeIbHbIe BeIMYMHEE KOopPuMeHTOB Tem1000OMeHa. Dopmyvint 
MO*KHO TIPHMCHMTbh H K TpakTHYeCKMM HHAKCHEPHbIM BayauaM, HO Tp 9TOM HeoOxXosuMa 
OCTOPOKHOCTH, T.K. Cle1aHHble B TEOPHH MpeAMONOHKeHMA HadarawT OrpanHuveHiAl Ha Mana- 
30H Yncer IpanazTiasa nu Peiinonbaca, WA KOTOPLIX 9TH JOMYUIeEHHA TpMeMcieMBl. 

Ms rpaduyeckoro mpexcTaBeHHnA pe3syAbTAaTOR WIA OMHOH AUAKOCTH Cpasy Ae CTAaHO- 
BHTCA OYEBUAHLIM, YTO COOTHOMEHHE TeMIOBLIX MOTOKOB ABLIAeCTCA BAAKHbIM OMO.INMTCJIbHbIM 
MapaMeTpoOM M 4TO 3HAHMe 9TOrO PakTOpa HYAHO YYUTHIBATh B C1yYaHX HepaBHOMepHOrO 
Harpesa. 

Hactosammii aHaiu3 no cBoeii npuposwe ABAAeTCA TpexBapnTerbHbIM. Hameyena mpo- 
rpaMMa DKCHepMMeHTaIbHbIX paooT (1A M3y4eHUA OOULNX MpoOseM acCHMMeTPHYHOPO TeMlI0- 
fepeHoca iH MpoBbepkit TeOpHi. 

PaccmatTpuBacH NoTOK mo KaHaly. IIpeqnocaraercA, 4To 9TH pesyibTaTH OKaMKYTCA 
CHpaBeLIMBLIMH MH WIA OCECHMeTPHYHOLO MOTOKAa B KPYPeibIX KaHaJlaX © MaJIbIMI BeIWUNHAMI 

OTHOWCHIHA M@ALY HAPYAHBIM MH BHYTPeCHHIM jlaMeTpaMit. 


NOMENCLATURE 
equivalent diameter; 
specific heat at constant pres- 
sure ; 
convection heat transfer co- 
efficient; 
eddy diffusivity of heat; 
thermal diffusivity; 
thermal conductivity ; 
fluid density; 
distance between walls; 
= specific heat flux; 
local velocity, average velo- 
city, friction velocity; 
wall distance; 
viscosity ; 
shear stress; 
temperature ; 
friction velocity parameter; 
friction distance parameter; 
distance in flow direction; 
= a number; 
Reynolds number; 
Prandtl number; 
Nusselt number. 


u/u, 
yu; p/p 


d, pti/m = 
cu) K 
Nu = hd,/K 
Suffixes 
, = wall; 
= outside boundary of sublayer; 
= bulk or mixed mean. 


INTRODUCTION 
THERE are a number of practical applications in 


which the thermal flux is non-uniform across the 
flow section. Fig. l(a) shows two such arrange- 
ments which are of immediate interest. For 


example, thermal insulation may be provided 
by means of a single coolant flowing in forced 
convection in ventilation spaces formed by 
parallel walls or concentric shells adjacent to the 
heated element [1]. A ventilated space in con- 
junction with conventional insulating materials 


is an alternative scheme for reducing heat loss to 
the surroundings [2]. These arrangements do 
not necessarily reduce the heat loss from the 
heated element compared with conventional 
insulation, but that fraction of the heat which is 
lost to the coolant is both channelled and con- 
trolled. Another practical case involving asym- 
metric heat flow which might be envisaged is 
when various coolants are employed in separate 
flow channels. The coolants employed would 
depend, amongst other things, on problems of 
heat removal and heat insulation, and in such a 
scheme, a sandwiched fluid could provide an 
additional mechanical shield between two other 
fluids. 

When a fluid (or fluids) which is transparent 
for thermal radiation is used, heat transfer due 
to radiation occurs between the hot and cold 
boundary walls. This depends on the temperature 
of the walls, the geometry of the flow passage, 
and the nature of the surfaces employed. 
In the following analysis thermal radiation is 
neglected, but its inclusion is simple should 
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Concentric annu 








Fic. 1. Asymmetric heat transfer. 


conditions make it significant. At sufficiently high 
coolant flow rates, free convection is swamped 
and this mechanism of heat transfer is also 
neglected. 


THEORY 

The system to be analysed is shown in Fig. 
l(b). The fluid is in well developed turbulent 
flow between two parallel walls distance s 
apart. At one wall, thermal flux q,, is transferred 
to the fluid, while yq,, is transferred from the 
fluid at the opposite boundary. A diagrammatic 
temperature distribution for the system is shown 
for the case of | > y > O; the shape of the 
profile is discussed in a later section. A heat 
balance indicates that q,,(1 y) heat per unit 
surface area per unit time is channelled with the 
fluid. 

The determination of the two convection heat 
transfer coefficients requires a knowledge of the 
temperature distribution in the y direction, and 
this in turn depends on the velocity distribution 
when an analogy between the transfer of heat 
and transfer of momentum is used. For channel 
flow, Knudsen and Katz [3] suggest that the 
equation 


u* 6:2 log;,g vy" + 3-6 


correlates the velocity distribution data in the 
turbulent region. 


For the laminar sublayers adjacent the walls, 
the equation 


ut = yt 


may be used, and from these equations the 
extent of the laminar sublayer, which presents 
the greater resistance to heat flow, may be deter- 
mined by solving 


yy = 6-2 logig vy + 3°6 


when, 


yr( *) = 9-74 

Fig. 2 shows the simplified form of the universal 
velocity profile for channel flow. No account is 
taken of the buffer or transition zone. 


y 


Fic. 2. Velocity distribution. 


The convection heat transfer coefficient / 
which is to be determined, is defined by the 
equation 


q - 
, ey. 


(For the other boundary, the appropriate heat 
flux yq,, and appropriate temperature difference 
would be used in the definition.) 

For terminal conditions with heat fluxes g,, 
and yq,. uniform lengthwise, and constant heat 
transfer coefficients, the temperature differences 
between the fiuid and the walls are constant, and 
furthermore 


dT d7, dT, 
dx dx dx 
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is constant and independent of position in the 
channel. The temperature differences between 
the walls and the fluid are determined by calcu- 
lating the sublayer and turbulent core tempera- 
ture drops separately. 

Considering first the q¢,, wall. 

In the sublayer, the transfers of heat and 
momentum are on a molecular scale, when 


K(T, T,) 


and with 


the temperature drop is 


9-74 q,,. Pr 
i. T,) > (1) 
Cpu, 

Unlike fully developed pipe flow, the distri- 
butions of shear stress and heat flux in the 
turbulent core are not similar functions of the 
wall distance, in which case, the Reynolds 
analogy between the transfer of heat and the 
transfer of momentum does not apply. For the 
temperature difference (7, — 7,), use can be 
made of Mizushina’s [4] extension of the 
analogy which is outlined in a previous paper 
[5] dealing with a channel with one wall adia- 
batic, which is a particular case of asymmetric 
heat transfer. When y 1, the heating is 
symmetrical and the velocity and temperature 
profiles are similar in shape, so that the Reynolds 
analogy may be used giving the thermal resis- 
tance of the turbulent core 


T, A u 
Gx Cc 
This may also be obtained from the heat balance 
equations 


cple + 


(for unit width of channel, and assuming that 
the velocity in the core is constant across the 
flow section and equal to the mean velocity #). 
With the assumption that the eddy conductivity 
(« + a) is constant, and since ¢7/éx is indepen- 
dent of y, these equations may be solved for the 
temperature, 7 in the turbulent core. 


9 


qu 


cple + a) 


T 


and furthermore, with 
l Ps/8 
Td) 
Vidy 
7 1 
The thermal resistance of the turbulent core is 
, 


Cpl a)(s 2y,)" 


(3) 


When the laminar sublayer thickness ), is small 
compared with the channel width s, and since 
the Reynolds analogy is valid for « > a then 
equations (2) and (3) combined give 
.) 
~ 
: Oc pe 
Now considering the general case of asym- 
metric heating, with the same assumptions, the 
heat balance equations are 
_ eT 
icp = (s — 2y) 
CX 
and, 
oT 


ucp (s , y;) 
/ ex J J1 


cple = Yq » 
ey 


Solving, the temperature for this case is given by 


qiA(sy — y?/2) 


a) (s — 2y,) 


. “— Cpe 
Yq wy" 


a) (Ss 


(4) 
Cple 2¥,) 
Neglecting the terms in y, in the numerators, 
and with 
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the thermal resistance of the turbulent core for 
asymmetric heat transfer is 


7; a T, (2 wm oe y)s 
” bi 6cp(e + a) 


(5) 


Hence the resistance of the turbulent core, 
referred to the q,, wall for asymmetric heating, 
is approximately (2 + y) times that for sym- 
metrical heating. 

By adding equations (1) and (5), the total 
temperature difference between the q,. wall and 
the fluid is 


9-74 q,,Pr 
cpu, 


g,A2 + y) (a 
cu? p 


u,) 


Now the Blasius equation 


7 ,,/} pil? = 0-079 Re-™4, 


u 


u2 = 0:0395 Re-)4 a, 


Suitably correlates the wall shear and 
Reynolds number of the flow, and since 


Re Pr q, 


Nu = 
cpu : 


T) by definition, 


0-1986 Re? § Pr 


N = 
“5032 + y) Rel® + 9-74 [Pr ”) 


(6) 


At this point, it should be noted that with 
y 1, i.e. for symmetrical heating, equation 
(6) becomes similar in form to the heat transfer 
equation for pipe flow. 

The convection heat transfer coefficient for 


the yq,, wall may be determined in an identical 
manner with the heat balance equations 


. OT 
(gy YQw) = ucp Ox (s V3) 


BARROW 


with y the yq,, wall distance. 
The temperature 7 is given by 


qu(l — y)y?/2 


A Vw 
cp(« + a)(s — 2y,) 


cp(« + a) (7) 


T=T, 


and the thermal resistance of the turbulent core 
referred to that wall becomes 


at ‘ | Ss i i 1/ u 
~~ "an a 
where 
Re Pr yq 
ee 
0-1986 Re? ® Pr 
5-03(2 + 1/y) Re!’ § + 9-74 [Pr 


~ cpu(T, 


(2 + 1/y)] 8) 


DISCUSSION 

The temperature distribution for asymmetric 
heat transfer in a two-dimensional channel, has 
been determined by considering each wall in 
turn. Equations (4) and (7) for the q,, wall and 
vq, Tespectively, are of the same form as they 
should be. A typical temperature profile is 
sketched in Fig. 1(b) showing d?7/dy? to be 
positive at all points in the turbulent core. This 
is partly the result of assuming constant eddy 
diffusivity « [and hence conductive (« + a)] in 
that region. (The eddy diffusivity « is a function 
of wall distance and Reynolds number.) In 
reality, for positive values of y, a point of contra- 
flexure is to be expected near the centre of the 
channel. For y 1, the temperature 7 is linear 
in y in the core, and the whole thermal flux is 
transferred from one wall to the other, the fluid 
bulk temperature remaining constant. Under 
such conditions, the heat transfer coefficients are 
the same as indicated by equations (6) and (8) 
with y = +1. 

Fig. 3 shows the coefficients plotted in the 
usual way for a fluid with Pr = 0-7. 

The relative magnitudes are readily obtainable 
from the curves for a given degree of asym- 
metry of heat transfer. 

For y 1, equations (6) and (8) are iden- 
tical, and there is good agreement between them 
and the empirical equation 


Nu = 0-023 Re®® Pr®4, 
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Symmetrical heating, 
~= -|Eq6and8 


Fic. 3. Heat transfer coefficients. 


which is obtained by dimensional analysis and is 
assumed to apply to channel flow through the 
hydraulic radius concept. 

The use of this empirical equation as it stands, 


is not warranted for cases of asymmetrical heat 
transfer, since it does not allow for the additional 
parameter y. (A modified form would be 
Nu = f(y, Re, Pr) where the function / is deter- 
mined experimentally.) However, comparison 
of the results of the present analysis for the case 


of symmetrical heating (i.e. 1) with the 
equation Nu = 0-023 Re®® Pr®* is valid, and 
shows that the assumptions made regarding 
eddy diffusivity, etc., are warranted even over a 
considerable range of Re, and therefore in the 
general asymmetrical heating case these assump- 
tions should be acceptable also. 

The theory is valid for fluids having Pr greater 
than about 0-7. For very small values of Pr, the 
thermal diffusivity a becomes significant in 
the total conductivity term (« + a). This limits the 
use of the present results, which are not valid in 
cases of heat removal applications where the 
coolant fluid might have a small Pr number (e.g. 
liquid metals). 

An experimental programme has been devised 
to test the predictions presented in this paper. 
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Abstract—A previous analysis of homogeneous turbulence for times before the final period has been 
extended to the case of temperature fluctuations in a homogeneous turbulence. The method consists 
essentially of the solution of the 2- and 3-point Fourier-transformed temperature equations after 
neglecting the fourth-order correlations in comparison with the second- and third-order correlations. 
Results are obtained for the convective transfer function, the spectral “energy” function and the total 
temperature fluctuation “‘energy”’. Comparison is made between the analysis and published experi- 
mental data obtained using air. The decay law obtained may be written T? = A(t — t))-*/? + B(t —t9)> 
where 7° is the total “energy” (the mean square of the temperature fluctuations), ¢ is the time and A and 
t,) are constants determined by the initial conditions. The constant B depends on both initial conditions 
and the fluid Prandtl number. For large times the last term becomes negligible, leaving the — 3/2 power 
decay law for the final period previously found by Corrsin. 

It is shown that the effect of increasing Prandtl number is to extend the spectral *“‘energy” function 

to larger wave numbers and to reduce the rate of decay of the temperature fluctuations. 


Résumé— Une étude précédente de la turbulence homogeéne, a des instants précédant la période finale, a 
été étendue au cas des fluctuations de température en turbulence homogéne. La méthode consiste 
essentiellement a résoudre les équations aux transformées de Fourier des températures en deux et 
trois points, aprés avoir négligé les corrélations du4 > ordre vis a vis des corrélations du 2° et 3° ordre. 
Des résultats sont obtenus pour les fonctions de la transmission de chaleur, du spectre d**énergie™ et 
lénergie” de fluctuation de la température totale. Une comparaison est effectuée entre la présente 
étude et les résultats experimentaux publiés pour lair. La loi de dégradation obtenue peut s’écrire 
T? — Ait — t,)° 2 — Bur — t,)~* ot T= est Iénergie” totale (moyenne quadratique des fluctuations 
de température), ¢ le temps A et f, sont des constantes déterminées par les conditions initiales. La 
constante B dépend a la fois des conditions initialeset du nombre de Prandtl. Pour de grandes périodes, 
le dernier terme devient négligeable, seule subsiste la loi de dégradation en puissance 3/2 pour la 
periode finale precédemment trouvee par Corrsin. 

On montre que l’effet de augmentation du nombre de Prandtl est d’étendre la fonction du spectre 
d‘‘énergie” a des nombres d’ondes plus grands et de réduire la vitesse de dégradation des fluctuations 

de température. 


Zusammenfassung—Eine friihere Untersuchung der homogenen Turbulenz fiir Zeiten vor der End- 
periode wurde auf den Fall von Temperaturschwankungen in homogener Turbulenz ausgedehnt. Die 
Methode besteht im wesentlichen in der Lésung der Fourier-transformierten Temperaturgleichungen 
fur zwei und drei Punkte, unter Vernachlassigung der Korrelationen vierter Ordnung gegen die der 
zweiten und dritten Ordnung. Man erhalt Ergebnisse fiir die konvektive Ubergangsfunktion, die 
spektrale ‘‘Energie”’-Funktion und die totale “Energie” der Temperaturschwankungen. Mit Literatur- 
werten fiir Luft wird ein Vergleich durchgefiihrt. Das Abklinggesetz kann in der Form 


T? = A(t — t,.)2 + Bt — t.)> 


geschrieben werden. Hierin bedeuten 7? die totale “Energie” (das mittlere Quadrat der Temperatur- 


* Presented at the American Physical Society Meeting of the Division of Fluid Dynamics, 23-25 November, 1959, 
University of Michigan, Ann Arbor, Michigan. 
+ Present address: Grumman Aircraft Engineering Corporation, Bethpage, N.Y 
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schwankungen), f die Zeit, A und fy Konstanten, die aus den Anfangsbedingungen zu bestimmen sind. 
Die Konstante B hangt sowohl von den Anfangsbedingungen wie von der Prandtlzahl ab. Da fiir grosse 
Zeiten der zweite Term zu vernachlassigen ist, bleibt fiir die Endperiode das Abklinggesetz mit der 
Potenz-3/2, wie es friiher von Corrsin gefunden wurde. 

Es zeigt sich ferner, dass bei wachsender Prandtlzahl die spektrale “Energie’’-Funktion zu grés- 
seren Wellenzahlen ausgedehnt und das Abklingen der Temperaturschwankungen vermindert wird. 


paciipocTpaHeH Ha C.1VUall 
Mero COCTOHT B 


AnnoTanna—CyilecTBypoumii akadns TypOyreHnTHOcTH Obit 
remiepaTYpHbLIx KOJ1eOaHnii B Cpeyze ¢ OHOpORHOl TyYpOy-1eHTHOCTHIO. 
pelleHun jUuippepeniiaIbHbIX VpaBheHnit MepeHoca Telia © TOMOLLbIO JBYX-M TpeXMepHBbIX 
mpeo6pasopannit Dyppe 6e3 yuéra CooTHOMeHHA MpeoOpasoBannit verBepToro, BTOporo MH 
rperbero nopAyKon. Hoayuenbt pesyabtatTel aa PyAKUNit KOHBeKTHBHOTO TMepeHoca 1 
CHeERTPaIbHOol «Hepruhy, a TaksAKe OOMLei GHeprun» TeMMepaTypHbIX KOTeOannii. Cpapnn 
BaeTCH AHAINS HM ONYOANKOBAHHbIe DKRCHECPHMeHTAIbHbIe aHHble, MO.1VYeCHHbIe [LI BOSLYXa. 
Sakon pedakcaluil MO*AKeT ObITh BalllcaH Kak 


T? A (t—t,)—3/2+ B (t—t,) 


oOllan CHepruA» (CpeqHee KBalpaTu4noe TeMMepaTYpHbIX KO.TeOaH Hil), 7 BpeMA, 
AM to NOCTOAHHbIEe, OTpeqeiAeMble HavaIbHbiMn yCooBusaMi. LlocromHnan B sapucw 
OT HavaIbHbIX YCoBHii HW oT KpuTrepua Ilpanyrad wid aKOCTH lan 60.1bINXx 
MpOMeAKYTKOB BpPeMeCHH MOC 1eCTHIOW BeIMYHHY He VYNTHIBAeM, OCTAB.IASA lakCaluit 


rasa 
JAKOH pe 
B BILE OJHOU.TeCHAa CO CTCTICHbIO 3/2 [L1H KOHeYHOrO Me piwo ta, OTRPBITOTO paHee Kopp ILHbIM 
Ve. TienHite Kplite pila I[panyrasn MpuBo Mr Ki paciIpocT paH CHILO 
ueprilly Ha OOTbINNe BO.THOBBbIe KpHTepiHit HK VYMeCHbINeCHITIO 
saTV Xan reMiepavty pHbix KO.TC0aHHEH 


Ilokasano, To 
CTIERT pa. TIbHOH (PVH KUT 
‘ ROPpOoc! Il 


INTRODUCTION order correlation terms compared to lower-order 
correlation terms. 

In solving the problem of the decay of tem- 
perature fluctuations in homogeneous turbulence 
before the final period it seems logical to use 
the approach which has already been employed 
with success for studying turbulence. In this 


A THOROUGH study of the decay of temperature 
fluctuations in homogeneous turbulence would 
appear to be one of the initial steps required for 
understanding the important process of heat 


transfer in shear turbulence. As pointed out in 
[1], such a study would also be applicable to 


concentration fluctuations during the mixing of 


equi-dense fluids, for the cases of constant 
mutual diffusion coefficient and no interfacial 
tension. 

Corrsin [1, 2] has already made an analytical 


paper, therefore, the method of [3] is used to 
study decay of temperature fluctuations in 
homogeneous turbulence. The results of the 
analysis are compared to the experimental data 
of [6]. 


attack on the problem of turbulent temperature 
fluctuations using the approaches employed in 
the statistical theory of turbulence. His results 
pertain to the final period of decay, and, for the 
case of appreciable convective effects, to the 
“energy” spectral form in specific wave-number 
ranges. Further work along this same line has 
more recently been done Ogura [7]. 

In 1958 Deissler [3] presented a theory of 
homogeneous turbulence which was valid for 
times before the final period. Essentially, the 
theory presented in [3] is valid during the period 
for which the fourth- and higher-order velocity 
correlation terms are negligible compared to the 
second- and third-order correlation terms. In 
[4] the analysis was extended to still earlier 
times by neglecting only the fifth- and higher- 


NOTATION 
function of « defined by equation 
(38); 
heat capacity at constant pressure; 
function defined by equation (40); 
spectral “energy” function; 
dimensionless quantity defined by 
equation (52): 
spectral transfer function; 
thermal conductivity ; 
mesh size; 
constant depending on initial con- 
ditions; 
Prandtl number; 
static pressure; 
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dimensionless function of Pr, given 
by equation (44). 

Reynolds number, MU/v; 
displacement vector from P to P’: 
displacement vector from P to P”’; 
dimensionless quantity defined by 
equation (53): 

temperature fluctuation from time 
average: 

time average value of temperature; 
instantaneous value of tempera- 
ture; 

time: 

time average velocity of fluid in 
direction perpendicular to grid: 
velocity fluctuation from time 
average: 

time average value of velocity: 
instantaneous value of velocity: 
distance in flow direction from 
heated grid; 

position vector: 


ireek symbols 


thermal diffusivity; 

constant depending on initial con- 
ditions: 

angle between x and x’: 

variable defined by equation (41); 
wave-number vectors (magnitude 
in dimensions of 1|/length): 
thermal microscale: 

kinematic viscosity: 

fluid density: 


. a, 4, symbols used in quantities obtained 


Subscripts 
oy & oe A 
0. 
min, 
norm, 


Superscripts 


” 


by Fourier transforms. 


symbol used to indicate direction; 
indicates initial conditions; 
minimum value; 

normalized quantity. 


indicates quantities at point P’; 
indicates quantities at point P”’; 
indicates dimensionless quantities. 
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THEORY 


A. Correlation and spectral equations 

For an incompressible fluid with constant 
properties and for negligible frictional heating, 
the energy equation may be written 


(1) 
COX 


=| re oT 
} OX;CX; 
where 7 and @, are instantaneous values of 
temperature and velocity. Breaking these instan- 
taneous values into time average and fluctuating 
components as 7 T + T and @, u; + U, 
allows equation (1) to be written 


eT oT . oT 
Ct : ct : ae 
CT 


+ (2) 
CX;CX,; CX ;CX 


where y =k/pC,. From the condition of 
homogeneity it follows that ¢T/cx 0, and in 
addition the usual assumption is made that 7 is 
independent of time and that #, = 0. Thus 
equation (2) simplifies to 

oT oT v @T 
or | ™ Ox; (5, Ox,;0x 


where Pr v/y. 

Equation (3) is assumed to hold at the arbi- 
trary point P. For point P’ the corresponding 
equation can be written 


eT’ oT’ y\ &7" 4 
= ex! (>, | ex'ex! “ 
Multiplying equation (3) by 7’, equation (4) by 


7. time averaging and adding the two equations 


gives 





eTT’ all) 
ct ' - CX , Cx 


U a 


ATT’) 
4 ae 


? 


l 
v [e(TT) e(TT) 
Pr | @x,éx,; ° €x'éx' 


The continuity equation is 





DECAY 


Substitution of equation (6) into (5) yields 





Ou;TT') 


O(u, TT’) 
ox! 
v eX(TT') 
Pr | x‘ex 


aTT’) 
Ct OX; 


eX(TT ) 
| (7) 


} exjex! 
By use of a new independent variable, 
r, =x;— Xi. 


it is possible to rewrite equation (7) in the form 





a@TT) ut) 2v CTT’) 
(8) 


cl cr 


O(u;TT’) 
; Cr, Pr Cr ;¢ Fi 

It is convenient to write this equation in 
spectral form by use of the following three- 
dimensional Fourier transforms 


e 


| 77(x) exp(ix-r)dx (9) 


TT (r) 


ui TT (r) | b,77 (%) exp (ix: r) dx (10) 


ed 


and, since it is obvious by interchanging P and 





P’ that w7TT(r) u,lT'(—r), 


u,TT (rr) | b,77 (—x) exp (ix: r) dx (11) 


Substitution of equations (9)-(11) into equation 
(8) leads to the spectral equation 


CTT (x) 


ix; |d;77 (—x) 


b,77 (x) 
cl 
a 


al 

Pr 
Equation (12) is analogous to the two-point 
spectral equation governing the decay of velocity 
fluctuations (as pointed out in [1]) and therefore 
the quantity 77 (x) may be interpreted as a 
temperature fluctuation “energy” contribution 
of thermal eddies of size 1/«. Equation (12) 
expresses the time derivative of this ‘‘energy” as 
a function of the convective transfer to other 
wave numbers and the “dissipation”? due to 
the action of thermal conductivity. The second 
term on the left-hand side of equation (12) is 
the so-called transfer term while the term on the 
right-hand side is the “‘dissipation”’ term. 


(12) 


Kort (x) 
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In order to obtain an additional relation 
involving the unknown quantities the same 
general procedure is followed as in [3] and a 
three-point equation is derived. For this purpose 
the three points P, P’ and P” together with the 
indicated position vectors rand r’ are considered. 


For the two points P’ and P’’ arelation analogous 
to equation (7) can be found as 
(CT'T") GuiT'T’) cu T'T’) 
Ct Ox, Ox, 
vy (A(TT") ATT”) 


Pr\ 0x.0x’ Ox’ Ox 


* 


(13) 


If equation (13) is multiplied through by w,, the 
jth velocity fluctuation component at point P. 
the resulting equation can be written in the form 
Ou TT") uju;T'T’) 2 


ex’ Cx 


C(Uju 


» (A uTT’) ul’) 
ex'ex’ exex’ 
The momentum equation at point P 1s 


Cu C(u;u;) l cp C7u J 
- - J (15) 


Ct Ox pox CX;OX 


If equation (15) is solved for @u;/ct and substi- 
tuted into equation (14), the result on taking 
time averages is 





Aul'T") uu l’T’) (uu;T TT) 
cl Cx CX, 


vy (Aut TT) %Xu;T'T’) 
Ox’ Ox" 


Pr Ox'ex' 
Quul'T") 1apr'T”’) 
Ox; p ox 
@(u;T'T"’) 
‘ 


OXx,OX; 


+ 
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Making use of the relations r, x: x; and 
r 7 x, allows equation (16) to be 
rewritten as 

e(u;T'T"’) 


Hu, I) 
u Pr) 


cr,cr, 
Cul.) 

Cr'.or'’ 

Auull'T") cluu/T T’) 

cr or’. 

Auju;t I) c(uju;T'T’) 

cr . cr 

lapTT’) lopTT’) 


p cr p cr 


Pr) 





Six-dimensional Fourier transforms for quanti- 
ties in this equation may be defined as 


ulT 


| | B.'0" exp [i(x-r— x’ -r’)| dx dx’ (18) 


ny e 


uu.l 7 


| | B00 exp li(x-r+x’-r’)] dxdx’ (19) 


“ 


pri 


| | al’ #” exp [i(x-r + x -r)|] dx dx’ (20) 


« e 


Interchanging P’ and P” shows that 





wir 2 a a oe 


By use of this fact and equations (18)-(20), 
equation (17) may be transformed to 


o(p.4'@"") l 


ap py + Prk? 


2Pr ;«' 


Pr)x'?} BOO" i(k, K')B POO" 


k,;)B: 8,00" i(k; K' jal’ @"’ (21) 
om 

If the derivative with respect to x, is taken of 

the momentum equation for point P, the equa- 

tion multiplied through by 7’7” and time 


averages taken, the resulting equation is 


i(k’ 


JR. 
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1 e(pT'T’) 


OX OX, 


C(uu,T'T’) 

OX )OX), p 

or, in terms of the displacement vectors r and r’ 
this becomes 


| (u,uw,.7 TT’) 


ma £55 (pT'T’’) (23) 
p |or,cr, cr,cr, cr),cr) 
Taking the Fourier transform of equation (23) 
and solving the transformed equation for a#’é”’ 
yields 
oe 
B,B,.00" (24) 
K)K,| 
Equation (24) can be used to eliminate aé’é” 
from equation (21). 


B. Solution for times before the final period 

To obtain the equation for final period decay 
the third-order fluctuation terms are neglected 
compared to the second-order terms. Analo- 
gously, it would be anticipated that for times 
before but sufficiently near to the final period 
the fourth-order fluctuation terms should be 
negligible in comparison with the third-order 
terms. If this assumption is made then equation 
(24) shows that the term a#’#’’, associated with 
the pressure fluctuations, should also be neg- 
lected. Thus equation (21) simplifies to 


epee =o» 


t {(1 Pr)? 
ct Pr 


2Pr K)K. 


(1 + Pry} Be" =0 (25) 
Inner multiplication of equation (25) by «; and 
integration between /, and ¢ gives 

x B00" 


(1 + Pr) x? + 


[xjBj0°O Joexp - 


Pr 


- 2Prxx’ cos £ + (1 + Pr)x’*] (t — ty) > (26) 
Letting r’ = 0 in equation (18) and comparing 
the result with equation (10) shows that 





DECAY OF TEMPERATURE FLUCTUATIONS 


Substitution of equations (26) and (27) into 
equation (12) results in 





K;B/O'(—%)O"(—*) ]o 


A(t — fo) ’ 
Xp « : Pr t + Pr)x* + 


+ 2Pr«x’ cos f + (1 Pr)x'?| > dx’ (28) 


Now dx(= dxjd«,d«,;) can be expressed in 
terms of «’ and ¢ as 


dx’ 27K? di(cos O)dx’ (29) 





> 


\ (7) 59( Pr)? exp [— u(t — t,) 
2v4/2 (t — ty)? (1 


15Pr «4 


5Pr? 
\42 (1 — 1)? Pr) | F + Pr) 





- 2Pr)x?/Pr(\ 
Pr)? 


» 
5) 


: Pas Pr? Pr 7 2: 34 
2| At — to) (1+ Pr (1+ Pr)|* (4) 





Substitution of equation (29) in equation (28) 
yields ry 
" Pr 


Kerr ( x) 





2rik; [8,00 — B,0'(—x)0'(— x )] x ® 


v(t ty) 
Pr 


[((1 + Pr)? + 2Prer’ 


cos € + (1 + Pr)x’*] >d (cos f)| dx’ (30) 


In order to perform the indicated integrations in 
equations (30) the initial condition, 
ix; [B00 —BO(—»)) (—*)],. 
must be specified. A function which would 
appear to satisfy all the necessary conditions, as 
will be seen later, is 
ix; [B00 — BY (—x)0” (—x)), - 
89 

~ (Qn)? 
where 5, is a constant depending on the initial 
conditions. Substitution of equation (31) into 
(30), carrying out the two integrations and 
defining (32) 











(x2x'4 — w4n'®) (31) 


G(«) = 2an?r7 (x) 


x 
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the resulting equation is 


oG 2vK" 


where 


2Prrr’ 
Pr)«’?] (33a) 


2Prek’ t 


[(1 + Pr)«? 
(1 + Pr)x’?] | dx’ 
or, on carrying out the integration, 


Pr)) 


(It may be of interest to note that the spectral 
energy function defined in [1] is larger than that 
defined in equation (32) by a factor of 4.) Since 
for low « values, as shown in [1], a Taylor’s 
series expansion for G begins with the product 
of a time independent constant and «?, equation 
(33) indicates that K must begin as «* for small x. 
This condition of K is fulfilled by equation (34). 
It can be shown, using equation (34) that 

Kd« =0 (35) 
J0 

This was to be expected physically since K is a 
measure of the transfer of “‘energy” and the 
total “‘energy”’ transferred to all wave numbers 
must be zero. The necessity for equation (35) to 
hold can be shown rigorously as follows: if 
equation (10) is written for both x and —x, and 
the resulting equations differentiated with respect 
to r; and added, the result is, for 

Cc 


r 0(5, 


x) |dx 


ik; [d,77 ( “x)— o,TT ( 
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Since according to equations (32), (33) and (12) 


K = 2zix*x; [b;77' (— x) — 96,77’ ()] 


the previous equation can be written 


ae i. 
-2 u,lT 
ox, 


“ x al 


Inasmuch as dx 4zx*d« for K K(x, t), the 


last equation becomes 


| K dx 
v0 
by homogeneity, Q.E.D. 
Since equation (33) is a linear differential 
equation it can be solved for G as 


2vn(t—t,)] f .. 2vK(t 
——— "| Kexp| 


z) / 
Pr Pr l T 


1 " 
(36) 


G exp| 
C 2vK? (ft 
(kK) ex 

Pp | Pr 
where C(x) is an arbitrary function of «. For 
large times, Corrsin [1] has shown the correct 
form of the expression for G to be 


2vK? (ft 


Pr 


No to) 
G K* exp (37) 
where Ny, is a constant, analogous to the 
Loitsianskii invariant, which depends on the 
initial conditions. Using equation (37) to evalu- 
ate C(x) in equation (36) yields 
Vk" 


C(k) (38) 


Substitution of the values of K and C(x) as 
given by equations (34) and (38) into equation 
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where 
7, 


F(n) = exp ( | exp (S*) dS 
0 


/ v(t to) 

> \ EB + al 
The function F(») has been calculated numeri- 
cally and tabulated in [5]. If in equation (9) r is 
set equal to zero and use is made of the definition 
of G as given by equation (32), the result is 


(40) 


(41) 


; | Glx)dx 
” ( 


) 


(42) 


Substituting equation (39) into (42) gives 
T? N,(Pr)32 8,R 


= } . (43 
2 8y (277)v? 2 (t ty)? 2 y9(f tay ( ) 


where R is a function of Prandtl number, 


a( Pr)® 
R 5 5, 8 
1 + Pr) (1 + 2Pr)>2 
9  5Pr(7Pr — 6) 
116° +16(1 + 2Pr) 
35Pr(3Pr? — 2Pr -+ 
8(1 + 2Pr)2 " $ (44) 
2Pr+3)\(1 + 2Pr)*? 
j Pryi2 


3) 


1-5422Pr(3Pr? 
Vy (7) (I 


NC (iD... Fb + 2@ — 127 

(2n + 1)n!(2)2" (1 + Pry" | f 
n=1 J 
The second term on the right-hand side of 
equation (43) becomes negligible at large times 
leaving the final period decay law previously 
found by Corrsin [1]. 


[ 





2vK? (ft 


(36) gives the equation 
lg) 
Pr 


ve(t — fto)(1 


7 N 
Gl, ft) = = 


V(r) Bo PrP * exp | 


3Pr «# Pr(7Pr — 6)x® 
| 2v%(t — 19)? 30 + Pr) (t — 09)? 


+ 2Pr)/Pr( + 
2v3/2 (1 ot Pr)? 


Pr)| 


4(3Pr?2 — 2Pr 

3(1 + Pr)? (t — to)” 

84/(v) (3Pr? — 2Pr + 3)x® F(m) 
“3(1 + Pr)? 4/(Pr) of 


+ 3)K§ 
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If use is made of the relation t = */U where X is the distance from the heated grid and U the 
mean fluid velocity, equation (43) can be put in the alternative form 


TF N,(Pr)®2 (U/M)>2 59(U/M) R 


er — += = . (45) 
2 84/(27)v?/2 (X/M — X,/M)*2 — v8(X/M — X,/M)® 


where M is the grid mesh size. 
It is convenient to have the equations in dimensionless form. For this purpose the following 
dimensionless quantities are defined: 
, 69° K No?’? v*/7(t—t) _ 
y [u(t — ty)]x Ke a G* 


11/7 117 2/7 
y No Oo 


(46) 


By making use of relations (46), equations (34), (39) and (43) can be written in dimensionless 
form as 
\ (7) Pr)? ? exp [—«®? (1 + 2Pr)/Pr(1 + Pr)] 


K® = 
1 + Pry? p20? 


5x2" 5Pr > Pr® 
‘40. + Pry |(1+ Pr? 2Pri“ ~*~ 1a + Pr) 


2e®?/Pr) — y/() Pr? exp [—«®? (1 + 2Pr)/Pr(1 + Pr)] 
2(1 + Pr)? 12°? 
4(3Pr2 — 2Pr + 3)x®* = 8(3Pr? — 2Pr + 3)x®° 
3Pr(1 + Pry? I 3Pr?2(1 + Pry? 


F[ Mmm} 


T 2? Pr: 


= + (49) 
2 84/(2m) 12°" £8 


5 
Another quantity of interest is the thermal microscale Av, which, for the isotropic case, can 
be defined by the equation 
d7® 


50) 
dt ( 


Combination of equations (45) and (50) yields 


3(—X,/M)°” 24R(Pr)d5° (—Xo/M)° 
Ar\2 (27) RemPr{(X/M) — (%o/M)®?] ° (Pr)®? Rew [(%/M) — (%9/M)]° 
M 3(—x,/My> TORd> (—X9/M) 
84/ (27) [(%/M) — (%_/M)]°2 " Pr? [(%/M) — (%/M)]® 
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where Rey, is defined as MU/v. For large times 
of decay the second terms in both numerator 
and denominator become negligibly small and 
the final period expression for (A7v/M)? previously 
derived by Corrsin [2] is obtained. 


DISCUSSION AND RESULTS 

The experimental data of [6] were obtained 
behind a heated grid in a wind tunnel using air 
as fluid. Both temperature and velocity fluctua- 
tions were measured with hot wire anemometers. 
Fig. 1 shows the temperature fluctuation data 
plotted as [1 T?}?3 against </M. The solid line 
represents the theory as given by equation (45), 
with the constants ¥,/M, No», and 5, evaluated as 
shown. The dotted straight line is the final 
period curve, as indicated by the first term on the 
right-hand side of equation (45). The data 
scatter considerably—it would appear that with 
present measuring techniques there is_ less 
precision in temperature fluctuation measure- 
ments than in velocity fluctuation measurements. 
One of the main reasons for this is that the tem- 
perature fluctuations must be kept small to 
avoid fluid property variations. Comparison of 
the solid curve with the data indicates that the 
theory is valid for all ¥/M greater than about 25. 
None of the data 1s in the final period. 


8 


20 +30 40 


Fic. 1. Theoretical decay of temperature fluctuations 

compared with experimental data for Pr = 0-72. 

Theory, equation (45). 

X,/M = — 82-6; N, - 

d9 = 5°34 x 107%. 

— — Theoretical final period. 
Data of [6]. 


506 x 107°; 


JR. 
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The effect of the convective terms can be seen 
in Fig. 2, where the transfer function K® is 
plotted against «® for various dimensionless 
times ¢* for a Prandtl number of 0-72. Since K® 
is proportional to the net transfer of thermal 
“energy” into an eddy size, Fig. 2 shows that 
there is an overall transfer of ‘“‘energy” from large 
eddies to small eddies. The integrated transfer 
term {*° K®dx®, must, however, be zero. The 
curves indicate that, as expected, the transfer 
term dies out with increasing time. The results 
are quite analogous to those found by Deissler 
[3] for the velocity transfer function. 








Dimensionless transfer function K* as a 
0-72. 


Fic. a 
function of wave number and time for Pr 


If a quantity H is defined as the integrand in 
equation (33a) multiplied by the coefficient 
before the integral, then a _ dimensionless 
quantity H® can be defined by the equation 


(1 + pn (<))] (52) 


H® is proportional to the amount of thermal 
“energy” transferred to a wave number « from 
the wave number «’. In Fig. 3 H® is plotted 
against «’/« for three different values of «® and 
for Pr = 0-72. The three values of «* chosen 
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were such that K® was a minimum, zero and a 
maximum. As an example of the physical signifi- 
cance of the curves, the curve for «® = 0-814 
represents a minimum for K®, so that there is an 
overall loss by convective transfer. The curve 
demonstrates this overall loss, since it can be 
seen that more energy is lost by wave number « 
to wave numbers greater than « than is gained 
from wave numbers less than «. 





Fic. 3. Variation of dimensionless transfer quantity 
H® with «’/« for three values of «® and Pr = 0-72. 


Fig. 4 is somewhat similar to Fig. 3 except that 
the effect of « on the curves has been averaged 
out by performing an integral of H® from 
0 to ~, obtaining S*, or 


S* may be interpreted as being proportional to 
H® for an average value of x. Thus, on the 
average, there is a maximum transfer of “‘energy” 
to « from a wave number «’ equal to about 0-65x«x, 
while the maximum loss from « is to a wave 
number «’ equal to about 1-4«. 

The quantities H® and S® are analogous to 
quantities defined by Deissler [3] in connexion 
with the velocity inertial transfer, and the trends 
found here are quite similar to those. 
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Fic. 4. Variation of averaged transfer quantity S* 
with «’/« for Pr = 0-72. 


In Figs. 5(a), (b) and (c) the transfer function 
is plotted in the form of K®r®'”*, as found 
from equation (47), against the dimensionless 
wave number «® for Prandtl numbers of 0-1, 0-72 
and 10-0, respectively. One obvious effect of 
increasing Prandtl number is to extend the 
curves out to higher wave numbers. This is to be 
expected since for higher Prandtl number the 
thermal conductivity is less and hence there is 
less tendency for the small thermal eddies to be 
smeared out. 

That changing Prandtl number does not 
greatly change the shape of the K® curves is 
shown in Fig. 6, where the ordinates of Fig. 5 
have been normalized by division by the absolute 
value of [K®r®"*]min and the abscissas nor- 
malized by division by the value of «® yielding 
zero ordinate. Thus it would appear that the 
basic nature of the convective transfer is unalter- 
ed by a change in the Prandtl number. 

In Figs. 7(a), (b) and (c) curves are presented 
for the dimensionless spectral function G®, as 
obtained from equation (48). With increasing 
time the curves approach the final period curve, 
shown as a dotted line. Physically the G® curves 
represent the distribution of the total thermal 
“energy” T? among thermal “eddies” of size 
~ 1/K®. 

Since, as a first approximation theory, the 
theory presented here is restricted to not-too- 
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. ° ‘ , 112 : 
Fic. 5. Variation of K®r@ with wave number. 


(a) Pr 0-1. (b) Pr = 0-72. (c) Pr 10. 


[@)norm Fic. 7. Dimensionless spectral energy function G 


: : , , : as a function of wave number and time. (a) Pr = 0-1. 
Fic. 6. Same results as in Fig. 5, but with ordinate (b) Pr = 0-72. (c) Pr = 10. 


and abscissa normalized. 
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large convection/conduction ratios and since 
(for a given Reynolds number) increasing 
Prandtl number signifies an increasing value of 
this ratio, it might be expected that the theory 
would apply less well for higher values of Prandtl 
number. Figs. 7(a), (b) and (c) indicate that this 
is apparently the case: the curves for Pr = 0-1 
are quite smooth, those for Pr = 0-72 and small 
values of ¢® are a little less smooth and for 
Pr = 10 the spectral curves begin to go negative 
at the smaller values of r®. 

The reason that the final period curve is 
approached from below for large «® in Fig. 7(c) 
is that at such high values of Prandtl number the 
transfer term supplies thermal “‘energy” to the 
high «® range faster than it can be dissipated— 
hence [€G®/ct®],. is positive instead of 
negative as with the lower Prandtl numbers. 

If equation (33) is integrated with respect to « 
from 0 to o and use is made of equations (35) 
and (42), the resulting equation is 


(T?/2) 2v {% 2G d 
Ct Pr J, i 7 


This equation points out the interesting fact that 
for a given viscosity and temperature fluctuation 
spectrum the decay rate is inversely propor- 
tional to the Prandtl number. The results of this 
analysis, however, are not comparable on this 
basis since the manner in which the initial con- 
ditions were imposed (equation (31)) precludes 
comparing two different Prandtl number fluids 
with the same spectral curve. However, the 
results of this analysis do show that the decay 
rate decreases relative to the final period rate 
with increasing Prandtl number, as can be seen 
from Figs. 8(a), (b), and {c), where equation (49) 
has been plotted for values of Prandtl number of 
0-1, 0-72 and 10. The rates of decay for Pr = 0-1 
and 0-72 are greater than that predicted by the 
final period law (dotted line) while that for 
Pr = 10 is less than the final period rate. The 
Prandtl number function R of equation (49) 
changes from positive to negative at Pr = 4-7717 
for which R = 0 and the decay rate is exactly 
that for the final period. Although the decay 
rate for Pr = 4-7717 is described by the final 
period equation, the spectral curves are not of 
the final period shape (except for the final 
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Fic. 8. Dimensionless square of temperature fluctua- 

tion as a function of time. — - Equation (49). 

— Final period. (a) Pr = 0-1. (b) Pr = 0-72. 
(c) Pr 10. 


period). It just happens that each of the spectral 
curves for this value of Prandtl number lies 
partly above and partly below the final period 
curve in such a way that the integral for T?/2 
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indicated by equation (42) is equal to the final 
period value. 

Corrsin [1] has previously pointed out that 
for the final period, as well as for self-preserving 
and inertial spectrums at very large Reynolds 
and Peclet numbers, temperature fluctuations die 
out more slowly than velocity fluctuations. This 
analysis indicates that the same is true for times 
before the final period, as can be seen by com- 
parison of equation (43) for 7? with the analogous 
equation for u® (equation (38) of [3]). 


CONCLUSIONS 

The principal conclusions to be drawn from 
the present work appear to be the following: 

(1) It was possible to represent the available 
experimental temperature fluctuation decay data 
by means of the present theory. 

(2) For times before as well as during the final 
period, the temperature fluctuations decay more 
slowly than do the velocity fluctuations. 


L. LOEFFLER, JR. 


and R. G. DEISSLER 


(3) The general effect of increasing Prandtl 
number is to extend the spectral function to 
larger wave numbers and to reduce the rate of 
decay of the temperature fluctuations. 
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AN ANALYSIS OF LAMINAR FILM BOILING WITH 
VARIABLE PROPERTIES 
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Abstract—An analysis is made of stable, laminar, free convection, film boiling from isothermal vertical! 
plates and horizontal cylinders surrounded by a saturated liquid. The mathematical techniques of 
boundary-layer theory are used and the boundary-layer equations are reduced to ordinary differential 
equations by means of a transformation similar to that used in free convection and condensation. The 
equations are solved for compressible flow with variable specific heat. Numerical results are presented 
for near critical water at 2800 and 3100 Lb/in? with wall-to-liquid temperature differences of 250, 500 
and 1000 F. Results for heat transfer, velocity distribution and temperature distribution are included 
and compared to solutions obtained by assuming constant properties. 


Résumé— Une analyse est faite du film laminaire, de convection libre en régime stable et a l’ébullition 
sur des plaques isothermes verticales et des cylindres horizontaux recouverts d’un liquide saturé. Les 
techniques mathématiques de la théorie de la couche limite sont utilisées et les équations de la couche 
limite sont réduites a des équations différentielles ordinaires grace a une transformation analogue a 
celle utilisée pour la convection libre et lacondensation. Les équations sont résolues pour un écoulement 
compressible avec chaleur spécifique variable. Des résultats numériques sont présentés pour l’eau au 
voisinage du point critique a 2800 et 3100 Ib/in® avec des differences de température entre paroi et 
liquide de 250, 500, 1000°F. Des résultats sur le transfert de chaleur, la distribuiton des vitesses et des 
temperatures sont également donnés et comparés aux solutions obtenues en supposant les propriétes 
physiques constantes. 


Zusammenfassung—Es wird das stabile laminare Filmsieden bei freier Konvektion an einer isothermen 
senkrechten Wand oder an horizontalen Zylindern, die von gesattigter Flissigkeit umgeben sind, 
untersucht. Hierzu werden die Methoden der Grenzschichttheorie angewendet und die Grenz- 
schichtgleichungen in gew6hnliche Differentialgleichungen umgewandelt mit Hilfe einer Transforma- 
tion, die 4hnlich der fiir freie Konvektion und Kondensation ist. Die Gleichungen werden fiir kom- 
pressible Fliissigkeit mit veranderlicher spezifischer Warme gelést. Numerische Ergebnisse werden 
fir Wasser in der Nahe des kritischen Punktes bei 193 und 214 bar mitgeteilt und bei Temperatur- 
differenzen zwischen Wand und Fliissigkeit von 139, 278 und 555 grd. Ferner werden die Ergebnisse 
fiir den Warmeiibergang, die Geschwindigkeitsverteilung und die Temperaturverteilung angegeben 
und diese mit den Lésungen fiir konstante Stoffwerte verglichen. 


Annotanna—,laérca anains ycToiiunporo TaMunapHoro MWiéHOUHOrO KNMeHMA B YCAOBIMAX 
CBOOOTHOM KOHBEKIMM Ha M30TeEPMHYeECKHX BeEPTHKAIbHbIX M1acTHHAX MH POP HSOHTAaIbHbIX 
IWIMHApaX, OKpPYAKeHHBIX HachiijenHoii aAnyKocThHO. Ilcnoabsyerca MaTemaTmueckiit 
almapat Teopul MorpaHn4noro COA, a VpaBHeHHA MorpaHM4Horo COA CBOLATCA | 
OOBIMHBIM JudpepeHUMatIbHEIM VpaBHeHHAM TLyYTEM MpeoOpasoBannit, anadOru4HbIX Wpeodpa 
;OBaHHAM, TIpHMeHAeCMBIM B 3aauaxX CBOOORHOL KOHBEKIMM HM KOHZeHCalun. Vpapnenun 
pemanwrTcd JIA Cr#KUMaeMOrO TOTOKa € TepeMeHHoOii yaerbHOit Tenm0émKOCcTLW. Il pusossares 
YNCIeHHbIe PesyIbTAaTh LIA OKONO KPUTHYeCKOLO COCTOAHUA BOA Mp LaBAeHMAX, PaBHbIX 
2800 nm 3100 dyHT/KB. OM. MH pasHOCTAHX TeMNMepaTyp MeAKAyY CTeCHKOM WM ANAKOCTbW B 
250, 500 mu 1000°F. Ilpnpexentt Takske pesyabtaTH mo TemsooOMeHY, pacmpezereHiwo 
ckopocteili I TemMMepaTyp B CpaBHeHMM C pelleHHAMH, MO.1TYYeHHBIMEM B TpeqmodoneHin 
MOCTOAHCTBAa XapakTepHuCTHK, 


* Instructor, School of Mechanical Engineering. Purdue University. 
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NOMENCLATURE 
dimensionless constants: 
dimensional constant, 


* PL 


Psat) pat) ’ ] : 
4urg? a 
dimensionless constant, 
ee - Psat) pat) ee 

gs 
constant pressure specific heat 
(B.t.u./Ib °F);:* 
function of 8 defined by equation 
(27); 
acceleration or acceleration vector 
due to gravity, 4-17  10°ft/hr?: 
dimensional constant, 
4:17 « 10°ftlb Lb hr?; 
body force per unit 
(Lb/ft*) ;* 
function of 8 defined by equation 
(27); 
enthalpy 
(B.t.u./Ib); 
local convection heat transfer 
coefficient (B.t.u./ft? hr “F); 
thermal conductivity 
(B.t.u./ft hr °F); 
length of vertical plate (ft); 
Nusselt number based on length 
A; 
Prandtl number 
function of €, dimensionless: 
pressure (Lb/ft?): 
local heat transfer rate 
(B.t.u./hr ft?): 
heat generation per unit volume 
(B.t.u./ft®hr); 
total heat transferred (B.t.u./hr): 
cylinder radius (ft): 
temperature (°F): 
saturation temperature (~F); 
wall temperature (°F): 
dimensionless temperature de- 
fined by equation (27): 
velocity component in the x-direc- 
tion (ft/hr);: 
velocity component in 
y-direction (ft/hr): 


volume 


of evaporation 


the 


and R. J. 


v? 
Subscripts 

cp 

up 

Pp 

x 


ALTHOUGH 


GROSH 


velocity vector (ft/hr); 
co-ordinate along surface (ft); 
co-ordinate normal to surface 
(ft): 

angular co-ordinate (rad); 
thickness of vapor film (ft); 
dimensionless function defined 
by equation (16): 

dimensionless independent vari- 
able c,y/x"4. 

dimensionless temperature, 

(T — Teat)/(Ty — Tsar); 

} Tat) (CF): 

viscosity (Lb hr/ft*): 
dimensionless independent vari- 
able defined by equation (27): 
vapor density (1b/ft*); 

liquid density (lb/ft*); 

saturated vapor density (lb/ft*): 
time (hr): 

dimensionless independent vari- 
able, cy v/r; 

stream function (ft?/hr); 
dimensionless stream function 
defined by equation (24): 

vector operator used for, say, the 
gradient of a scalar; 

Laplace operator. 


constant properties; 
vertical plate; 
horizontal cylinder; 
x-direction. 


INTRODUCTION 


the first observation of the 


phenomenon of film boiling was made in 1746, 
an analytical treatment was not suggested until 
almost two centuries later. In 1941, Colburn [1] 
suggested that Nusselt’s [2] theory on laminar 
film condensation could be modified for the case 
of laminar film boiling. In 1950, Bromley [3] 
presented a model for the case of stable laminar 
film boiling on the outside of a horizontal 
cylinder. By assuming an isothermal wall, a 
saturated liquid, pure conduction heat transfer 


across the film and by neglecting inertia in the 
vapor layer, he derived an expression for the 
convection coefficient. The free convection heat 


* The abbreviation for the pound mass is Ib, and for 
pound force is Lb throughout the paper. 
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transfer was expressed in terms of a Nusselt 
number as 


Nxu,p = & 


a 


p) el 4 (1) 
kpg 9 


where the properties were evaluated at an 
average temperature. The constant c depended 
upon the boundary conditions at the interface. 
For zero velocity at the interface c was 0-512, for 
zero shear stress at the interface c was 0-724. 
This latter condition is the boundary condition 
considered in the case of laminar film condensa- 
tion, the former is usually associated with film 
boiling. This gives the extremes between which 
the actual case lies in film boiling and also 
indicates how liquid movement can influence the 
results. 

In 1952, Bromley [4] modified the theory to 
take into account the superheating of the vapor 
film. Cess [5] arrived at an expression similar 
to equation (1) by assuming a temperature 
profile in the vapor layer and by considering the 
effect of the liquid—vapor interfacial shear 
stress. Chang [6] has presented a wave theory for 
film boiling. In 1958, Sparrow and Gregg [7] 
proposed an exact analysis of laminar film 
condensation with constant properties which is 
similar to that used in the present paper for 
laminar film boiling. Both investigations were 
performed independently of each other. 

In the theory presented to date for stable, 
laminar film boiling on isothermal surfaces, no 
attempt has been made to consider variable 
properties. In this paper the writers will show 
how the severe variations of specific heat and 
density with temperature near the critical 
pressure can be exactly considered by treating 
film boiling with boundary-layer theory. The 
complete boundary-layer equations will be 
solved, and the results obtained will be com- 
pared with the approximate theories available. 
Radiation will not be considered in order to 
investigate only the variable property effects on 
convection. 


FUNDAMENTAL EQUATIONS 
The fundamental equations which express the 
laws of conservation for mass, momentum and 
energy for stable, laminar, free convection, 
film boiling were written as follows: 


P+ WpV) =0 


dV ica m : 
uV?V VP+G+ 3 VV: V) ( 


_ aT 
Dp dr 


Equations (2) through (4) were valid for com- 
pressible flow with variable specific heat. Vis- 
cosity and thermal conductivity were assumed 
constant since their variation was one-half order 
of magnitude, or more, less than the variation 
in density and specific heat for the situations 
considered in this paper. 

In order to solve these equations, some addi- 
tional assumptions were necessary. Only steady, 
two-dimensional boundary-layer flow was con- 
sidered as shown in Fig. 1A; thus equations (2) 
through (4) became 


pc = kV*T + q'" (4) 


(pu) (pv) 
C( pu Ap 0 


[VP], + [G], 


(7) 


where the heat generation per unit volume was 
assumed to be zero. Schlichting [8] shows that 
these equations are also valid for the case of a 
cylinder, as shown in Fig. 1B, if the boundary 
layer thickness is small compared to the cylinder 
radius. 

An isothermal wall was assumed as well as a 
saturated liquid which was everywhere at rest: 
thus, the boundary conditions for the above 
equations became 


u=vo=0,T=T, 
(3) 
u 0, i i T sat 


An additional condition was required because the 
film thickness 6 was not known a priori. This was 
obtained by noting that all the heat transferred 
by conduction at the liquid—vapor interface was 
used to vaporize liquid; that is 

cT 


q = Psat Ny, v A By y=6 (9) 
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Equations (5) through (7) with conditions given 
by equations (8) and (9) are the simplified 
equations which were solved for the case of film 
boiling from a vertical plate and a horizontal 
cylinder. 

The first step in the solution of equations (5) 
through (9) was the introduction of a stream 
function; that is 

Cus 
Psat 
ex 


Cus 


» pu (10) 


pu = Psat 
This substitution eliminated equation (5) and 
equations (6) and (7) became 


cu Cds ou Cds 


- [G],5 


cy oxéy ex ey 


Hy CP 


3 
Psat ©) 


es 


a 
p CX 


cy 
2uZ_ Cp Crs 
P Psat 
H&o 


PPsat CV 


9 


CV oy* 


falls 


and 
ch cT wb C7 k 


CX 


oT 


; a3 (12) 
c} CX Cy PsatCyp CV 


The boundary conditions in equation (8) 


became 


Fic. 1. Physical model and co-ordinate system for: 
A, plane wall and B, horizontal cylinder 
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It remained to reduce these to ordinary 
differential equations to facilitate solution. 


REDUCTION OF EQUATIONS 

Equations (11), (12) and (13) were simplified 
by expressing the pressure gradient and body 
force in terms of specific weights and by intro- 
ducing a similarity transformation which re- 
duced the partial to ordinary differential 
equations. These steps will now be described. 
Plane vertical wall 

The pressure gradient in the x-direction was 
the hydrostatic pressure gradient 


§ PL (14) 


[VP], 
So 


and body force in the x-direction was the gravity 
force on the vapor, 
g 


[G], — p 
So 


(15) 


The sum of the pressure gradient and body 
force 


2( PL p) 


fi) 


gave the bouyant force. By introducing a similar- 
ity transformation, equations (11) and (12) 
were made ordinary. To this end 

» 


C)— 
1 
xu 


Ho 347 
4 Cy x 4C(m) 
Psat 


where 
2( pL cs 
( ] /) 


Cj 


Psat) Psat ue 
4 p29? 


were introduced where 7 was a new independent 
variable. Also, at a given pressure, density was a 
function only of temperature thus 


dp eT 
dT éy 


dp ¢cT 
dT éx’ 


Cp 
cy 


Cp 
Ox 


(18) 


Introducing the above in equations (11) and (12) 
there resulted 
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2(dp\?] 14dPp,,,,, 
(ae) |+ aoe ? 
p\ dé p dé 


3 Ho Cy C0’ (20) 
k 

where the primes on ¢ and @ represent differen- 

tiation with respect to 7. The boundary condi- 

tions on this set of equations were obtained 


from equations (9) and (13) as: 


0,¢é=1 


¢=¢ 
ae = — se ey pny, f 

J 
The simultaneous solution of equations (19) and 
(20) with the boundary conditions above, 
completely described the temperature and velo- 
city distributions and also the heat transfer for 
stable, laminar free convection film boiling 
where radiation is not important. 

It should be noted that the results for the 
vertical plate can also be applied to the vertical 
cylinder if 4/r is less than 0-03. This should 
introduce an error of about | per cent in the 
film thickness according to Greenburg [9]. 


Horizontal cylinder 
The pressure gradient in the x-direction was 
the hydrostatic pressure gradient again 


[VP]. = — = 


80 


_ 
PL Sin 
I 


and the body force in the x-direction 


ne 
psin 
So r 


[G],. we hci 


was the gravity force on the vapor. 

The first step in reducing equations (11) and 
(12) to ordinary differential equations was to 
introduce the following 
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yw ub Psat 


Co H&o 


Psat) Psat /é 


pg? 


rg( PL 


In this way, equations (11) and (12) became 
ov @2@PY av &y 
oh CBCd cp cd 
(pL pP)p | ay 
(pL — Psat) Psat sm P “gs 
1 (oF \*ep lo c¥ cp 
= (ag op p Cb CB Cd 
2 cp &Y 
p ob od? 
1eoV [ep 2 /ép\? 
p 0d E ai 7 lag) | 
k 


o-4 


oY 086 oY c6 


26 
Ch op cB od Lol, CP? ) 


To simplify these, the following substitutions 
were used 

& hi(B) 
p(é) f(8) 


r(é) 


YB, d) . (27) 


HB, ) 
and then equations (25) and (26) became 
pt fh? } + pp Uff h®} — (Pf Ph A 
(px — p) p 
(PL — Psat) Psat 


sin B 


Hef) 
I Cp ‘hf’ fop’ + 2hfp’’ 
pé UT JPL <IV'JP 5 


=z os (<2) | : h® fp’ 
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where primes on ¢ and p represent differentiation 
with respect to € and primes on fand h represent 
differentiation with respect to 8. Now, when 
f() = ahi) } 
PF B)A(B)h'(B) = b sin B 
A(B)h(B)F'(B) = ¢ sin B 
S(B)h*(B) = d sin B J 


equations (28) and (29) could be written as 


+ (30) 


(p')?{b + ¢} 4 ) 
p) p 
Psat) Psat 


pp''c 
(PL 


p'd- 


(pL 


(32) 


Fortunately, equations (30) were solved by 
Hermann [10] who gives graphs of f and fh vs. 8. 
and values for the constants as follows: a = 3, 
h lLe=3end d= I. 

Finally, using values for the constants a 
through d, equations (31) and (32) became 


p) p 
Psat) Psat 


(pL 


pp’ + 3pp” — Ap’ + 
(PL 


2 (/dp\? 
| 


dt 


Co 
- 3 a c,pt'=0 
The boundary conditions on equations (33) and 
(34) were 


h 
3 Ho N¢q 
k 0 


Thus it is seen that these are the same differential 
equations and boundary conditions which were 
set up for the case of the flat plate. 


GROSH 


Relation between heat transfer on cylinder and on 
plate 

Since the reduced differential equations were 
the same for the plate and cylinder, it was 
expected that the heat transfer for each was 
related. 

For the vertical plate the local wall heat 
transfer could be expressed as 


Fw -k | > | k @ c,x-™* (‘, 


w uw 


-=—h,,9 (36) 


and an average heat-transfer coefficient was 
found by integrating the local coefficient over 
the entire plate. Thus 
i ft dé 

k Oc, x4 dx 

) 


(h, p)avg 


OL |, dy}, 
dé 


4 
=k e(5-) 37) 
"\dy/, 3L14 
The heat transfer may also be expressed in terms 
of an average Nusselt number as 
=i 


dy 
We now consider the horizontal cylinder. In 


the case of the horizontal cylinder the wall heat 
flux could be expressed as 


K(e) — Ko * | 


cy r 


' S:. 
N Nu,L 3 te ‘Cc, | (38) 


cob 
ob), 


C2 di 
ko *n(8)(. | h.@ (39) 
; (P) dé), 
and an average heat-transfer coefficient was 
found by integrating the local coefficient over the 
entire cylinder. Thus 


(h avg 


|. 40 (2) ‘h(B) dB 


On 0 / 


I-91)k cy (dt 
— 2 (40) 


dé/,, 


which followed from Hermann’s [10] graphical 
integration where 


| d8 — 1-91 (41) 
10 
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The heat transfer was expressed in terms of an 
average Nusselt number as 


Nyu,p = 1-025 ¢9| - ) ; 


(42) 


The similarity between equations (38) and (42) 
is nOW apparent. 

For a given fluid surrounding a plate or cylin- 
der at the same pressure and with the same wall to 
fluid temperature difference it followed that 


dé dt 
dy ) (ge . 


Therefore, for identical characteristic lengths 


(43) 


(h, Javeg 
(h, pJavg 


0:77 (44) 


Oe _ 2.42 (4 
QO.» 


Thus, once the vertical flat plate problem was 
solved, heat transfer results were transferred 
directly to the horizontal cylinder or vice versa. 


5) 


SOLUTION OF EQUATIONS 

The reduced differential equations for the 
plate and cylinder, equations (19) and (20) were 
identical. They were solved numerically by the 
Runge-Kutta [11] method on a Datatron 204 
digital computer for the cases where: (a) pro- 
perties were constant, (b) specific heat and 
bouyant force were variable, and (c) specific heat 
and density were variable. Equations for the two 
former cases were easily derived from equations 
(19) and (20). The calculations were performed 
for water at two different pressure levels, 2800 
and 3100 Ib/in®. The critical pressure for water 
is thought to be slightly above 3200 Ib/in?. 

The increments in the independent variable 
used in the Runge-Kutta method were 0-01 and 
0-05 at the low- and high-pressure levels, 
respectively. It was observed that decreasing the 
interval from 0-1 to 0-01 changed the results for 
6’ at » equal to zero by less than 5 per cent. 

Initial conditions on velocity and temperature 
and their derivatives with respect to » were 
required for the computer. Since the boundary 
conditions in this problem were mixed, that is, 


three were given at 7 equal to zero and three at 
ns, as indicated in equation (21), it was necessary 
to estimate ¢’’ and @’ initially. The initial estimate 
was then refined until ¢’ and 6 went to zero at 
7 equal to n; and at the same time equation (21) 
was satisfied. It was considered adequate to 
satisfy the last of equations (21) within +5 
per cent; since, this introduced at most an error 
of from | to 2 per cent in 0’ at » equal to zero. 

Variable properties and their first and second 
derivatives with respect to temperature were 
tabulated and stored in the computer for each 
0-01 interval of the dimensionless temperature 
excess. A linear interpolation was used for values 
between those stored. 

Saturation and density data were obtained 
from Keenan and Keyes [12]. For densities at 
temperatures higher than the tabulated values, 
the data from Keenan and Keyes was faired into 
the ideal-gas equation of state. This would 
introduce at most an error of about 3 per cent 
excluding the inaccuracy of values in the table 
to which values were faired. Values for dp/dé 
and d*p/dé? were obtained numerically from a 
plot of p vs. @. Values of dp/d@ and d?p/dé@ at 
6=000 and #=1-00 were extrapolated. 
Numerical evaluation such as this was not 
highly accurate, but gave a good approximation. 
The specific heat was also taken from Keenan 
and Keyes [12], and data for temperatures 
beyond those given in the reference were extra- 
polated according to the curves given in the 
reference. The viscosity and thermal conduc- 
tivity were taken from Dsrjinskogo [13], and 
data for temperatures beyond those listed in the 
tables were extrapolated according to the curves 
given in the reference. At all times, interpolations 
between given points were taken linearly. In 
those cases where properties were considered 
constant they were evaluated at the arithmetic 
mean wall and saturation temperature. 


RESULTS 

The effects of considering variable properties 
at pressures approaching the critical pressure 
were illustrated by the results obtained from the 
solution of equations (19) and (20) for the three 
specified cases. The significant results are 
presented in Table 1. Table 2 presents a com- 
parison of results obtained considering: (1) all 
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Table 1. Significant results 


Compressible 


Incompressible 


All properties constant 





(Ib in*) 

0-17 

0-19 

0-21 

0-093 
0-103 
0-113 


2800 


properties constant; (2) variable specific heat 
with density variations considered only in the 
evaluation of the bouyant force, and (3) com- 
pressible flow with variable specific heat. The 
comparisons of heat transfer, maximum velocity 
and film thickness were made according to the 
following. Since 
T 6c, xd? 
d 


CV 7) 


A (46) 
for the same wall to liquid temperature difference 
and the same value of x, 


q (Cy (d6/dn) } 
gq. c¢ (d6/dy) } e» 


I 


(47) 


was used to compare the heat transfer as calcu- 
lated by constant property and variable property 
analyses. Also since 


(48) 


(49) 


Cc ¢ 
1 
x!) 4 


for the same wall-to-liquid temperature differ- 
ence and the same value of x, 


ys 
S max 


eta 
Umax Pep Cy ) 


(50) 


(Umax) ep Psat \Cep! (S max)ep 


0:25 
0-35 
0:47 


were used to compare the maximum velocity and 
film thickness, respectively, as calculated by the 
three methods. 

It was of interest to note that if at a given 
pressure U/Umax Was plotted against )/6, the data 
fell very close to a single curve no matter what 
the wall temperature, as shown in Fig. 2. If data 
for different pressures were compared in this 
matter, the position of the maximum velocity 
was seen to vary as shown in Fig. 3. For constant 
properties the maximum velocity occurs at 
y/8 = 1/2. The shifting of the velocity maximum 
was not easily explained. However, if inertia terms 
were neglected in equation (6), (pz — p)/p was 
assumed to decrease linearly from the wall to the 


Table 2. A comparison of results 
Compressible Incompressible 


Umax 


(lb in*) ( F) U(maxep) 


0-61 1-66 
0-47 1-6 
0-37 

0-23 

0-17 

0-145 


liquid—vapor interface, and other properties 
were considered constant, it was seen that the 
velocity maximum should be shifted in the 
direction indicated. 

As seen in Table 2, the effect of considering 
compressible flow was to decrease the maximum 
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Fic. 2. Dimensionless velocity distribution for water 
vapor, P 3100 |b/in* 
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Comparison of dimensionless 
distributions 


Fic. 3. velocity 


velocity in the film. This would tend to offset the 
increase in shear stress at the liquid—vapor 
interface caused by the shifting of the maximum 
velocity. 

The temperature profiles at three different 
wall-to-liquid temperature differences at 2800 
and 3100 Ib/in? are shown in Figs. 4 and 5, 
respectively. Note that if the compressible-flow 
temperature profiles for the same value of 


Y 
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c,O/h,, are plotted against y/5, the curves 
are identical as shown in Fig. 6. 

The effect on the temperature profile of con- 
sidering a variable specific heat and bouyant 
force but otherwise incompressible flow is 
shown in Fig. 7. The profiles for only one wall- 
to-liquid temperature difference are shown, the 
effect being the same for all other cases investi- 
gated. 

The effect of considering the vapor as incom- 
pressible while taking into account the variation 


; f, 
Fic. 4. Dimensionless temperature distributi 
vapor layer considering variable properties, wa 


2800 |b/in*. 


a 


FiG. 5. Dimensionless temperature distribution in the 
vapor layer considering variable properties, water at 
3100 Ib/in*. 





Pr. W. 





Fic. 6. Comparison of temperature distributions for 


cpO/h 2:3 








Fic. 7. The effect of an incompressible fluid with 
variable bouyant force and specific heat on tempera- 
ture distribution, water at 2800 Ib/in°, 0 = 1000°F 


of specific heat and bouyant force was to 
increase the heat transfer by about 60 per cent at 
2800 Ib/in?, as shown in Table 2. When com- 
pressible flow as well was considered, the 
variable-property analysis gave no significantly 


different results than the constant-property 
analysis at 2800 Ib/in*, provided the properties 
were evaluated at the mean temperature. 

At 3100 Ib/in® the decrease in film velocity due 
to considering compressible flow increased the 
film thickness appreciably. The effect was to 
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decrease the heat transfer compared to that 
expected with a constant-property analysis. 


CONCLUSION 

The results of this investigation showed that 
the heat transfer as calculated by the constant- 
property method did not always agree with the 
heat transfer as calculated by the variable- 
property methods. For water at 2800 1b/in? the 
consideration of compressible flow and variable 
specific heat did not appreciably change the heat 
transfer from that calculated by assuming 
constant properties, provided the constant 
properties were evaluated at the arithmetic mean 
film temperature. At 3100 Ib/in?, however, the 
heat transfer as calculated by assuming constant 
properties was from 54 to 59 per cent greater 
than the heat transfer as calculated by consider- 
ing compressible flow and variable specific heat. 

The method of considering variable specific 
heat while density variations were used only in 
the evaluation of the bouyant force was not 
valid. The variable specific heat tends to increase 
the wall heat transfer: the variable density 
thickens the vapor layer and thus tends to 
decrease the heat transfer. 

At 2800 and 3100 Ib/in? radiation plays a more 
important role in film boiling than does the 
consideration of variable properties. 

Actually, 3100 1b/in? is still very far from the 
critical pressure. It is felt that as the critical 
pressure is approached even more closely, the 
role that variable properties play in film-boiling 
heat transfer will become increasingly important. 
The work required near the critical pressure can 
not be completed, however, until more accurate 
property values in this region are available. 
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